
Erratum
Kopacz, P. 2012. On geometric properties of spherical conics and generalization of π in navigation  
and mapping, Geodesy and Cartography 38(4): 141–151. DOI:10.3846/20296991.2012.756995.

In the original version of the article ‘On geometric properties of spherical conics and generalization of π in 
navigation and mapping’ by Piotr Kopacz, first published on 21st December 2012, the mistakes were introduced to 
formula 12 (online) and formula 17 (print).

Formula 12 wrongly appeared as:
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cases as presented in Figure 6 and Figure 7. Applying the 
cosine formula in the plane triangle ∆CSA we obtain:
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Substituting AC = d and AS = CS =  l and recalling 
the length of the conical circle (10) the value of function 

2: R Rπ → ℝ2→ℝequals:
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We observe that the value of π  does not depend 
on the distance l of the conical circle from its center S 
(the vertex of a cone) so on each cone all the parallels 
of latitude have the same ratio of the circumference to 
the diameter. However, this value is different for dif-
ferent cones  – it depends on the central angle β. Thus, 

( )( ) 2;π β ∈ π  for every ( )0; 2 .β∈ π  The resulting func-
tion is continuous, decreasing and takes all values from 

(2; π). For example, if β = π  then ( ) .
2
π

π β =  The graph 

of ( )π β  for ( )0; 2β∈ π  is presented in Figure 8. 
corollary. On the cone of revolution of given central 

angle ( )0; 2β∈ π  the ratio of the circumference of the par-
allel of latitude circle to its diameter is constant and the 
value is given by (12).

fig. 8. The graph of function ( )y = π β  for the conical  
parallel of latitude circles (Kopacz 2010)

In the paper we consider the conical parallel of 
latitude circles. This family of the circles is not the only 
subset of the circles on the cone. For the conical circles 
which does not contain the vertex of a cone in their inte-
rior ( )xπ = π  as they are equivalent to the common flat 
Euclidean circles. That can be easily shown after flatten-
ing the conical surface on the Euclidean planeℝ2. The 
third subset of the conical circles is created by the circles 
which are not centered in the vertex of a cone but con-
tain the vertex in their interior. Interestingly, this fam-
ily has the property which does not follow the Euclidean 
intuition. Hence, a careful approach is to be taken into 
consideration when providing, in particular long-range 
navigational calculations and presenting the results in 
the conical cartographic projections of smaller scale. As 
an illustrative example we ask the following question: 

Given a circle of radius r’  >  0 and center S’ which is not 
the vertex of a cone of revolution of given central angle 

( )0; 2 .β∈ π  Does the circle of the same radius r’ and cen-
tered in the vertex of a cone have the same circumference? 
The answer is negative and differs from the obvious re-
sult obtained on the plane Euclidean model. The conical 
circle of the same radius r’ but centered in the vertex of 
a cone (parallel of latitude) does not have the same cir-
cumference. Moreover, we state the following 

statement. On an arbitrary cone of revolution for 
each circle exists the infinite number of the circles of the 
same radius but different circumference. 

Thus, we observe the geometry affects essential-
ly the calculus based on it, in particular the range of π  
function or the computations of notions crucial for navi-
gation – the distances and angles. Although the proofs of 
above mentioned statements do not require the technical 
calculations we do not give them because of the limited 
length of the article. Our research may state for the start-
ing point of such research on generalized cone. Then the 
cone of revolution is treated as a particular subset of the 
set of cones. 

Let us consider the cone which is tangent or secant 
to the spherical surface. The intersection of these two sets 
is a single circle or a doubleton of circles, respectively. 
Because of the fact the intersection is both the spherical 
and conical locus we can indicate the identically equiva-
lent circle of the spherical one on the flattened conical 
surface but of different properties e.g. radius, diameter or 
centre. Obviously, the results of comparing the geomet-
ric properties of an arbitrary circle and its image depend 
on applied projective transformation. For the simplicity 
the idea of transformation of oblique spherical circles 
onto conical surface is presented graphically in Figures 9  
and 10. 

fig. 9. Transformation of oblique spherical circle  
to the secant conical surface (Bunch 2004)

One may find the conical model as a base in some 
cartographic projections applied in constructing the 
charts. 

Comparing the value of π  function for both (the 
conical and spherical) intersecting surfaces it allows to 
determine the discrepancies between some geometric 
properties of modeling and modeled surface. Generaliz-
ing, the circles of modelling surfaces of differing curva-
ture can be transformed to another geometric structure. 
Such a transformation sometimes enables to know the 
properties of the original structure what is not possible 

It should have appeared as:
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We observe that the value of π  does not depend 
on the distance l of the conical circle from its center S 
(the vertex of a cone) so on each cone all the parallels 
of latitude have the same ratio of the circumference to 
the diameter. However, this value is different for dif-
ferent cones  – it depends on the central angle β. Thus, 

( )( ) 2;π β ∈ π  for every ( )0; 2 .β∈ π  The resulting func-
tion is continuous, decreasing and takes all values from 

(2; π). For example, if β = π  then ( ) .
2
π

π β =  The graph 

of ( )π β  for ( )0; 2β∈ π  is presented in Figure 8. 
Corollary. On the cone of revolution of given central 

angle ( )0; 2β∈ π  the ratio of the circumference of the par-
allel of latitude circle to its diameter is constant and the 
value is given by (12).

Fig. 8. The graph of function ( )y = π β  for the conical  
parallel of latitude circles (Kopacz 2010)

In the paper we consider the conical parallel of 
latitude circles. This family of the circles is not the only 
subset of the circles on the cone. For the conical circles 
which does not contain the vertex of a cone in their inte-
rior ( )xπ = π  as they are equivalent to the common flat 
Euclidean circles. That can be easily shown after flatten-
ing the conical surface on the Euclidean planeℝ2. The 
third subset of the conical circles is created by the circles 
which are not centered in the vertex of a cone but con-
tain the vertex in their interior. Interestingly, this fam-
ily has the property which does not follow the Euclidean 
intuition. Hence, a careful approach is to be taken into 
consideration when providing, in particular long-range 
navigational calculations and presenting the results in 
the conical cartographic projections of smaller scale. As 
an illustrative example we ask the following question: 

Given a circle of radius r’  >  0 and center S’ which is not 
the vertex of a cone of revolution of given central angle 

( )0; 2 .β∈ π  Does the circle of the same radius r’ and cen-
tered in the vertex of a cone have the same circumference? 
The answer is negative and differs from the obvious re-
sult obtained on the plane Euclidean model. The conical 
circle of the same radius r’ but centered in the vertex of 
a cone (parallel of latitude) does not have the same cir-
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One may find the conical model as a base in some 
cartographic projections applied in constructing the 
charts. 

Comparing the value of π  function for both (the 
conical and spherical) intersecting surfaces it allows to 
determine the discrepancies between some geometric 
properties of modeling and modeled surface. Generaliz-
ing, the circles of modelling surfaces of differing curva-
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Such a transformation sometimes enables to know the 
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Formula 17 wrongly appeared as:
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Both modeled and modeling one may be connected by 
the projective function. It represents one of the funda-
mental geometric quantities which is the ratio of the cir-
cle’s circumference to its diameter. However, the image 
of transformed circle should not be treated as distortion 
like Tissot’s indicatrix but the natural form of the circle 
existing in modeling structure. As we showed above the 
possible generalizations of π  function can also be used 
for other than circle-shaped objects. Additionally, we no-
tice that the theoretical research affects the n-dimension-
al objects, mapping and the abstract mathematical fields 
where the π  function and its equivalents are used fruit-
fully. 

The bijective function π  gives a unique solution 

for an arbitrary spherical circle of radius 0, .
2

r π ∈ 
 

 

That means in the inverse problem assuming the bound-
ary condition for the value of π  we obtain the unique 
spherical length of the radius r. This determines the cov-
erage area centered at the spherical circle’s center (e.  g. 
the position of navigational transmitting station) where 
π  function does not exceed required value. Approximat-
ing locally the spherical surface (curved space in gener-
al) by the plane model we cannot omit the differences in 
the geometric properties of both structures. In particu-
lar, we can define the relative error ε(r) for function π  in 
case of the spherical circle is approximated by the plane 
circle of the same radius on the tangent plane and cen-
tered in the same position. Recalling (9) and substituting  
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The graph of increasing and convex function ε(r) is 
presented in Figure 14. 

The relative error ε(r) may be defined for other 
curved surfaces and show the discrepancies in computa-
tions due to differences in the geometries of connected 
modeling and modeled structures. The geometries of the 
structures which naturally differ affect the navigational 
computations made in them. 

fig. 14. The graph of relative error ε(r)  

for the spherical circle of radius 0, 
2
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4. conclusions

In calculus it is of crucial importance that we state on 
which geometry we place our truths.We aim to recall the 
importance, usefulness and otherness of some geomet-
ric properties coming from non-Euclidean geometries 
which affect the base of computations referring the an-
gle and distance measurements. These two notions are 
fundamental for navigational computations. If space is 
curved then Euclidean geometry, which is one of many 
axiomatic systems, does not apply. The flow of geodesic 
trajectories depends on the type of metric we use in mod-
elling geometric structure, in particular 2-dimensional 
surface of positive curvature like sphere or spheroid. Our 
research on conical curves presented here in the spheri-
cal case may state for the starting point of such research 
on surfaces of differing curvature, in particular spheroid 
and triaxial ellipsoid. As a working tool function π  was 
used which researches the ratio of the circle’s circumfer-
ence to its diameter. The circle is one of the fundamen-
tal geometric objects and the diameter depends on the 
geodesic flow if there exists. Researching the ratio it is 
necessary to answer first how the circle looks like in con-
sidered geometric structure, how the distance between 
two points is determined, where the center of the circle 
is positioned and how the diameter passes. As compar-
ing Euclidean example we presented the diameter of the 
conical parallel of latitude which does not pass through 
its centre. That differs from both the plane and spheri-
cal model. The Euclidean intuition insists on looking at 
the diameter as a part of geodesic on given surface pass-
ing through the centre of a circle. However, the diameter 
depends on applied metric as the flow of geodesics does. 
Therefore, the shape of the circles researched in the met-
ric spaces depends on the position of the center and the 
radius. The navigable trajectories as great ellipse or great 
circle are the examples of geodesic lines on the spheroid 
and sphere, respectively. The geodesics may look different 
even on the same surface if different metrics are applied. 
The notion of local metric is required to define geodesics 
locally. Thus, changing the metric causes the differences 
in obtained distances. For precise navigational computa-
tions it is of high importance to know the geometric de-
scription of applied model which states the basis for the 
navigational quantities which are generally the distances 
and angles. For instance, π as a number is constant and 
has the same value in each geometry (Euclidean, elliptic, 

fig. 13. The circular Tissot’s indicatrices of distortion in the 
Lambert conical conformal projection (Snyder, Voxland 1989)
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We apologise to the author for these errors. 

A corrected version can now be found at T&F Online, DOI:10.3846/20296991.2012.756995.


