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Abstract. Different strengthening technique was evaluated in order to investigate the effect of prestress. The 
analysed beams were strengthened with non-prestressed CFRP and prestressed CFRP at different loading 
levels. It has allowed a better understanding about strengthening effectiveness. Results obtained by finite 
element analysis were compared with experimental results obtained by other researchers. Phased nonlinear 
analysis was used to simulate the behaviour of the strengthened beams. Performed analysis showed that it is 
possible to use finite element analysis in order to investigate a real behaviour of the strengthened elements 
in real structure.
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Introduction

Flexural strengthening of beams with non-prestressed 
CFRP usually increases a load carrying capacity of the 
beam. Meanwhile an initial deflection remains the 
same. Only after an increment of external load the 
positive influence strengthening with CFRP can be 
distinguished, because the increment of deflections 
becomes smaller. In order to decrease initial deflection 
prestress load of CFRP should be transferred in to the 
strengthened beam. Most studies (Quantrill, Hollaway 
1998; Garden et al. 1998; Huang et al. 2005; Yang et al. 
2009; Shang et al. 2010; Xue et al. 2010; Si-Larbi et al. 
2012; Liang et  al. 2016a, 2016b) applied prestressed 
FRP, before external load was added. In summary, 
these studies may highlight that after strengthening 
with prestressed FRP material not only the cracking 
moment increases, but as well the moment when the 
yielding of tensioned reinforcement is being reached. 
A distribution of internal resultant forces in the cross-
section can be different if the beams will be strength-
ened under external load action. So the above men-
tioned accomplished researches not always reflect the 

actual behaviour of the strengthened beam. There is 
one research accomplished by Kotynia et  al. (2014), 
where RC slabs were strengthened with prestressed 
CFRP under external load action. It is important that 
the RC slabs before strengthening were cracked in the 
above-mentioned research (later slabs will be consid-
ered as beams). Different distribution of internal re-
sultant forces can be distinguished, before strengthen-
ing and after strengthening. Different flexural stiffness 
as well. Research of Badawi and Soudki (2009) shows 
that when the prestressed CFRP is applied stresses de-
crease in the compressed concrete and tensioned steel 
bars. Thus load carrying capacity of the beams with 
prestressed CFRP has increased. Another research 
(Woo et  al. 2008) shows that the bigger increase of 
the load carrying capacity is obtained with the lower 
prestress level. Research conducted by Deng and Xiao 
(2010) showed that prestress level did not influence 
the increment of load carrying capacity, but influ-
enced the increase of cracking moment and yielding 
moment. Meanwile Garden and Hollaway (1998) indi-
cated that failure mode of the strengthened beam de-
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pends on the degree of prestressing. For example, the 
beams in research of Badawi and Soudki (2009) with-
out prestressed CFRP failed by crushing of compressed 
concrete, and beams with prestressed CFRP failed by 
rupture of the CFRP layer. Contradiction associated 
with the increment of the load carrying capacity after 
prestressing of CFRP can be explained by the develop-
ment of shear stresses in the bond of CFRP in con-
crete. The research of Diab et al. (2009) showed that 
plastic shear strains increase were the maximal shear 
stresses act, and this is happening at the ends of the 
CFRP laminate. Therefore the failure of strengthened 
beam may occur because of peeling off or debonding 
of CFRP laminate and it may happen before the incre-
ment of load carrying capacity of reinforced beam may 
occur. Thus, on the basis that in most of the studies 
the beams was strengthened without the external load 
action, a nonlinear numerical analysis was carried out 
on the basis of Kotynia et al. (2014) experimental re-
search. As it was already mentioned, the RC slabs in 
research of Kotynia et al. (2014) were strengthened 
under external load action. So it is interesting to com-
pare the behaviour of strengthened beams predicted 
by FEA with experimental, when the more realistic 
strengthening scenario was applied.

1. Analysed samples and FEA

Extensive research related on strengthening RC beams 
with prestressed CFRP permits to perform a nonlin-
ear finite element analysis of the tested beams. For this 
purpose research conducted by Kotynia et al. (2014) 

contains the most appropriate elements to analyse. 
The mentioned research is different from others be-
cause the strengthening of beams was more in line 
with actual construction work conditions. The author 
argues that the beams were strengthened with pre-
stressed CFRP under acting of external load. So se-
lected beams for nonlinear finite element analysis and 
reinforcement parameters are presented in Table 1. In 
this Table by the author the control beams B12, B16 
without strengthening and beam B16-a strengthened 
with non-prestressed CFRP were additionally created. 
Mentioned beams have not been investigated in the 
Kotynia et al. (2014) article. So the author has created 
additional FEA models in order to carry out a broader 
comparison. Finite element analysis program DIANA 
developed by TNO DIANA (user’s manual by Manie 
and Kikstra (2011)) was used in order to perform nu-
merical nonlinear analysis.

Finite analysis model of analysed beams are pre-
sented in Figure 1. Quadrilateral finite elements were 
used to make a model of the analysed beams. Just half 
of beam was modelled, because symmetry of the cross-
section was evaluated. Steel bars were modelled like 
“bar in solid” elements. Layer of CFRP was modelled 
as “2D Plane Stress” elements, thickness of which was 
1.2 mm. External load was transferred through the 
steel plates. Also the beam was supported on the steel 
plates, one of which was like a mobile support. Pre-
stress effect was assigned for 2D plane stress elements. 
So totally the three load sets were created: body load, 
external load, prestress load.

Table 1. List of analyzed beams and mechanical parameters of reinforcement materials

Source Sample name bxh, mm As, mm2 fy, MPa Es, GPa ff, MPa Ef, GPa

Kotynia 
et al. 2014

B12-a

500×220

4∅8, 4×49.4
4∅12, 4×113.3 

416.2 186.1

2857.0 173.3

539.6 191.3

B12-asp 4∅8, 4×48.9 
4∅12, 4×111,0

583.1 200.7

511.4 191.1

B12-asp-e 4∅8, 4×49.4
4∅12, 4×113.3

416.2 186.1

539.6 191.3

B16-asp 4∅8, 4×48.8
4∅16, 4×199.1

555.8 196.4

B16-asp-e 595.0 198.0

Author, 
FEA

B12

500×220

4∅8, 4×49.4
4∅12, 4×113.3

416.2 186.1

2857.0 173.3
539.6 191.3

B16 4∅8, 4×48.8
4∅16, 4×199.1

555.8 196.4

B16-a 595.0 198.0
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Particular mechanical parameters are required 
in order to perform nonlinear analysis. Concrete me-
chanical parameters from Kotynia et  al. (2014) re-
search were coupled in the Table 2. These parameters 
are required in order to evaluate concrete fracture en-
ergy.

Fracture energy of tensile concrete was predicted 
by CEB-FIP Model Code 1990 Equation:

 ( )0.7
0 0 .F F cm cmG G f f= ⋅  (1)

Here GF0 – the base value of fracture energy which was 
equal to 0.03 (Nmm/mm2) and fcm0 = 10 MPa.

Fracture energy of compressive concrete was eval-
uated according to the equation that was predicted by 
Lourenco P. B. (1996):

 
215 0.43 0.0036 .fc c cG f f= + ⋅ −   (2)

Here fc – compressive strength of concrete used from 
Table 2.

Tensile strength of concrete material predicted by 
Eurocode 2 (EN 1992-1-1:2004) equation:

 .0.9 .ct ct spf f= ⋅
 

 (3)

Here fct,sp – tensile splitting strength of concrete used 
from Table 2.

Calculated values by Equations (1), (2) and (3) 
required to perform nonlinear analysis are presented 
in Table 3.

Nonlinear analysis of investigated beams requires 
a certain execution process. In order to perform analy-
sis of beams strengthened with prestressed CFRP, the 
phased nonlinear analysis should be done. Table  4 
describes analysis process of all beams. In order to 
perform the nonlinear analysis of beams B12, B16, 
B12-a, B16-a the phased analysis were not necessary. 
At the beginning these beams were loaded by body 
load and then with external load. The phased analysis 
was necessary for the rest of the beams. At the first 
analysis phase, beams B12-asp, B16-asp were loaded 
by the body force. Layer of CFRP was not incorporated 
in the analysed model. At the second analysis phase 
prestressed CFRP layer was incorporated in the beams 
B12-asp, B16-asp model. This was carried out by creat-
ing new execute block. Start steps were added in this 
block and the initial stress from prestressed CFRP 
load set was evaluated. The next execute block has 
evaluated increment of external load till failure of the 
strengthened element. At the first analysis phase the 
beams B12-asp-e, B16-asp-e were loaded by the body 

Fig. 1. FEA models of analyzed beams: a – internal and external reinforcement; b – loading scheme

a) b)

Table 2. Mechanical parameters of concrete

Source Sample name bxh, mm fc, MPa fct,sp, MPa Ec, GPa

Kotynia et al. 
2014

B12-a

500×220

45.3 3.6 24.3

B12-asp 32.2 2.65 23.7

B12-asp-e 41.6 3.5 24.7

B16-asp 49.0 3.65 25.4

B16-asp-e 51.0 5.3 26.4

Author, FEA

B12

500×220

45.3 3.6 24.3

B16
49.0 3.65 25.4

B16-a
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force and then by external load set till appropriate load 
level. As well layer of CFRP was not incorporated in 
the first phase of analysis. At the second analysis phase 
prestressed CFRP layer was incorporated. As well this 
was carried out by creating new execute block. Start 
steps were added in this block and the initial stress 
from prestressed CFRP load set was evaluated. In the 
next execute block the increment of external load till 
failure of the strengthened element was evaluated.

2. Results and discussion

Analyzed beams varied by the strengthening manner. 
Despite this the development of deflection it is possible 
to divide into separate stages. At each stage different 
stress-strain distribution develops in the cross-section 
of the analyzed elements. The first stage continues till 
the first normal cracks open in the tensioned concrete 
area. The second stage continues till the steel yielding is 
reached in the tensioned steel bars. The third stage con-
tinues till the failure or the CFRP layer will fail. And it 
doesn’t matter in what manner (rupture, delamination, 

peeling of) the CFRP layer will fail. Numerically pre-
dicted load-deflection curves are presented in Figures 2 
and 3. It is clear that after strengthening the flexural 
stiffness has increased and the increment of deflection 
has become smaller. Also the cracking moment has in-
creased. Comparison of load-deflection curves shows 
that the biggest increase of cracking moment is in 
beams (B12-asp and B16-asp) which were prestressed 
before the external load was applied. This will be the 
first advantage of the prestressing. However the con-
tinuing comparison of the beams B12-asp, B16-asp and 
B12-a, B16-a load-deflection curves shows that pre-
stress influenced just increase of cracking moment and 
yielding moment. It can be seen that the load-deflec-
tion curves of the mentioned beams are parallel in the 
stage two and three. These curves are parallel despite 
the fact that the depth of neutral axis (Figs 4 and 5) 
in the beams B12-asp, B16-asp is bigger in comparison 
with beams B12-a, and B16-a. The second advantage is 
that prestress increased the load when the yielding of 
reinforcement is reached. Load level when the yielding 

Table 3. Parameters of materials for nonlinear analysis

Sample name and source
Calculated values

GF GC fct, MPa

B12-a

Kotynia et al. 
2014

0.086 27.091 3.24

B12-asp 0.068 25.113 2.385

B12-asp-e 0.081 26.66 3.15

B16-asp 0.091 27.43 3.285

B16-asp-e 0.094 27.57 4.77

B12

Author, FEA

0.086 27.091 3.24

B16
0.091 27.43 3.285

B16-a

Table 4. Steps and description of numerical analysis

Name Phase Description Equilibrium iteration

B12; B16
I Self-weight load evaluated

Method: Newton-Raphson, 
max. 200 iterations. 
Convergence norm according 
to displacement

I Beams loaded till failure

B12-a; B16-a
I Self-weight load evaluated

I Beams loaded till failure

B12-asp;
B16-asp

I Beams loaded with self-weight load

II CFRP layer incorporated and beams loaded till failure

B12-asp-e; B16-asp-e

I Beams loaded with self-weight load

I Beams loaded till appropriate load level

II
Prestressed CFRP layer applied

Beams loaded till failure
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is reached in the beams B12-a and B16-a increases only 
for one reason. This reason is related with the redistri-
bution of internal resultant forces after strengthening. 
Resultant force of the tensioned part of the cross-sec-
tion consists of two parts: resultant force of tensioned 
steel bars and tensioned CFRP layer. Strengthening 
of tensioned part of the cross-section requires bigger 
depth of the neutral axis. Meanwhile the CFRP is an 
external layer, consequently the distance between the 
most compressed and tensioned part of cross-section 
has increased, therefore increment of strains in the 
tensioned steel bars is less than in case when the beam 
are not strengthened. Load level, when the yielding is 
reached in the beams B12-asp, B16-asp and B12-asp-e, 
B16-asp-e, increases due to two reasons. One of these 
reasons is mentioned above. The other reason is asso-
ciated with the prestressing effect. Prestressing of the 
external CFRP layer determines decreasing of strains 
distributed along the height of the cross-section. As a 
result the depth of the neutral axis increases and the 
new flexural stiffness is created. It can be assumed 
that the prestressing effect can influence better per-
formance for deformability (increment of deflection). 
But comparison of the restored deflection shows that 
it is better to accomplish the prestressing when the 
tensioned part of the section is cracked. Or it is bet-
ter to do at the second stage than at the first. Restored 
deflection, when the prestressing was applied at the 
first stage, is smaller than at the second stage. Finite 
element analysis shows that prestressing was accom-
plished then the yielding of reinforcement was almost 
reached. This load level for strengthening is too high, 
but in practice it can occur, especially if the beams 
were overloaded. So in author’s opinion it is better to 
accomplish prestressing when the external load is near 
the cracking load value, with the condition that the 
tensioned part of the section is cracked. If the beam is 
strengthened with prestressed CFRP before the normal 
cracks are opened, in this way we can see that com-
pressive stresses are distributed throughout the whole 
cross-section. Figures 4 and 5 show that the depth of 
neutral axis goes beyond the limits of cross-section. 
Prestress load is added on the outer surface of the 
strengthened element. Consequently due to the pre-
stress load eccentricity a bending moment occurs. And 
it does not matter that all cross-section is compressed. 
Due to the bending moment impact the strengthened 
beam gets a negative curvature and a deflection is re-
stored. In order to eliminate the compressive stresses 

Fig. 2. External load vs deflection, curves predicted 
numerically. Reinforcement 4∅12

Fig. 3. External load vs deflection curves, predicted 
numerically. Reinforcement 4∅16

Fig. 4. Depth of the neutral axis predicted numerically. 
Reinforcement 4∅12

Fig. 5. Depth of the neutral axis predicted numerically. 
Reinforcement 4∅16
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the external load should increase more than in case 
when the beams are non-prestressed. Thus cracking 
moment increases. Of course, that increment of crack-
ing load depends on the prestress load.

Comparison of the restored deflection shows that 
the best prestress effect was obtained on the beams 
B12-asp-e and B16-asp-e. These beams were cracked. 
Prestress load is opposite to the resultant tensile force 
in the tensioned steel bars. Furthermore, the resultant 
force in the tensioned steel bars has developed from 
elastic strains in the steel. So prestress load can restore 
strains in the steel bars and decrease the tensile stress-
es. Meanwhile prestress load decreases strains and 
stresses in the compressed part of the cross-section. 
Thus stress-strain distribution in the section changes 
and depth of the neutral axis increases, new flexural 
stiffness is created. Then the beam are loaded with ex-
ternal load, corrupted depth of the neutral axis pro-
vides greater stiffness and increment of deflection is 
smaller in comparison with all other beams. Inclina-
tion of load-deflection curve from the ordinate axis 
is the smallest. Increment of deflection in the beams 
B12-asp, B16-asp was not affected (i. e. increment 
after cracking) as well as in beams B12-asp-e, B16-
asp-e. This happened because after the prestress load 
was transferred in to the beams B12-asp, B16-asp, the 
compressive stresses were distributed throughout the 
whole cross section. As it was stated above, this just 
increased the cracking moment.

Numerically predicted deflection was compared 
with research (Kotynia et al. 2014) deflection (Figs 6 
and 7). Deflection distribution trend is similar. It 
should be noted that it was not possible to transfer 
prestress load in the beam B12-asp-e at the same load 
level like in research of Kotynia et al. (2014). It could 
not be possible converge the iteration because yield-
ing of the tensioned reinforcement was reached. Thus 
the smaller by one loading step load level was used to 
incorporate prestressed CFRP layer into the analysis. 
Actually it seems (Figs 2 and 3) that the strengthen-
ing of beams B12-asp-e, B16-asp-e was accomplished 
when the external load almost reached the yielding 
load. Numerical and experimental deflection can dif-
fer due to various reasons. It can be size of the finite 
quadrilateral elements, loading step size, material non-
linearity model. Nevertheless it is possible to predict 
cracking and yielding moment. Failure of the finite 
analysis models was defined according to the extreme 
stresses (Figs 8 and 9).

Development of strains is similar to the not 
strengthened beams if prestress transferred before 
the element is cracked. This similarity is valid after 
the normal cracks open. The better development is 
obtained in those beams which were strengthened 
with prestressed CFRP, after the normal cracks were 
opened. Development of strains in the compressed 
and tensioned parts of the section decreased. Also 
growth of the plastic stresses decreased. This allowed 
maintaining of constant flexural stiffness. Strains near 
the ultimate load are near the ultimate value of the 
compressed concrete or tensioned steel and CFRP.  

Fig. 6. External load vs deflection, curves predicted 
numerically and points from research. Reinforcement 4∅12: 
a – “a” series beams; b – “asp” series beams; c – “asp-e” series 

beams (Kotynia et al. 2014)
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Fig. 7. External load vs deflection, curves predicted numerically and points from research. Reinforcement 4∅16:  
a – “asp” series beams; b – “asp-e” series beams (Kotynia et al. 2014)
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Fig. 8. External load vs strain, curves predicted numerically 
reinforcement, 4∅12: a – εc; b – εs; c – εf 

Fig. 9. External load vs strain, curves predicted numerically 
reinforcement, 4∅16: a – εc; b – εs; c – εf 
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Fig. 10. View of the beam in FEM model at failure

If reinforcement ratio is small, like in the beams with 
reinforcement 4∅12, the depth of the neutral axis is 
small and consequently develops smaller strains on 
the top part of the section. It can be concluded that 
just in the beams FEA_B12-a and FEA_B12-asp-e the 
crushing of compressed concrete is reached. Ultimate 
strain of CFRP was not reached, so failure criteria for 
these beams are associated with concrete crushing in 
the compressed part of the section. Meanwhile failure 
criteria of the beams FEA_B12-asp can be associated 
with the peeling of the CFRP layer. Tensile strains of 
concrete at the ends of CFRP layer develops greater 
(Fig. 10) and this promotes peeling of CFRP layer with 
unsealed individual pieces of concrete.

Failure criteria of the strengthened beams with 
reinforcement 4∅16 are associated with crushing of 
compressed concrete. The greater reinforcement ratio 
creates greater depth of the neutral axis and conse-
quently bigger strains develop. Therefore failure can 
occur at the lower developed curvature in comparison 
with curvature developed in the beams with reinforce-
ment 4∅12.

Conclusions

Nonlinear numerical analysis has showed that it is pos-
sible to predict behaviour of the bending reinforced 
concrete elements strengthened with prestressed CFRP. 
Use of modern finite element analysis program allows 
setting up such important load-deflection points like 
cracking moment, yielding moment, and recovered 
deflection. Strengthening with prestressed CFRP posi-
tively affected the increment of deflection in case when 
the strengthening was accomplished for loaded beam. 

If not a cracked beam is strengthened, only the crack-
ing moment increases, and increment of deflection 
after the cracking remain the same like in the beams 
which were strengthened without prestressed CFRP. 
Applying of prestressed CFRP allowed increasing 
depth of the neutral axis. This positively affects growth 
of the deflection, because bigger area of compressed 
part of the section has created the bigger stiffness. De-
velopment of compressive strains in the beams which 
were strengthened with prestressed CFRP shows that 
increment of plastic strains decreases. This is especially 
good when the long term load is acting.

Notations

As – cross section of reinforcement (steel bars);
Ec – modulus of elasticity of concrete;
Ef – modulus of elasticity of CFRP;
Es – modulus of elasticity of reinforcement (steel bars);
Fu – ultimate load;
Gfc – fracture energy of compressive concrete;
GF – fracture energy of tensile concrete;
GF0  – the base value of tensile concrete fracture en-
ergy;
b – breadth of the cross-section;
fc – compressed strength of concrete;
fcm – average compressive strength of concrete;
fcm0 – constant compressive strength equal to 10 MPa;
fct – concrete tensile strength;
fct.sp – tensile splitting strength of concrete;
ff – tensile strength of CFRP;
fy – yielding strength of steel bars;
h – height of the cross-section.
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