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Abstract. A new structural damage estimation procedure using grey relation coefficient and curvature of displacement 
influence line in beams using sparse measurement is proposed in this paper. The method is based on static structural 
response which can be obtained using single sensor. Determination of damage location as well as determination of corre-
sponding damage severity can be easily calculated with simple arithmetic operations, which is the main advantage of the 
proposed method. Conducted numerical simulation for different damage scenarios and various measurement sparseness 
and experimental validation confirm the effectiveness of proposed damage severity estimation procedure.
Keywords: damage estimation, static method, curvature, deflection influence line. 

Introduction

Periodically monitoring of structures is essential to pre-
vent the accumulation of damage which may result in 
structural failure. In the past few decades different non-
destructive damage detection techniques (NDDT) are de-
veloped. NDDT can be categorised as global or local. The 
local techniques (X-ray, ultrasonic, etc.) can be effective 
if the damage location is known a priori, what cannot 
be expected in most civil engineering structures (Wang 
et al. 2011). Therefore, the global techniques are, firstly, 
developed to detect the presence of damage and estimate 
damage location (Cornwell et al. 1999; Li et al. 2002; 
Choi et al. 2004; Garstecki et al. 2004; Štimac Grandić 
et al. 2009; Abdo 2012). Secondly, many global NDDT 
are able to estimate severity of damage at damage loca-
tion (Chen, Bicanic 2000; Nicholson, Alnefaie 2000; Kim 
et al. 2006; Štimac Grandić, Grandić 2010; Wang 2013; 
Fayyadha, Razaka 2013).

Since the static and dynamic responses of struc-
ture are functions of structural parameters, changes of 
these parameters will change a structural response. Thus, 
changes in static or dynamic structural responses can be 
used to determine the changes in structural parameters 
(such as mass, damping and stiffness).   

The vibration-based NDDT are more fully devel-
oped in comparison to static-based ones. However, the 
static-based method have some advantages over the vi-
bration-based: static tests are easily executable in com-
parison to dynamic ones and provide identification infor-
mation without introduction uncertainties due to changes 

in mass and damping (Buda, Caddemi 2007), static-based 
NDDT are usually cheaper and more accurate than vi-
bration-based NDDT, especially if ambient vibration are 
used (Abdo 2012), the vibration-based techniques inher-
ently suffer from the incompleteness of measured modal 
data: only a few of the lower modes can be successfully 
measured, the complete sets of degrees of freedom cannot 
be measured and the complete spatial resolution of mode 
shape cannot be achieved (Kim et al. 2006). In regard 
to mentioned shortcomings some authors proposed tech-
niques utilizing only static information (Sanayei et al. 
1997; Maity, Saha 2004; Buda, Caddemi 2007; Lee, Eun 
2008; Yang, Sun 2011; Abdo 2012; Seyedpoor, Yazdan-
panah 2013; Viola, Bocchini 2013). 

As well as in dynamic tests, incompleteness of static 
information due to limited number of sensors is a great 
problem in static tests. This problem can be overcome by 
using influence line approach where only one sensor is 
sufficient to obtain the influence line.

The usability of static NDDT using influence line 
approach in damage localization has been presented by 
several researchers (Choi et al. 2004; Stöhr et al. 2006; 
Štimac Grandić et al. 2011; Wang et al. 2011) but none 
of them try to evaluate severity of damage. 

In this paper, a novel static NDDT based on a dis-
placement influence line curvatures for identifying the 
location and seveof damage, focusing on sparse meas-
urement, is proposed. Verification of proposed technique 
is done by numerical simulations and experimental test. 
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1. Theoretical formulation

For a linear structure, by Maxwell’s reciprocity theorem, 
the displacement at point a due to a load acting at point 
b equals the displacement at point b due to load acting 
at point a (Reddy 1996). It means that deflection line 
w(x) of the structure loaded with force F at the point a 
equals the deflection influence line ηw(x) obtained at the 
location a for different position of force F. Reciprocity 
theorem facilitates obtaining the displacement along the 
entire structure using single sensor. 

Consider a beam that can be treated as geometrically 
and materially linear in the intact and damaged states. In 
general, the curvature κ(x) is defined as:
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where w(x) is the deflection of the beam. If deflections 
are much smaller than the beam length Eqn (1) turns to:
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Using the fact that w(x) = ηw(x) the curvature of de-
flection influence line is:
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In bent beams, where influence of transversal force 
on curvature may be neglected, the relationship between 
curvature, bending moment M(x) and bending stiffness 
EI(x) can be written as: 
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For damaged beam Eqns (3) and (4) can be rewrit-
ten in form: 
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In statically determinate beam bending moment is 
not dependent of the bending stiffness, M(x) = M*(x), 
then it can be concluded that changes in the curvatures 
between two stages of structure is caused by changes in 
the bending stiffness:
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Although the difference between the displacement 
influence lines for intact and damaged structures (Choi 

et al. 2004; Štimac Grandić et al. 2011) as well as dif-
ference of rotation of displacement influence lines can be 
used for damage localization (Štimac Grandić et al. 2011) 
the absolute difference in the curvature of displacement 
influence lines is the most sensitive influence line-based 
method (Wang et al. 2011). 

In the non-damaged segments of the beam the dif-
ference of the curvatures equals zero. The value(s) of ab-
solute difference in curvatures which is not equal to zero 
points to damaged beam’s segment (Štimac et al. 2007; 
Štimac Grandić et al. 2011). 

2. Damage severity estimation algorithm

When analytical representation of displacement influence 
line is not available, as it is in the case of experimentally 
measured or numerically obtained displacement influence 
line, the calculation of curvature has to be performed nu-
merically. 

Suppose the beam is divided in n equal segments 
as it is presented in Figure 1. The displacements are ob-
tained at the beginning and at the end of each segment j 
(at xi–1 and xi), where j = 1 to n and i = 0 to n.

Fig. 1. A schema of a beam’s segments

The curvature κ(xi) at the data site xi can be calcu-
lated using second central finite difference:
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where ηw(xi) is the value of displacement influence line 
at the position xi, ηw (xi–1) and ηw(xi+1) are the values of 
displacement influence line at the positions xi–1 and xi+1, 
respectively.

According to Eqn (8) the curvature for damaged 
state can be written as follows:
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If damage is represented as reduction in bending 
stiffness EI*= (1–δ)EI, the decrease in bending stiffness 
δj inside the segment j, can be express as:

 
*1 j

j
j

= −
κ

δ
κ

,  (10)

where κj and κj
* are intact and damaged curvature of the 

segment j. In non-damaged segment(s) δj = 0 while in 
damaged ones 0 < δj < 1. 

The curvatures κ(xi) and κ*(xi), at the position xi 
(i = 1 to n–1) calculated according to Eqns (8) and (9) 
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can be treated as average curvature at the adjacent seg-
ments j and j+1: 
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Suppose the damage is placed within a single seg-
ment j. The curvatures in position xi–1 and xi for damaged 
state will be different from curvatures for intact state at 
the same positions, therefore δ(xi–1) ≠ 0 and δ(xi) ≠ 0. 
According the Eqn (13) calculated vales δ(xi–1) and δ(xi) 
shows the average value of decrease in bending stiffness 
in segments j–1 to j and j to j+1, respectively. As we 
know that there is no damages in segments j–1 and j+1 
it can be concluded that decrease in bending stiffness δj, 
in segment j, is average of twice the values 1( )ix −δ  and

( )ixδ . It should be noted that curvatures according to 
Eqns (8) and (9) could be calculated in positions i = 1 
to n–1. 

Therefore the decrease in bending stiffness δj in
segments j = 1 and j = n is twice the value 1( )xδ  and

1( )nx −δ , respectively.
Measurement errors, which may be attributed to en-

vironmental conditions, sensors or measurement accuracy 
cannot be avoided in field or laboratory test. Thus, theo-
retical assumption of zero curvature difference in non-
damaged segments of the beam will not be fulfilled. 

Hence, the grey relation coefficient ζ(xi) is employed 
to detect the point of significant difference between cur-
vature of damaged and non-damaged structure (Abdo 
2012; Chen et al. 2005):
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where R(xi) =κ(xi) – κ*(xi)|.  The grey relation coeffi-
cient ζ(xi) evaluates the degree of the correlation at the 
ith point of the curvatures of damaged and non-damaged 
structure. Generally, ζ(xi) ≥ 0.9 indicates complete cor-
relation; 0.8 ≤ ζ(xi) < 0.9 indicates the good correlation 
of the two points; 0.6 ≤ ζ(xi) < 0.8 indicates that the two 
points are relative possibly; ζ(xi) < 0.6 represents that 
the two points are almost irrelative (Abdo 2012; Chen 
et al. 2005).  

The value of ζ(xi) = 0.6 will be accepted as a limit 
value for determination of damaged section. In the points 
where ζ(xi) ≥ 0.6 it will be assumed that the difference 
in curvature is result of measuring errors, i.e. there is no 
changing in stiffness (damages) in the adjacent segments. 
The points where ζ(xi) < 0.6 are considered as the points 
of changes in curvature which can be assigned to changes 
in stiffness. 

The validity of this assumption can be seen in con-
ducted researches (Chen et al. 2005; Abdo 2012) where 
for single or double damage scenarios the value of ζ(xi) 
in damaged sections are below 0.6.

Based on the previous considerations the following 
damage severity estimation procedure based on simple 
arithmetic operations, shown in flow chart in Figure 2, 
is proposed.

Although the theoretical formulation is based on as-
sumption of materially linear structure, the method can 
be successfully used for detection of changes in structural 
stiffness as result of changes in E-modules and/or mo-
ment if inertia I as it is done in some previous research-
es (RaghuPrasad et al. 2013; Capozucca 2008; Ndambi 
et al. 2000, 2002).

3. Numerical simulations

The number and position of displacement data along the 
beam depend on different load positions. Theoretically, 
the spacing between two load positions can be very small, 
i.e. the displacement influence line can be constructed us-
ing the dense network of measurement data. The dense 
network of measured data is difficult to expect on field 
measurements. 

In this chapter, the numerical simulations are used 
to test the usability of proposed damage severity algo-
rithm in regard to different spacing between measured 
data (sparse measurement data).

The numerical analysis has been carried out for a 
simply supported beam with different positions and se-
verity of damage. The span length of simply supported 
beam is L = 10 m. The cross section area of a beam is 
A = 2190 mm2, the moment of inertia is I = 3830000 mm4 
and Young’s modulus is E = 200000 MPa. The applied 
force is F = 1 kN. 

The displacement influence lines have been com-
puted for point in the middle of the span for both the 
undamaged and the damaged state. The damage has been 
simulated by reducing the bending stiffness at the dam-
aged section according to Table 1.

In the first group of simulations the values of de-
flection influence lines are calculated at the distance of 

Table 1. Damage scenarios on simply supported beam

Damage 
scenario

Position of damage(s) 
from left support in 

meters

Reduction of 
bending stiffness 

in %
1 at 1.5–1.75 10
2 at 1.5–1.75 20
3 at 5.5–5.75 10
4 at 5.5–5.75 20
5 at 5.5–5.75 30
6 at 0–0.25 20

7 at 2.25–2.5
and at 7.25–7.5

30
30
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Fig. 2. A flow chart of proposed damage severity estimation procedure
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d = 0.25 m (the total number of segments is n = 40). In 
the second group of simulations the distance of calculated 
values is d = 0.5 m (n = 20), in the third group of simula-
tions the distance d = 1 m (n = 10).

The values of decrease in bending stiffness δj are 
calculated according to proposed damage severity estima-
tion procedure shown in Figure 2.

In Figures 3 to 23 the calculated and simulated val-
ues of decrease in bending stiffness δj are shown for all 
conducted numerical simulations. In case of measurement 
sparseness (d = 0.5 m and d = 1.0 m) the decrease of 
bending stiffness covers just a part of the segment. The 
damage can only be predicted with a resolution equal to 
the distance between the measured points, i.e. in whole 
segment, therefore the simulated values of decrease in 
bending stiffness δj in Figures 10–23 are expressed as 
the mean value of the decrease in bending stiffness in 
associated segment j.

Fig. 3. δj in damage scenario 1 (n = 40, d = 0.25 m)

Fig. 4. δj in damage scenario 2 (n = 40, d = 0.25 m)

 

Fig. 5. δj in damage scenario 3 (n = 40, d = 0.25 m)

Fig. 6. δj in damage scenario 4 (n = 40, d = 0.25 m)

Fig. 7. δj in damage scenario 5 (n = 40, d = 0.25 m)

Fig. 8. δj in damage scenario 6 (n = 40, d = 0.25 m)

Fig. 9. δj in damage scenario 7 (n = 40, d = 0.25 m)

Fig. 10. δj in damage scenario 1 (n = 20, d = 0.5 m)

Fig. 11. δj in damage scenario 2 (n = 20, d = 0.5 m)

Fig. 12. δj in damage scenario 3 (n = 20, d = 0.5 m)
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Fig. 13. δj in damage scenario 4 (n = 20, d = 0.5 m)

Fig. 14. δj in damage scenario 5 (n = 20, d = 0.5 m)

Fig. 15. δj in damage scenario 6 (n = 20, d = 0.5 m)

Fig. 16. δj in damage scenario 7 (n = 20, d = 0.5 m)

Fig. 17. δj in damage scenario 1 (n = 10, d = 1 m)

Fig. 18. δj in damage scenario 2 (n = 10, d = 1 m)

Fig. 19. δj in damage scenario 3 (n = 10, d = 1 m)

Fig. 20. δj in damage scenario 4 (n = 10, d = 1 m)

Fig. 21. δj in damage scenario 5 (n = 10, d = 1 m)

Fig. 22. δj in damage scenario 6 (n = 10, d = 1 m)

Fig. 23. δj in damage scenario 7 (n = 10, d = 1 m)

4. Experimental test

Experimental validation of proposed method is done 
by using experimental obtained displacement influence 
lines. The experiment is carried out on the steel speci-
men shown in Figures 24 to 27 (Štimac 2006). The beam 
specimen had six longitudinal steel bars (4φ7 mm and 
2φ8 mm) in the low part of specimen and two longitudi-
nal bars (2φ7 mm) at the top of the specimen. The lon-
gitudinal bars of the low and top part of specimen are 
connected together by mesh of bars of φ4.2 mm. The bars 
are welded to each other. 
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Fig. 24. The detail of the longitudinal view of the specimen

Fig. 25. The cross-section of the specimen

The moment of inertia of intact specimen is 
I = 1029252 mm4 and Young’s modulus is 
E = 200000 MPa. The specimen was placed at pinned 
supports. The span length of the specimen is L = 6 m.

In damaged specimen bars of φ7 mm, in the low part 
of specimen, were cut off at the position of 1.6 to 1.8 me-
ters from the left support (Fig. 26).

Fig. 26. The position of damaged segment

Fig. 27. The experimental set-up

The displacement influence lines for both (intact 
and damaged) specimens were constructed using mea-
sured middle-span displacements due to load applied suc-
cessively every 20 cm, starting from the left support, by 
hanging the weight of 0.13 kN at each load position.

The displacements are obtained by digital indicator 
(resolution of 0.001 mm). The experimental set-up can be 
seen in Figure 27. 

Fig. 28. The real and calculated values of δj 

In Figure 28, the real and calculated value of de-
crease in bending stiffness for experimental obtained dis-
placement influence lines are shown. 

5. Discussion

As it can be seen from conducted numerical simulations 
in Chapter 3, all simulated damages are located, regard-
less of member of obtained data. The proposed procedure 
successfully locate edge damage near the support where 
bending moments are close to zero, what is lack of many 
methods based on comparison of curvatures (Štimac 
2006; Štimac, Kožar 2005). Also the procedure is able to 
locate double damages.  

The comparison of calculated and simulated values 
of decrease in bending stiffness are shown in Table 2 as 
deviation ∆ = ((δj

cal/δj
sim) – 1)·100%, where δj

cal and δj
sim 

are calculated and simulated values of decrease in bend-
ing stiffness, respectively.

Table 2. Deviation ∆ of calculated and simulated values of 
decrease in bending stiffness [%]

Damage 
scenario n = 40 n = 20 n = 10

1 6 10 20
2 11 17 34
3 5 10 12
4 11 17 24
5 18 27 39
6 –28 –80 –90
7 18 and 18 27 and 27 39 and 40

The values of calculated bending stiffness reduction 
are overestimated in all positions of damage(s) except the 
edge damage position, in segment j = 1, where the cal-
culated values are underestimated in regard to simulated 
ones. The main reason of underestimation of damage in 
edge segment (j = 1) is lack of curvature in position x0. 
It is especially expressed in the simulation with d = 0.5 
and d = 1, where the calculated value of curvature is po-
sitioned on the right edge segment, and the damage is lo-
cated along the left edge segment at the length of 0.25 m. 
It can be concluded that proposed method is successful 
in location of damage in edge segments, but evaluation 
of damage severity depend of sparseness of measurement 
and position of damage between two obtained data and 
may result in great underestimation of damage severity.
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In middle segments the accuracy of estimated dam-
age is associated with number of obtained data and se-
verity of simulated damage: the least deviation ∆ of 5% 
and 6% of calculated decrease in bending stiffness in 
regard to simulated ones is in case of the densest data 
network and the smallest simulated damage (n = 40 and 
δj

sim  = 10%). The greatest deviation ∆ of 39% and 40%, 
are calculated in cases of the rarest data network and the 
greatest simulated damage (n = 10 and δj

sim = 30%). 
Generally, the denser network of obtained data gives 

more accurate values of bending stiffness reduction. For 
the distance of obtained data d = 0.25 m, which is iden-
tical to damage length, the deviations ∆ are from 6% to 
18%. When the distance of obtained data (d = 0.5 m) is 
twice the damage length the deviations ∆ are between 
10% and 27%. In case of d = 1 m (the distance of ob-
tained data is four times the damage length) the devia-
tions ∆ are between 20% and 40%.

In Chapter 4, the result of experimental validation 
of proposed method shows that the damage is located 
in 8th segment, i.e. between 1.6 to 1.8 meters from the 
left support, what is in accordance with real position of 
damage. The deviation ∆ of calculated and real value of 
decrease in bending stiffness in damaged segment is 18% 
which is expected in the light of the results of numerical 
simulations.

In existing papers dealing with damage localiza-
tion and estimation of damage severity using only static 
displacements the deviation of simulated and calculated 
values of damage are up to 18% (Yang, Sun 2011), 20% 
(Maity, Saha 2004), 30% (Terlaje, Truman 2007), 40% 
(Bakhtiari-Nejad et al. 2005), 60% (Chen et al. 2005). 
The method proposed by RaghuPrasad et al. (2013) gives 
the smallest deviation of simulated and calculated dam-
ages of 8%, but the method is limited to detection and 
severity estimation of single damage. In all these damage 
severity estimation methods the length of damage was 
equal to the length taken into damage estimation analysis 
(whole segment length); no one deals with detection and 
severity estimation of damages shorter than the segment. 
Also, none of them deal with estimation of damage near 
the pinned support. 

Comparison of accuracy of damage severity estima-
tion found in existing literature with those achieved in 
this paper shows that proposed damage severity estima-
tion procedure based on simple arithmetic operation is 
competitive to much more complex methods mentioned 
previously.

Conclusions

In the paper, the novel approach in damage severity es-
timation in beams based on curvature of displacement 
influence lines and grey coefficient using sparse static 
measurements is proposed. The main advantage of the 
proposed procedure is simplicity of mathematical op-
erations used in determination of damage location and 
severity. According to conducted numerical simulations 

on a simply supported beam with different position and 
severity of damage and different data sparseness it can 
be concluded that:

 – all simulated damages are located regardless of data 
sparseness; 

 – the severity of damage in middle segments is over-
estimated from 5% to 40% depending on simulated 
damage severity and sparseness of data;

 – the severity of damage in edge segments (near 
pinned support) can be greatly underestimated.
Generally, the proposed procedure is successful in 

damage location. The severity of damage in middle seg-
ments can be identified with a degree of accuracy com-
parable with more complex estimation procedure. The 
experimental validation on a beam with single damage 
confirms the results of numerical simulations.

The behaviour of existing structures is usually in-
fluenced by the adjacently connected non-structural el-
ements which may contribute to the stiffness of whole 
structure. In such a case the proposed method, as well as 
any other global method, can estimate the stiffness chang-
es in general, no meter the damage is occurred in the 
main load bearing elements and/or in the non-structural 
elements. 

Once damage is detected, located and roughly es-
timated using proposed global method some local tech-
nique can be employed to examine the damage location 
in detail.
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