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1 Introduction

In this paper, we are going to study the generalized 3-D incompressible aniso-
tropic Navier–Stokes equations∂tu+ u · ∇u+ νhD

2α
h u+ ν3D

2β
3 u+∇Π = 0,

div u = 0,
u|t=0 = u0,

(1.1)

where u and Π represent the velocity and pressure of the fluids respectively.
The viscosity coefficients νh, ν3 > 0. D2α

h and D2β
3 are two Fourier multipliers

whose symbol is h(ξh) = |ξh|2α and m(ξ) = |ξ3|2β respectively, where ξh ∈ R2

and ξ3 ∈ R. We consider this model in order to understand how much the
dissipation we need to dominate the effects of convective term, so that the
global solution of such an equation with large data exists. In this way we
can understand 3-D Navier–Stokes equations better. In fact, there are some
related works on this topic. We remark that when νh = ν3 > 0 and α = β = 1,
system (1.1) is nothing but the equations of classical Navier–Stokes equations.
The global existence of strong solution for it is of course a great open problem,

http://www.tandfonline.com/TMMA
http://dx.doi.org/10.3846/13926292.2015.1020894
mailto:hanbinxy@163.com
mailto:dyf@zju.edu.cn


206 D. Fang and B. Han

due to the super-critical nature of the equations. An anisotropic case α = β = 1
and νh > 0, ν3 = 0, has been studied first by J.Y. Chemin, B. Desjardins, I.
Gallagher and E. Grenier in [3] and D. Iftimie in [6]. In [6], the author proved
that such a system is locally wellposed for initial data in the anisotropic Sobolev
space Ḣ0,s for s > 1

2 . Moreover, it has also been proved that if the initial data
are small enough in the sense that

‖u0‖εL2‖u0‖1−εḢ0,s
≤ cνh

for some sufficiently small constant c and ε = s − 1
2 , then the system (1.1) is

global wellposed. Furthermore, T. Zhang in [11] proved that when α = β = 1
and νh > 0, ν3 = 0, system (1.1) is global wellposed provide the initial data u0
satisfies

Cνh
∥∥uh0∥∥B0, 1

2
exp
{
Cν−4h

∥∥u30∥∥4B0, 1
2

+ 1
}
≤ 1,

where B0, 12 is the anisotropic Besov space with the regularity in vertical vari-
able. Considering the periodic anisotropic Navier–Stokes equations, M. Paicu
obtained global wellposedness in [9].

We note that, all above global results were obtained under the assumptions
of small data in some sense. To get result for large data, people tried to
strengthen the dissipative symbol h(ξh) and m(ξ3), authors in [7] obtain the
global regularity in critical and subcritical hyperdissipation regimes h(ξ) = |ξ|α
for α ≥ N+2

4 , N is the dimension of the space. This corresponds to the case

α = β ≥ N+2
4 and νh = ν3 > 0 in system (1.1). Tao [10] improved this

slightly by establishing global regularity under a slightly weaker condition. He

assumes that h(ξ) ≥ |ξ|N+2
4 /g(ξ) for all sufficiently large ξ and some non-

decreasing function g : R+ → R+ such that
∫∞
0

1
sg(s)4 ds = ∞. While for the

inhomogeneous flows, D. Fang and R. Zi [5] proved the global existence result
for the hyperdissipative Navier–Stokes with initial data in subcritical Sobolev
spaces.

Just as the classical Navier–Stokes system, (1.1) has a scaling. Indeed,
under the following transformation

uhλ(t, x) = λ2−
1
αuh

(
λ2t, λ

1
αxh, λ

1
β x3

)
,

u3λ(t, x) = λ2−
1
β u3

(
λ2t, λ

1
αxh, λ

1
β x3

)
,

the scaling of dissipation term is the same as that of convection term. In this
sense, the L2 norm of uhλ and u3λ can be given by∥∥uhλ(t, x)

∥∥
L2(R3)

= λ2−
2
α−

1
2β

∥∥uh(t, x)
∥∥
L2(R3)

,∥∥u3λ(t, x)
∥∥
L2(R3)

= λ2−
1
α−

3
2β

∥∥u3(t, x)
∥∥
L2(R3)

.

If one expect that the L2 energy of uh be the critical nature of the equation,
we need 2− 2

α −
1
2β = 0. Similarly, for u3, we need 2− 1

α −
3
2β = 0. Obviously,

we have the scaling index α = β = 5
4 and it is the case which has been studied

in [5, 7, 10]. Here we want to investigate the effects of dissipation of horizontal
variables and expect that β = 1. Thus we obtain that (α, β) = ( 4

3 , 1) is
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critical for the horizontal components uh, and (α, β) = (2, 1) is critical for the
vertical component u3. In this paper, taking advantage of the incompressible
condition divhu

h = −∂3u3, we can get the global existence result when (α, β) =
( 3
2 , 1). One notes that (α, β) = ( 3

2 , 1) is the supercritical index for u3 but the
subcritical index for uh.

More generally, we prove that, for all α ≥ 3
2 and β = 1, system (1.1) admits

a unique global solution for large initial data. It is obviously that for α ≥ 3
2 ,

β = 1, (1.1) satisfies the following basic energy estimate

∥∥u(t)
∥∥2
L2 + 2νh

∫ t

0

∥∥Dα
hu
∥∥2
L2dτ + 2ν3

∫ t

0

‖∂3u‖2L2dτ = ‖u0‖2L2 . (1.2)

Our main result in this paper concerns the unique solvability of (1.1) with initial
data in the anisotropic Besov spaces but without a smallness assumption on u0.

Theorem 1. Let s ≥ 0, α ≥ 3
2 , β = 1, u0 ∈ B0,s(R3) with div u0 = 0. Then

there exists a positive time T , such that (1.1) admits a local solution which
satisfies

u ∈ C
(
[0, T ];B0,s

)
and ∇αhu ∈ L̃2

(
0, T ;B0,s

)
, ∂3u ∈ L̃2

(
0, T ;B0,s

)
.

More over, if s ≥ 1
2 , then the local solution is unique and can be extended to

the global one.

In Theorem 1, we assume that u0 ∈ B0,s(R3) for all s ≥ 0. Following the
same method, we may find that such result also holds for anisotropic Sobolev
space H0,s, s > 0. We assert that s > 0 is necessary when u0 ∈ H0,s, since
Lemma 1 no longer valid for s = 0.

Corollary 1. Let s > 0, α ≥ 3
2 , β = 1, u0 ∈ H0,s(R3) with div u0 = 0. Then

there exists a positive time T , such that (1.1) admits a local solution which
satisfies

u ∈ C
(
[0, T ];H0,s

)
and ∇αhu ∈ L̃2

(
0, T ;H0,s

)
, ∂3u ∈ L̃2(0, T ;H0,s).

More over, if s > 1
2 , then the local solution is unique and can be extended to

the global one.

The above results can be reached through an energy estimate. The advan-
tage of hyper-disspation regime h(ξh) = |ξh|α for α ≥ 3

2 in our paper will be
revealed in the estimate of convection term. More explicitly, we should split
‖u · ∇u‖L2 into

‖u · ∇u‖L2 ≤
∥∥uh · ∇hu∥∥L2 +

∥∥u3∂3u∥∥L2 .

Since α ≥ 3
2 , the first term in the right hand side of above inequality can be

estimated by ∥∥uh · ∇hu∥∥L2 ≤ C
∥∥∇αhu∥∥ 3

2α

L2 ‖∂3u‖
1
2−

1
2α

L2

∥∥∂3∇αhu∥∥ 1
2α

L2 .

Math. Model. Anal., 20(2):205–231, 2015.
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One can see the details in (4.3). Hence one can use Young’s inequality to close
the energy estimate(see the details in Lemma 2). We observe that when α = 1,
the convection term was bounded by

‖u · ∇u‖L2 ≤ C‖u‖
1
4

L2‖∇u‖L2

∥∥∇2u
∥∥ 3

4

L2

in three dimensional space, to close the energy estimate, the smallness condition
on u0 is necessary. The second term is more delicate, we will use divergence
free on u to write

∂3u
3 = −divh u

h.

Another important estimate in our paper is the B0,s energy estimate of
convection term when proving the blow-up criterion. It reads that∣∣(∆v

k(u · ∇u)|∆v
ku
)
L2

∣∣ ≤ Cdk2−2ks‖u‖
1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s

+ Cdk2−2ks‖u‖
1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

3
2

B0,s‖∇hu‖
1
2

B0,s

+ Cdk2−2ks‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s

for all s ≥ 0. The similar estimate in Sobolev space Hs was proved in [8]
(Lemma 3.1). The main difficulty in this estimate is how to bound the u3∂3u
by the horizonal derivative ∇hu. To overcome it, we have to use Bony decom-
position in vertical direction. We may find that u3∂3u can be decomposed
by

∆v
k

( ∑
k′≥k−N0

Svk′+2(∂3u)∆v
k′u

3

)
+∆v

k

( ∑
|k′−k|≤N0

Svk′−2u
3∂3∆

v
k′u

)
. (1.3)

The first term of (1.3) can be dealt by Bernstein inequality since the spectrum
support of ∆v

k′u
3 is contained in an annular. Formally, when such term esti-

mated in Lebesgue space, we can transfer the operator ∂3 from Svk′+2(∂3u) to
∆v
k′u

3. Then the divergence free on u enable us to get the desired estimate.
But it can not be used in the second term. We will use a commutator estimate
and integration by parts to complete the estimate on the second term. One
can see the details in Lemma 1.

The rest of the paper is structured as follows. In Section 2, we present
the definition of anisotropic Littlewood–Paley decomposition and the theory
of anisotropic Besov space. In Section 3, we show the local existence result
and prove a blow-up criterion of (1.1). Finally, we present a high order en-
ergy estimate of (1.1) and complete the proof the existence of the global solu-
tion.

2 Anisotropic Littlewood–Paley Theory

Because the space we will use is anisotropic Besov spaces, so, in this section, we
recall the Hölder and Young’s inequalities in the frame of anisotropic Lebesgue
spaces at first.
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Proposition 1. 1) Let f ∈ Lr′v (Lp
′

h ), g ∈ Lr′′v (Lp
′′

h ) for 1 ≤ r, r′, r′′, p, p′, p′′ ≤
∞, then fg ∈ Lrv(L

p
h). And the following inequality holds

‖fg‖Lrv(Lph) ≤ C‖f‖Lr′v (Lp
′
h )
‖g‖

Lr′′v (Lp
′′
h )
, (2.1)

where 1
r = 1

r′ + 1
r′′ and 1

p = 1
p′ + 1

p′′ .

2) Let f ∈ Lr
′

v (Lp
′

h ), g ∈ Lr
′′

v (Lp
′′

h ) for 1 ≤ r, r′, r′′, p, p′, p′′ ≤ ∞, then
f ? g ∈ Lrv(L

p
h). And the following inequality holds

‖f ? g‖Lrv(Lph) ≤ C‖f‖Lr′v (Lp
′
h )
‖g‖

Lr′′v (Lp
′′
h )
, (2.2)

where 1 + 1
r = 1

r′ + 1
r′′ and 1 + 1

p = 1
p′ + 1

p′′ .

To recall the definition of the anisotropic spaces, we have to introduce
an anisotropic dyadic decomposition of Fourier variables, which is called the
Anisotropic Littlewood–Paley decomposition. Let us briefly explain how it may
be built.

Let (χ(r), ϕ(r)) be a couple of C∞ functions satisfying

Suppχ ⊂
{
|r| ≤ 4

3

}
, Suppϕ ⊂

{
3

4
≤ |r| ≤ 8

3

}
, χ(r) +

∑
q∈N

ϕ
(
2−qr

)
= 1

for any r ∈ R. Let ϕq(r) = ϕ(2−qr), hq = F−1ϕq, and h̃ = F−1χ. The dyadic
blocks in vertical frequencies are defined by

∆v
qu = 0 if q < −1, ∆v

−1u = χ(D3)u =

∫
R
h̃(y3)u(xh, x3 − y3)dy3,

∆v
qu = ϕ

(
2−qD3

)
u =

∫
R
hq(y3)u(xh, x3 − y3)dy3 if q ≥ 0.

It is also convenient to introduce the following low frequency cut-off:

Svqu =
∑
p≤q−1

∆v
pu.

Of course, Sv0u = ∆v
−1u. The anisotropic Littlewood–Paley decomposition has

a nice property of quasi-orthogonality:

∆v
p∆

v
qu ≡ 0 if |p− q| ≥ 2 and ∆v

p

(
Svq−1u∆

v
qu
)
) ≡ 0 if |p− q| ≥ 5.

Let us give the definition of nonhomogeneous anisotropic Besov spaces.

Definition 1. Let u be a tempered distribution, we set

‖u‖B0,s
2,r

=

(∑
q≥−1

2rqs
∥∥∆v

qu
∥∥r
L2

) 1
r

with s ∈ R. We then define the anisotropic Besov space

B0,s
2,r =

{
u ∈ S′

(
R3
)
, ‖u‖B0,s

2,r
<∞

}
.

Math. Model. Anal., 20(2):205–231, 2015.
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Hereafter, we denote that B0,s
2,2 := H0,s, B0,s

2,1 := B0,s. H0,s is the anisotropic
Sobolev space. The following two key estimates based on the divergence-free
condition.

Proposition 2. There exists a positive constant C, such that for every diver-
gence-free vector field u = (u1, u2, u3),∥∥∇u3∥∥

B0,s ≤ C‖∇hu‖B0,s ,
∥∥∆v

ku
∥∥
L2
v(L

4
h)
≤ dk2−ks‖u‖

1
2

B0,s‖∇hu‖
1
2

B0,s , (2.3)

where dk stands for a generic positive sequence such that
∑
k≥−1 dk ≤ 1.

Proof. The divergence-free condition implies that

∇u3 =
(
∇hu3,−divh u

h
)
,

from which the first estimate directly follows. To prove the second estimate,
we write ∥∥∆v

ku
∥∥
L2
vL

4
h

≤ C
∥∥∆v

k

∥∥ 1
2

L2(R3)

∥∥∆v
k∇hu

∥∥ 1
2

L2(R3)

≤ C
(
2−

ks
2 d

1
2

k ‖u‖
1
2

B0,s

)(
2−

ks
2 d

1
2

k ‖∇hu‖
1
2

B0,s

)
≤ C2−ksdk‖u‖

1
2

B0,s‖∇hu‖
1
2

B0,s . ut (2.4)

The following lemma is the core of the proof of Theorem 1.

Lemma 1. Let α ≥ 3
2 , then for any real number s ≥ 0, there exists a positive

constant Cs such that, for any u, v, with u divergence free, we have∣∣(∆v
k(u · ∇v)|∆v

kv
)
L2

∣∣ ≤ Csd2k2−2ks‖u‖L∞v (L2
h)

(
‖v‖1−

5
4α

B0,s

∥∥∇αhv∥∥ 5
4α

B0,s + ‖v‖B0,s

)
×
(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
+ Csd

2
k2−2ks‖v‖L∞v (L2

h)

×
(
‖u‖1−

5
4α

B0,s

∥∥∇αhu∥∥ 5
4α

B0,s + ‖u‖B0,s

)(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
, (2.5)

where ( · | · )L2 denotes the L2 inner product of two functions. In particular, if
v = u, there holds∣∣(∆v

k(u · ∇u)|∆v
ku
)
L2

∣∣ ≤ Csd2k2−2ks
(
‖u‖

1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s

+ ‖u‖
1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

3
2

B0,s‖∇hu‖
1
2

B0,s

+ ‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s

)
. (2.6)

Proof. Let us define

Fhk := ∆v
k

(
uh · ∇hv

)
and F vk := ∆v

k

(
u3∂3v

)
.

The term (Fhk |∆v
kv)L2 and (F vk |∆v

kv)L2 are estimated in different ways. Let us
start by proving the result for Fhk . Applying Bony decomposition in vertical
variable, we have

Fhk = ∆v
k(T vuh∇hv + T v∇hvu

h +Rv
(
uh,∇hv

)
:= Fh,1k + Fh,2k + Fh,3k ,
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where

Fh,1k = ∆v
k

∑
|k−k′|≤N0

(
Svk′−1u

h∆v
k′∇hv

)
,

Fh,2k = ∆v
k

∑
|k−k′|≤N0

(
Svk′−1∇hv∆v

k′u
h
)
, Fh,3k = ∆v

k

∑
k′>k−N0

(
∆v
k′∇hv∆̃v

k′u
h
)
.

According to Proposition 1, together with interpolation inequality, we get(
Fh,1k |∆

v
kv
)
L2

≤ C
∑

|k−k′|≤N0

∥∥Svk′−1uh∥∥L∞v (L2
h)

∥∥∆v
k′∇hv

∥∥
L2
v(L

8
3
h )

∥∥∆v
kv
∥∥
L2
v(L

8
h)

≤ C‖u‖L∞v (L2
h)

∑
|k′−k|≤N0

∥∥∆v
k′v
∥∥1− 5

4α

L2

∥∥∆v
k′∇αhv

∥∥ 5
4α

L2

∥∥∆v
kv
∥∥
L2
v(H

1(R2))

≤ C‖u‖L∞v (L2
h)

∑
|k′−k|≤N0

∥∥∆v
k′v
∥∥1− 5

4α

L2

∥∥∆v
k′∇αhv

∥∥ 5
4α

L2

×
(∥∥∆v

kv
∥∥1− 1

α

L2

∥∥∆v
k∇αhv

∥∥ 1
α

L2 +
∥∥∆v

kv
∥∥
L2

)
≤ Cd2k2−2ks‖u‖L∞v (L2

h)
‖v‖1−

5
4α

B0,s

∥∥∇αhv∥∥ 5
4α

B0,s

(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
.

(2.7)

Similarly computation implies(
Fh,2k |∆

v
kv
)
L2

≤ C
∑

|k−k′|≤N0

∥∥Svk′−1∇hv∥∥L∞v (H−1(R2))

∥∥∆v
k′u

h
∥∥
L2
v(H

5
4 (R2))

∥∥∆v
kv
∥∥
L2
v(H

1(R2))

≤ C‖v‖L∞v (L2
h)

∑
|k′−k|≤N0

(∥∥∆v
k′u
∥∥1− 5

4α

L2

∥∥∆v
k′∇αhu

∥∥ 5
4α

L2 +
∥∥∆v

k′u
∥∥
L2

)
×
(∥∥∆v

kv
∥∥1− 1

α

L2

∥∥∆v
k∇αhv

∥∥ 1
α

L2 +
∥∥∆v

kv
∥∥
L2

)
≤ Csd2k2−2ks‖v‖L∞v (L2

h)

(
‖u‖1−

5
4α

B0,s

∥∥∇αhu∥∥ 5
4α

B0,s + ‖u‖B0,s

)
×
(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
. (2.8)

While for Fh,3k , by Proposition 1 and interpolation inequality, we have

(
Fh,3k |∆

v
kv
)
L2

≤ C
∑

k′≥k−N0

∥∥∆v
k′u

h
∥∥
L∞v (L2

h)

∥∥∆̃v
k′∇hv

∥∥
L2
v(L

8
3
h )

∥∥∆v
kv
∥∥
L2
v(L

8
h)

≤ C‖u‖L∞v (L2
h)

∑
k′≥k−N0

∥∥∆̃v
k′v
∥∥1− 5

4α

L2

∥∥∆̃v
k′∇αhv

∥∥ 5
4α

L2

Math. Model. Anal., 20(2):205–231, 2015.
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×
(∥∥∆v

kv
∥∥1− 1

α

L2

∥∥∆v
k∇αhv

∥∥ 1
α

L2 +
∥∥∆v

kv
∥∥
L2

)
≤ Cdk2−2ks‖u‖L∞v (L2

h)

∑
k′≥k−N0

2(k−k
′)s2k

′s
∥∥∆̃v

k′v
∥∥1− 5

4α

L2

∥∥∆̃v
k′∇αhv

∥∥ 5
4α

L2

×
(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
≤ Cd2k2−2ks‖u‖L∞v (L2

h)
‖v‖1−

5
4α

B0,s

∥∥∇αhv∥∥ 5
4α

B0,s

(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
,

(2.9)

where we have used s ≥ 0 in the last inequality. So (2.7), (2.8) and (2.9)
imply that (2.5) is proved for the term (Fhk |∆v

kv)L2 . To estimate the term
(F vk |∆v

kv)L2 , let us again use Bony decomposition in the vertical variable:

∆v
k

(
u3∂3v

)
= F v,1k + F v,2k

with

F v,1k = ∆v
k

∑
k′≥k−N0

Svk′+2(∂3v)∆v
k′u

3, F v,2k = ∆v
k

∑
|k′−k|≤N0

Svk′−1u
3∂3∆

v
k′v.

Clearly, we have∣∣(F v,1k |∆
v
kv
)
L2

∣∣ ≤ C∥∥∆v
kv
∥∥
L2
v(L

8
h)

∥∥F v,1k

∥∥
L2
v(L

8
7
h )
. (2.10)

Bernstein’s inequality, along with Proposition 1 yields∥∥F v,1k

∥∥
L2
v(L

8
7
h )
≤ C

∑
k′≥k−N0

2k
′∥∥Svk′+2v

∥∥
L∞v (L2

h)

∥∥∆v
k′u

3
∥∥
L2
v(L

8
3
h )

≤ C‖v‖L∞v (L2
h)

∑
k′≥k−N0

2k
′∥∥∆v

k′u
3
∥∥
L2
v(L

8
3
h )
. (2.11)

Here we are going to use in a crucial way the fact that u is a divergence free:

∂3u
3 = −divh u

h.

Thus, we infer that∥∥F v,1k

∥∥
L2
v(L

8
7
h )
≤ C‖v‖L∞v (L2

h)

∑
k′≥k−N0

k′≥0

∥∥∆v
k′∇huh

∥∥
L2
v(L

8
3
h )

+ C‖v‖L∞v (L2
h)

∥∥∆v
−1u

3
∥∥
L2
v(L

8
3
h )

≤ Cdk2−ks‖v‖L∞v (L2
h)

(
‖u‖1−

5
4α

B0,s

∥∥∇αhu∥∥ 5
4α

B0,s + ‖u‖B0,s

)
. (2.12)

Here we use the fact that when k′ = −1, the number of k is finite. Then making
use of (2.12) in (2.10), one can deduce that∣∣(F v,1k |∆

v
kv
)
L2

∣∣ ≤ Cd2k2−2ks‖v‖L∞v (L2
h)

(
‖u‖1−

5
4α

B0,s

∥∥∇αhu∥∥ 5
4α

B0,s + ‖u‖B0,s

)
×
(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
. (2.13)
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Up to that point, we did not actually use the energy estimate, but only laws
of product or Sobolev embedding. The estimate of the term (F v,2k |∆v

kv)L2(R3)

will use in a crucial way the structure of the nonlinearity. First of all, following
a computation done in [4], we get that(

F v,2k |∆
v
kv
)
L2 =

(
Svku

3∂3∆
v
kv|∆v

kv
)
L2 +Rk(u, v)

with Rk(u, v) defined by∑
|k−k′|≤N0

([
∆v
k, Sk′−2u

3
]
∂3∆

v
k′v|∆v

kv
)
L2

+
∑

|k−k′|≤N0

(
Svk − Svk′−2

)
u3∂3∆

v
k′v|∆v

kv)L2 .

Then, using an integration by parts, we infer that(
Svku

3∂3∆
v
kv|∆v

kv
)
L2 = −1

2

(
Svk
(
∂3u

3
)
∆v
kv|∆v

kv
)
L2 . (2.14)

Thanks to the fact that u is divergence free, (Svku
3∂3∆

v
kv|∆v

kv)L2 can be esti-
mated as the term (Fhk |∆v

k)L2 which appeared above. The third term (Svk −
Svk′−1)u3∂3∆

v
k′v|∆v

kv)L2 can be estimated exactly as the term F v,1k . So we will
mainly give the details of the proof of ([∆v

k, S
v
k′−1u

3]∂3∆
v
k′v|∆v

kv)L2 . Note that
for any function w,[

∆v
k, Sk′−1u

3
]
w(x) = 2k

∫
R
h
(
2ky3

)(
Svk′−1u

3(xh, x3)

− Svk′−1u3(xh, x3 − y3)
)
w(xh, x3 − y3)dy3.

Writing a Taylor formula, we get that[
∆v
k, Sk′−1u

3
]
w(x)

=

∫
R×[0,1]

h̃
(
2ky3

)(
Svk′−1∂3u

3
)(
xh, x3 + t(x3 − y3)

)
w(xh, x3 − y3)dy3dt

with h̃(z) = zh(z). Thanks to the fact that u is a divergence free, we get[
∆v
k, S

v
k′−1u

3
]
w(x)

= −
∫
R×[0,1]̃

h
(
2ky3

)(
Svk′−1 divh u

h
)(
xh, x3 + t(x3 − y3)

)
w(xh, x3 − y3)dy3dt.

Now, applying the rules of product of Sobolev spaces on R2, one can obtain
that∥∥[∆v

k, S
v
k′−1u

3
]
w(x)

∥∥
H−1(R2)

≤ C
∫
R

∣∣h̃(2ky3)∣∣∥∥Svk′−1 divh u
h
∥∥
L∞v (H−1(R2))

∥∥w(·, x3 − y3)
∥∥
H

5
4 (R2)

dy3.

(2.15)
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Applying Hölder inequality in (2.15), we deduce that∥∥[∆v
k, S

v
k′−1u

3
]
w(x)

∥∥
L2
v(H

−1(R2))
≤ C2−k

∥∥Svk′−1uh∥∥L∞v (L2
h)
‖w‖

L2
v(H

5
4 (R2))

.

(2.16)

Setting w = ∂3∆
v
k′v in (2.16), by interpolation inequality, we finally get that∑

|k−k′|≤N0

([
∆v
k, S

v
k′−1u

3
]
∂3∆

v
k′v|∆v

kv
)
L2 ≤ Cd2k2−2ks‖u‖L∞v (L2

h)

×
(
‖v‖1−

5
4α

B0,s

∥∥∇αhv∥∥ 5
4α

B0,s + ‖v‖B0,s

)(
‖v‖1−

1
α

B0,s

∥∥∇αhv∥∥ 1
α

B0,s + ‖v‖B0,s

)
.

Thus we conclude the proof of (2.5).
If v = u, by Hölder inequality, we infer that(
Fh,1k |∆

v
ku
)
L2 ≤

∑
|k−k′|≤N0

∥∥∆k

(
Svk′−1u

h · ∇h∆v
k′u
)∥∥
L2
v(L

4
3
h )

∥∥∆v
ku
∥∥
L2
v(L

4
h)
. (2.17)

By Proposition 2, we can deduce that∥∥∆v
ku
∥∥
L2
v(L

4
h)
≤ dk2−ks‖u‖

1
2

B0,s‖∇hu‖
1
2

B0,s . (2.18)

Using Bernstein inequality and Hölder inequality, we get∥∥∆v
k

(
Sk′−1u

h · ∇h∆v
k′u
)∥∥
L2
v(L

4
3
h )
≤ C

∥∥Svk′−1uh∥∥L∞v (L4
h)

∥∥∇h∆v
k′u
∥∥
L2
v(L

2
h)

≤ C2−k
′sdk′

∥∥uh∥∥
L∞v (L4

h)
‖∇hu‖B0,s

≤ C2−k
′sdk′‖u‖

1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖∇hu‖B0,s . (2.19)

Making use of (2.18) and (2.19) in (2.17), one can obtain that(
Fh,1k |∆

v
ku
)
L2 ≤ Cd2k2−2ks‖u‖

1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s .

Arguing as in the estimate of term Fh,1k , we get(
Fh,2k |∆

v
ku
)
L2 ≤

∑
|k−k′|≤N0

∥∥∆v
k

(
∆v
k′u

h · ∇hSvk′−1u
)∥∥
L2
v(L

4
3
h )

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C
∑

|k−k′|≤N0

∥∥∆v
k′u
∥∥
L2
v(L

4
h)
‖∇hu‖L∞v (L2

h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C2−2ksd2k‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s .

Similarly, for the term Fh,3k , we have(
Fh,3k |∆

v
ku
)
L2 ≤ C

∑
k′≥k−N0

∥∥∆v
k′u

h
∥∥
L∞v (L4

h)

∥∥∆̃v
k′∇hu

∥∥
L2
v(L

2
h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C
∑

k′≥k−N0

‖u‖L∞v (L4
h)

∥∥∆̃v
k′∇hu

∥∥
L2‖u‖

1
2

B0,s‖∇hu‖
1
2

B0,s
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≤ Cd2k2−2ks‖u‖L∞v (L4
h)
‖u‖

1
2

B0,s‖∇hu‖
1
2

B0,s

∑
k′≥k−N0

2(k−k
′)s2k

′s
∥∥∆̃v

k′∇hu
∥∥
L2

≤ Cd2k2−2ks‖u‖
1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s , (2.20)

where we have used s ≥ 0 in the last inequality of (2.20). The vertical term
F vk is also more delicate. Using Bony decomposition, along the same line as we
did in the proof of (2.5), one can write

∆v
k

(
u3∂3u

)
= F v,1k + F v,2k + F v,3k

with

F v,1k = ∆v
k

∑
|k′−k|≤N0

Svk′−1(∂3u)∆v
k′u

3, F v,2k = ∆v
k

∑
|k′−k|≤N0

Svk′−1u
3∂3∆

v
k′u,

F v,3k = ∆v
k

∑
k′≥k−N0

∆̃v
k′u

3∂3∆
v
k′u.

For F v,1k , we easily get that(
F v,1k |∆

v
ku
)
L2 ≤ C

∑
|k′−k|≤N0

∥∥Svk′−1(∂3u)∆v
k′u

3
∥∥
L2
v(L

4
3
h )

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C
∑

|k′−k|≤N0

∥∥∆v
k′u

3
∥∥
L2
v(L

2
h)

∥∥∂3Svk′−1u∥∥L∞v (L4
h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C
∑

|k′−k|≤N0

∥∥∆v
k′∂3u

3
∥∥
L2
v(L

2
h)
‖u‖L∞v (L4

h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)
. (2.21)

Proposition 2 implies that(
F v,1k |∆

v
ku
)
L2 ≤ Cd2k2−2ks‖u‖

1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s .

By the same argument as F v,1k , we get(
F v,3k |∆

v
ku
)
L2 ≤ C

∑
k′>k−N0

∥∥∆̃v
k′(∂3u)∆v

k′u
3
∥∥
L2
v(L

4
3
h )

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C
∑

k′>k−N0

∥∥∆v
k′u

3
∥∥
L2
v(L

2
h)

∥∥∂3∆̃v
k′u
∥∥
L∞v (L4

h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C
∑

k′>k−N0

k′≥0

∥∥∆v
k′∂3u

3
∥∥
L2‖u‖L∞v (L4

h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

+ C
∥∥∆v
−1u

3
∥∥
L2‖u‖L∞v (L4

h)
‖∆v

ku‖L2
v(L

4
h)
. (2.22)

Here, we also use the fact that when k′ = −1, the number of k is finite. Again,
Proposition 2 implies that(

F v,3k |∆
v
ku
)
L2 ≤ Cd2k2−2ks‖u‖

1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s

+ Cd2k2−2ks‖u‖
1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

3
2

B0,s‖∇hu‖
1
2

B0,s .
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For the term F v,2k , following the same computation as in [4] (Lemma 2.1), we
get that (

F v,2k |∆
v
ku
)
L2 =

(
Svku

3∂3∆
v
ku|∆v

ku
)
L2 +Rk(u, u) (2.23)

with Rk(u, u) defined by∑
|k−k′|≤N0

([
∆v
k, S

v
k′−1u

3
]
∂3∆

v
k′u|∆v

ku
)
L2+

∑
|k−k′|≤N0

(
Svk−Svk′−1

)
u3∂3∆

v
k′u|∆v

ku)L2 .

Then, using an integration by parts, we infer that(
Svku

3∂3∆
v
ku|∆v

ku
)
L2 = −1

2

(
Svk(∂3u

3)∆v
ku|∆v

ku
)
L2 .

Thanks to the fact that u is divergence free, using Proposition 2, we get(
Svku

3∂3∆
v
ku|∆v

ku
)
L2 ≤ C‖∇hu‖L∞v (L2

h)

∥∥∆v
ku
∥∥2
L2
v(L

4
h)

≤ C2−2ksd2k‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s . (2.24)

By Hölder inequality, we have∑
|k−k′|≤N0

([
∆v
k, S

v
k′−1u

3
]
∂3∆

v
k′u|∆v

ku
)
L2

≤ C
∑

|k−k′|≤N0

∥∥[∆v
k, S

v
k′−1u

3
]
∂3∆

v
k′u
∥∥
L2
v(L

4
3
h )

∥∥∆v
ku
∥∥
L2
v(L

4
h)
.

Using Bernstein inequality and Proposition 2, we infer that∑
|k−k′|≤N0

([
∆v
k, S

v
k′−1u

3
]
∂3∆

v
k′u|∆v

ku
)
L2

≤ C
∑

|k−k′|≤N0

2k
′−k∥∥Svk′−1∂3u3∥∥L∞v (L2

h)

∥∥∆v
k′u
∥∥
L2
v(L

4
h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C‖∇hu‖L∞v (L2
h)

∥∥∆v
k′u
∥∥
L2
v(L

4
h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C2−2ksd2k‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s . (2.25)

Since (Svk −Svk′−1)u3 is localized in frequency in a ring of size 2q in the vertical
variable, we get((

Svk − Sk′−1
)
u3∂3∆

v
k′u|∆v

ku
)
L2

≤ C
∑

|k−k′|≤N0

2k
′−k∥∥(Svk − Svk′−1)∂3u

3
∥∥
L∞v (L2

h)

∥∥∆v
k′u
∥∥
L2
v(L

4
h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C‖∇hu‖L∞v (L2
h)

∥∥∆v
k′u
∥∥
L2
v(L

4
h)

∥∥∆v
ku
∥∥
L2
v(L

4
h)

≤ C2−2ksd2k‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s . (2.26)

Combing (2.25) with (2.26), we finally obtain that

Rk(u, u) ≤ C2−2ksd2k‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s . (2.27)
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Thus (2.21), (2.22), (2.24) and (2.27) imply that the estimate (2.6) holds true.
ut

We will also use the so-called Chemin-Lerner type spaces L̃ρT (B0,s).

Definition 2. For s ∈ R, and T > 0, we set

‖u‖L̃ρT (B0,s) =
∑
q≥−1

2qs
(∫ T

0

∥∥∆v
qu(t)

∥∥ρ
Lp
dt

) 1
ρ

and denote by L̃ρT (B0,s) the subset of distributions u ∈ S′([0, T ] × R3) with
finite ‖u‖L̃ρT (B0,s) norm. When ρ = ∞, we take ess supt∈[0,T ] ‖ · ‖ instead of

‖ · ‖Lρ[0,T ].

3 Local Existence of the Solution

The purpose of this section is to prove the following local wellposedness result:

Theorem 2. Let α ≥ 3
2 , β = 1, s ≥ 0, and u0 ∈ B0,s be a divergence free

vector field. There exist a positive time T and a unique solution u of (1.1)
defined on [0, T ]× R3 such that

u ∈ C
(
[0, T ], B0,s

)
and ∇αhu ∈ L̃2

(
0, T ;B0,s

)
, ∂3u ∈ L̃2

(
0, T ;B0,s

)
.

Moreover, if the maximal time T ∗ of existence is finite, then

lim
t→T∗

∫ t

0

(
‖u‖

4α−2
4α−3

L∞v (L2
h)

∥∥∇αhu∥∥ 2
4α−3

L∞v (L2
h)

+ ‖u‖
2α−2
2α−1

L∞v (L2
h)

∥∥∇αhu∥∥ 2
2α−1

L∞v (L2
h)

)
dτ =∞. (3.1)

3.1 Local existence result

In order to prove the local existence of solutions to system (1.1) (Theorem 2),
we shall use the classical Friderichs’ approximate solutions to system (1.1) (for
the details, see [1], Chapter 10). To this end, let us define the sequence of
operators (Pn)n∈N by

Pnu := F−1(1B(0,n)
û),

and we define the following approximate system:∂tun + Pn(un · ∇un) + νhD
2α
h un − ν3∂23un = −Pn(∇Πn),

div un = 0,
un|t=0 = un0 ,

where Πn is given by

−(−∆)−1 div(un · ∇un).

Then Cauchy-Lipschitz Theorem gives a solution unn∈N in C1([0, T ∗n);L2), T ∗n
is the maximal lifespan of un. We aim to exhibit a positive lower bound T of
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T ∗n and prove the uniform estimates of un. For that, we introduce the solution
v to the heat equations, that is{

∂tv + νhD
2α
h v − ν3∂23v = 0,

v|t=0 = SNu0,
(3.2)

where SNf = F−1(χ(2−N |ξ|)f̂) and N will be determined later. Clearly (3.2)
has a unique global solution satisfying

vN ∈ C
(
[0,∞);B0,s

(
R3
))
, ∇αhvN and ∂3vN ∈ L̃2

(
0,∞;B0,s

(
R3
))
.

We want to show that if T is small enough, then ũn := un − vn,N is small
with the related norm, where vn,N := PnvN . To this end, we shall discuss the
following perturbation system:∂tũn +D2α

h ũn − ∂23 ũn +∇Πn = H,
div ũn = 0,
ũn|t=0 = (Id− SN )un0 ,

(3.3)

where

H = −(ũn + vn,N ) · ∇vn − (ũn + vn,N ) · ∇ũn.

We shall now be interested in proving that ũn,N exists on a uniform time
interval. Applying ∆v

k to (3.3) and then taking the L2 inner product of the
resulting equation with ∆v

kũn,N , we infer that

d

dt

∥∥∆v
kũn

∥∥2
L2 +2νh

∥∥∇αh∆v
kũn

∥∥2
L2 +2ν3

∥∥∂3∆v
kũn

∥∥2
L2 ≤ C

∣∣〈∆v
kH,∆

v
kũn

〉∣∣. (3.4)

Performing a time integration, multiplying both sides of (3.4) with 2ks and
summing on k, we obtain that

‖ũn‖B0,s +
√
νh
∥∥∇αh ũn∥∥L̃2

t (B
0,s)

+
√
ν3‖∂3ũn‖L̃2

t (B
0,s)

≤
∥∥ũn(0)

∥∥
B0,s + C

∑
k≥−1

(
22ks

∫ t

0

∣∣(∆v
kH|∆v

kũn)L2

∣∣dτ) 1
2

.

By Lemma 2.4 and the definition of H, one has∣∣(∆v
kH|∆v

kũn
)
L2

∣∣ ≤ ∣∣(∆v
k(ũn · ∇ũn)|∆v

kũn
)
L2

∣∣+
∣∣(∆v

k(vn,N · ∇ũn)|∆v
kũn

)
L2

∣∣
+
∣∣(∆v

k(ũn · ∇vn,N )|∆v
kũn

)
L2

∣∣+
∣∣(∆v

k(vn,N · ∇vn,N )|∆v
kũn

)
L2

∣∣. (3.5)

For the first two terms in the right hand side of (3.5), we apply Lemma 1 to
obtain that∣∣(∆v

k(ũn · ∇ũn)|∆v
kũn

)
L2

∣∣
≤ d2k2−2ks‖ũn‖L∞v (L2

h)

(
‖ũn‖

1− 5
4α

B0,s

∥∥∇αh ũn∥∥ 5
4α

B0,s + ‖ũn‖B0,s

)
×
(
‖ũn‖

1− 1
α

B0,s

∥∥∇αh ũn∥∥ 1
α

B0,s + ‖ũn‖B0,s

)
≤ Csd2k2−2ks‖ũn‖2B0,s

(
‖ũn‖

8α
6α−9

B0,s + ‖ũn‖
8α

6α−5

B0,s + ‖ũn‖
4α

3α−2

B0,s + ‖ũn‖
4
3

B0,s

)
+ d2k2−2ks

(
ν3

256
‖∂3ũn‖2B0,s +

νh
256

∥∥∇αh ũn∥∥2B0,s

)
(3.6)
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for α > 3
2 and∣∣(∆v

k(vn,N · ∇ũn)|∆v
kũn

)
L2

∣∣ ≤ Csd2k2−2ks‖vn,N‖L∞v (L2
h)

×
(
‖ũn‖

1− 5
4α

B0,s

∥∥∇αh ũn∥∥ 5
4α

B0,s + ‖ũn‖B0,s

)(
‖ũn‖

1− 1
α

B0,s

∥∥∇αh ũn∥∥ 1
α

B0,s + ‖ũn‖B0,s

)
+ Csd

2
k2−2ks‖ũn‖L∞v (L2

h)

(
‖vn,N‖

1− 5
4α

B0,s

∥∥∇αhvn,N∥∥ 5
4α

B0,s + ‖vn,N‖B0,s

)
×
(
‖ũn‖

1− 1
α

B0,s

∥∥∇αh ũn∥∥ 1
α

B0,s + ‖ũn‖B0,s

)
≤ Csd2k2−2ks‖ũn‖2B0,s

(
‖vn,N‖

4α
8α−9

B0,s ‖∂3vn,N‖
4α

8α−9

B0,s

+ ‖vn,N‖
1
2

B0,s‖∂3vn,N‖
1
2

B0,s + ‖vn,N‖
4α

8α−5

B0,s ‖∂3vn,N‖
4α

8α−5

B0,s

+ ‖vn,N‖
α

2α−1

B0,s ‖∂3vn,N‖
α

2α−1

B0,s + ‖vn,N‖
4α−5
3α−2

B0,s

∥∥∇αhvn,N∥∥ 5
3α−2

B0,s

+ ‖vn,N‖
4α−5
3α

B0,s

∥∥∇αhvn,N∥∥ 5
3α

B0,s + ‖vn,N‖
4α

3α−2

B0,s + ‖vn,N‖
4
3

B0,s

)
+ Csd

2
k2−2ks

(
νh
256

∥∥∇αh ũn∥∥2B0,s +
ν3

256
‖∂3ũn‖2B0,s

)
, (3.7)

where the sequence dk satisfies that ‖dk‖l1 ≤ 1. For the third term, we write(
∆v
k(ũn · ∇vn,N )|∆v

kũn
)
L2 =

(
∆v
k

(
ũhn · ∇hvn,N

)
|∆v

kũn
)
L2

+
(
∆v
k

(
ũ3n∂3vn,N

)
|∆v

kũn
)
L2 . (3.8)

By the same method as in (2.7), (2.8), (2.9) and (3.7), we have the following
estimate∣∣(∆v

k

(
ũhn · ∇hvn,N

)
|∆v

kũn
)
L2

∣∣
≤ Csd2k2−2ks‖vn,N‖L∞v (L2

h)

(
‖ũn‖

1− 5
4α

B0,s

∥∥∇αh ũn∥∥ 5
4α

B0,s + ‖ũn‖B0,s

)
×
(
‖ũn‖

1− 1
α

B0,s

∥∥∇αh ũn∥∥ 1
α

B0,s + ‖ũn‖B0,s

)
+ Csd

2
k2−2ks‖ũn‖L∞v (L2

h)

(
‖vn,N‖

1− 5
4α

B0,s

∥∥∇αhvn,N∥∥ 5
4α

B0,s + ‖vn,N‖B0,s

)
×
(
‖ũn‖

1− 1
α

B0,s

∥∥∇αh ũn∥∥ 1
α

B0,s + ‖ũn‖B0,s

)
≤ Csd2k2−2ks‖ũn‖2B0,s

(
‖vn,N‖

4α
8α−9

B0,s ‖∂3vn,N‖
4α

8α−9

B0,s + ‖vn,N‖
1
2

B0,s‖∂3vn,N‖
1
2

B0,s

+ ‖vn,N‖
4α

8α−5

B0,s ‖∂3vn,N‖
4α

8α−5

B0,s + ‖vn,N‖
α

2α−1

B0,s ‖∂3vn,N‖
α

2α−1

B0,s

+ ‖vn,N‖
4α−5
3α−2

B0,s

∥∥∇αhvn,N∥∥ 5
3α−2

B0,s + ‖vn,N‖
4α−5
3α

B0,s

∥∥∇αhvn,N∥∥ 5
3α

B0,s + ‖vn,N‖
4α

3α−2

B0,s

+ ‖vn,N‖
4
3

B0,s

)
+ Csd

2
k2−2ks

(
νh
256

∥∥∇αh ũn∥∥2B0,s +
ν3

256
‖∂3ũn‖2B0,s

)
. (3.9)

The second term of (3.8) can be estimated by the same method as Lemma 1.
More precisely, by the Bony decomposition, we have

∆v
k(ũn∂3vn,N ) =

∑
|k−k′|≤N0

∆v
k

(
Svk′−1∂3vn,N∆

v
k′ ũ

3
n

)
+

∑
|k−k′|≤N0

∆v
k

(
Svk′−1ũ

3
n∆

v
k′∂3vn,N

)
+

∑
k′>k−N0

∆v
k

(
∆v
k′ ũ

3
n∆̃

v
k′∂3vn,N

)
.
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By the Proposition 1 in anisotropic space, one gets∑
|k−k′|≤N0

(
∆v
k

(
Svk′−1ũ

3
n∆

v
k′∂3vn,N

)
|∆v

kũn
)
L2

≤ C
∑

|k−k′|≤N0

∥∥Svk′−1ũ3n∥∥L∞v (L2
h)

∥∥∆v
k′∂3vn,N

∥∥
L2
v(L

8
3
h )

∥∥∆v
kũn

∥∥
L2
v(L

8
h)
.

Since vn,N is localized in the ξ3 direction, we can apply Bernstein inequality to
obtain ∥∥∆v

k′∂3vn,N
∥∥
L2
v(L

8
3
h )
≤ C2N

∥∥∆v
k′vn,N

∥∥
L2
v(L

8
3
h )
.

Thus, interpolation and Young’s inequalities imply that∑
|k−k′|≤N0

(
∆v
k

(
Svk′−1ũ

3
n∆

v
k′∂3vn,N

)
|∆v

kũn
)
L2

≤ C2N‖ũn‖L∞v (L2
h)

∑
|k′−k|≤N0

∥∥∆v
k′vn,N

∥∥1− 1
4α

L2

∥∥∆v
k′∇αhvn,N

∥∥ 1
4α

L2

×
∥∥∆v

kũn
∥∥1− 3

4α

L2

∥∥∆v
k∇αh ũn

∥∥ 3
4α

L2

≤ Cd2k2−2ks2N‖ũn‖
1
2

B0,s‖∂3ũn‖
1
2

B0,s‖vn,N‖
1− 1

4α

B0,s

∥∥∇αhvn,N∥∥ 1
4α

B0,s

×
(
‖ũn‖

1− 3
4α

B0,s

∥∥∇αh ũn∥∥ 3
4α

B0,s

)
≤ Cd2k2−2ks2

8Nα
6α−3 ‖ũn‖2B0,s‖vn,N‖

8α−2
6α−3

B0,s

∥∥∇αhvn,N∥∥ 2
6α−3

B0,s

+ Csd
2
k2−2ks

(
νh
256

∥∥∇αh ũn∥∥2B0,s +
ν3

256
‖∂3ũn‖2B0,s

)
.

Similarly, we also have∑
|k−k′|≤N0

(
∆v
k

(
Svk′−1∂3vn,N∆

v
k′ ũ

3
n,N

)
|∆v

kũn
)
L2

≤ C2N‖vn,N‖L∞v (L2
h)

∑
|k′−k|≤N0

∥∥∆v
k′ ũ

3
n

∥∥1− 1
4α

L2

∥∥∆v
k′∇αh ũ3n

∥∥ 1
4α

L2

×
∥∥∆v

kũn
∥∥1− 3

4α

L2

∥∥∆v
k∇αh ũn

∥∥ 3
4α

L2

≤ Cd2k2−2ks2N‖vn,N‖
1
2

B0,s‖∂3vn,N‖
1
2

B0,s‖ũn‖
2− 1

α

B0,s

∥∥∇αh ũn∥∥ 1
α

B0,s

≤ Cd2k2−2ks2
2Nα
2α−1 ‖ũn‖2B0,s‖vn,N‖

α
2α−1

B0,s

∥∥∇αhvn,N∥∥ α
2α−1

B0,s

+ Csd
2
k2−2ks

νh
256

∥∥∇αh ũn∥∥2B0,s

and

∗
∑

k′>k−N0

(
∆v
k(∆v

k′ ũ
3
n∆̃

v
k′∂3vn,N )|∆v

kũn
)
L2

≤ Cd2k2−2ks2
8Nα
6α−3 ‖ũn‖2B0,s‖vn,N‖

8α−2
6α−3

B0,s

∥∥∇αhvn,N∥∥ 2
6α−3

B0,s

+ Csd
2
k2−2ks

(
νh
256

∥∥∇αh ũn∥∥2B0,s +
ν3

256
‖∂3ũn‖2B0,s

)
.
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What remains to estimate, therefore, is the term (∆v
k(vn,N · ∇vn,N )|∆v

kũn)L2 .
Since the vector field vn,N is divergence free, we can write(

∆v
k(vn,N · ∇vn,N )|∆v

kũn
)
L2 = −

(
∆v
k(vn,N ⊗ vn,N )|∆v

k∇hũn
)
L2

+
(
∂3∆

v
k(vn,N ⊗ vn,N )|∆v

kũn
)
L2 .

Again, by Bony decomposition we have

∆v
k(vn,N ⊗ vn,N ) = 2

∑
|k−k′|≤N0

∆v
k

(
Svk′−1vn,N ⊗∆v

k′vn,N
)

+
∑

k′>k−N0

∆v
k

(
∆v
k′vn,N ⊗ ∆̃v

k′vn,N
)
.

Thus we have the estimate∑
|k−k′|≤N0

(
∆v
k

(
Svk′−1vn,N ⊗∆v

k′vn,N
)
|∆v

k∇hũn
)
L2

≤ C
∑

|k−k′|≤N0

∥∥Svk′−1vn,N∥∥L∞v (L2
h)

∥∥∆v
k′vn,N

∥∥
L2
v(L

2
α−1
h )

∥∥∆v
k∇hũn

∥∥
L2
v(L

2
2−α
h )

≤ C‖vn,N‖L∞v (L2
h)

∑
|k′−k|≤N0

∥∥∆v
k′v
∥∥2− 2

α

L2

∥∥∆v
k′∇αhv

∥∥ 2
α−1
L2

∥∥∆v
k∇αh ũn

∥∥
L2

≤ Cd2k2−2ks‖vn,N‖
1
2

B0,s‖∂3vn,N‖
1
2

B0,s‖vn,N‖
2− 2

α

B0,s

∥∥∇αhvn,N∥∥ 2
α−1

B0,s

∥∥∇αh ũn∥∥B0,s

≤ Cd2k2−2ks
(
‖vn,N‖

5− 4
α

B0,s ‖∂3vn,N‖B0,s

∥∥∇αhvn,N∥∥ 4
α−2
B0,s +

νh
256

∥∥∇αh ũn∥∥2B0,s

)
(3.10)

and∑
k′>k−N0

(
∆v
k

(
∆v
k′−1vn,N ⊗ ∆̃v

k′vn,N
)
|∆v

k∇hũn
)
L2

≤ Cd2k2−2ks
(
‖vn,N‖

5− 4
α

B0,s ‖∂3vn,N‖B0,s

∥∥∇αhvn,N∥∥ 4
α−2
B0,s +

νh
256

∥∥∇αh ũn∥∥2B0,s

)
.

(3.11)

According the same method as in (3.10), (3.11) and the fact that vn,N is local-
ized in the ξ3 direction, one has∑

|k−k′|≤N0

(
∆v
k∂3
(
Svk′−1vn,N ⊗∆v

k′vn,N
)
|∆v

kũn
)
L2

≤ C2N
∑

|k−k′|≤N0

∥∥Svk′−1vn,N∥∥L∞v (L2
h)

∥∥∆v
k′vn,N

∥∥
L2
v(L

8
3
h )

∥∥∆v
kũn

∥∥
L2
v(L

8
h)

≤ C2N‖vn,N‖L∞v (L2
h)

∑
|k′−k|≤N0

∥∥∆v
k′v
∥∥1− 1

4α

L2

∥∥∆v
k′∇αhv

∥∥ 1
4α

L2

×
∥∥∆v

kũn,N
∥∥1− 3

4α

L2

∥∥∆v
k∇αh ũn,N

∥∥ 3
4α

L2
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≤ Cd2k2−2ks2N‖vn,N‖
1
2

B0,s‖∂3vn,N‖
1
2

B0,s‖vn,N‖
1− 1

4α

B0,s

∥∥∇αhvn,N∥∥ 1
4α

B0,s

× ‖ũn‖
1− 3

4α

B0,s

∥∥∇αh ũn∥∥ 3
4α

B0,s

≤ CNd2k2−2ks
(
‖vn,N‖

12α−2
8α−3

B0,s ‖∂3vn,N‖
4α

8α−3

B0,s

∥∥∇αhvn,N∥∥ 2
8α−3

B0,s ‖ũn‖
8α−6
8α−3

B0,s

+
νh
256

∥∥∇αh ũn∥∥2B0,s

)
(3.12)

and ∑
k′>k−N0

(
∆v
k∂3
(
∆v
k′−1vn,N ⊗ ∆̃v

k′vn,N
)
|∆v

kũn
)
L2

≤ CNd2k2−2ks
(
‖vn,N‖

12α−2
8α−3

B0,s ‖∂3vn,N‖
4α

8α−3

B0,s

∥∥∇αhvn,N∥∥ 2
8α−3

B0,s ‖ũn‖
8α−6
8α−3

B0,s

+
νh
256

∥∥∇αh ũn∥∥2B0,s

)
. (3.13)

To summarize, we combine above estimates (3.6)–(3.13) to obtain

‖ũn‖L̃∞t (B0,s) +
√
νh
∥∥∇αh ũn∥∥L̃2

t (B
0,s)

+
√
ν3‖∂3ũn‖L̃2

t (B
0,s)

≤
∥∥ũn(0)

∥∥
B0,s + CN

(∫ t

0

‖ũn‖2B0,s

(
‖ũn‖

8α
6α−9

B0,s + ‖ũn‖
8α

6α−5

B0,s

+ ‖ũn‖
4α

3α−2

B0,s + ‖ũn‖
4
3

B0,s + ‖vn,N‖
4α

8α−9

B0,s ‖∂3vn,N‖
4α

8α−9

B0,s

+ ‖vn,N‖
4α

8α−5

B0,s ‖∂3vn,N‖
4α

8α−5

B0,s + ‖vn,N‖
α

2α−1

B0,s ‖∂3vn,N‖
α

2α−1

B0,s

+ ‖vn,N‖
1
2

B0,s‖∂3vn,N‖
1
2

B0,s + ‖vn,N‖
4α−5
3α−2

B0,s

∥∥∇αhvn,N∥∥ 5
3α−2

B0,s

+ ‖vn,N‖
4α−5
3α

B0,s

∥∥∇αhvn,N∥∥ 5
3α

B0,s + ‖vn,N‖
4α

3α−2

B0,s + ‖vn,N‖
4
3

B0,s

+ ‖vn,N‖
8α−2
6α−3

B0,s

∥∥∇αhvn,N∥∥ 2
6α−3

B0,s + ‖vn,N‖
α

2α−1

B0,s

∥∥∇αhvn,N∥∥ α
2α−1

B0,s

)
+ ‖vn,N‖

5− 4
α

B0,s ‖∂3vn,N‖B0,s

∥∥∇αhvn,N∥∥ 4
α−2
B0,s

+ ‖ũn‖
8α−6
8α−3

B0,s ‖vn,N‖
12α−2
8α−3

B0,s ‖∂3vn,N‖
4α

8α−3

B0,s

∥∥∇αhvn,N∥∥ 2
8α−3

B0,s dτ

) 1
2

.

Then we assume that for all t ∈ [0, T ]∥∥ũn(t)
∥∥
B0,s ≤ 2c.

Here T will be determined later. We want to prove that the above inequality
holds strictly on [0, T ]. Taking N sufficiently large such that∥∥(Id− SN )un0

∥∥
B0,s ≤ c,

then, for the fixed N , using the above estimate, one gets that

‖ũn‖L̃∞t (B0,s) +
√
νh
∥∥∇αh ũn∥∥L̃2

t (B
0,s)

+
√
ν3‖∂3ũn‖L̃2

t (B
0,s)

≤ c+ CN
(
4c2T + 4c2T

6α−9
8α−9 ‖u0‖4B0,s + T

3α−4
2α ‖u0‖4B0,s

) 1
2
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for α > 3
2 . While for α = 3

2 , we just take the value of α in (3.6)–(3.13) except
the estimate (3.6). Indeed, (3.6) can be rewritten as∣∣(∆v

k(ũn · ∇ũn)|∆v
kũn

)
L2

∣∣
≤ d2k2−2ks‖ũn‖L∞v (L2

h)

(
‖ũn‖

1
6

B0,s

∥∥∇αh ũn∥∥ 5
6

B0,s + ‖ũn‖B0,s

)
×
(
‖ũn‖

1
3

B0,s

∥∥∇αh ũn∥∥ 2
3

B0,s + ‖ũn‖B0,s

)
≤ Csd2k2−2ks‖ũn‖2B0,s

(
‖ũn‖2B0,s + ‖ũn‖3B0,s + ‖ũn‖

12
5

B0,s + ‖ũn‖
4
3

B0,s

)
+ d2k2−2ks

(
ν3

256
‖∂3ũn‖2B0,s +

νh
256

∥∥∇αh ũn∥∥2B0,s

)
.

Thus we have

‖ũn‖L̃∞t (B0,s) +
√
νh
∥∥∇αh ũn∥∥L̃2

t (B
0,s)

+
√
ν3‖∂3ũn‖L̃2

t (B
0,s)

≤ c+ CN
(
4c2T + 4c2T

4
9 ‖u0‖4B0,s + T

1
6 ‖u0‖4B0,s

) 1
2

for α = 3
2 . Here, without loss generality, we assume that T ≤ 1, c ≤ 1

4 and
‖u0‖B0,s ≥ 1. For the fixed c, and N which depends on c, we select a positive
real number T such that

CN
(
4c2T + 4c2T

6α−9
8α−9 ‖u0‖4B0,s + T

3α−4
2α ‖u0‖4B0,s

) 1
2 ≤ 1

2
c.

While for α = 3
2 , we assume that

CN
(
4c2T + 4c2T

4
9 ‖u0‖4B0,s + T

1
6 ‖u0‖4B0,s

) 1
2 ≤ 1

2
c.

Then we have ∥∥ũn(t)
∥∥
B0,s ≤

3

2
c, ∀t ∈ [0, T ].

This implies that ũn exists on a uniform time interval [0, T ], T is independent
of n. A standard compactness argument which based on the Ascoli’s theorem
implies that un tends to u which satisfies (1.1). Moreover

u ∈ L̃∞
(
0, T ;B0,s

)
and ∇αhu ∈ L̃2

(
0, T ;B0,s

)
, ∂3u ∈ L̃2

(
0, T ;B0,s

)
.

The continuity of the solution u can be proved by the same method as [11]
(Theorem 3.1). For the completeness, we give the details as follows. From
(1.1), we have

∆v
kut = −νh∆v

kD
α
hu+ ν3∂

2
3u−∆v

k(u · ∇u)−∆v
k∇Π.

We can easily obtain that for all k ≥ −1,

d

dt

∥∥∆v
ku(t)

∥∥2
L2 = −νh

∥∥∇αh∆v
ku
∥∥2
L2 − ν3

∥∥∂3∆v
ku
∥∥2
L2 −

(
∆v
k(u · ∇u)|∆v

ku
)
L2 .
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Obviously, we have

νh
∥∥∇αh∆v

ku
∥∥2
L2 , ν3

∥∥∂3∆v
ku
∥∥2
L2 ∈ L1

(
[0, T ]

)
.

From Lemma 1, applying the method which we have used in (3.8), one can
obtain that (

∆v
k(u · ∇u)|∆v

ku
)
L2 ∈ L1

(
[0, T ]

)
.

Then, we have d
dt‖∆

v
ku(t)‖2L2 ∈ L1([0, T ]) for all k ≥ −1. Combining with the

fact that u ∈ L̃∞(0, T ;B0,s), we easily get that u ∈ C([0, T ];B0,s).

3.2 Uniqueness

In this subsection, we will prove the uniqueness of the solution which obtained
in the above subsection. For this end, we assume that u1 and u2 are the two
solutions of (1.1) with the same initial data u0, and

ui ∈ C
(
[0, T ];B0,s

)
, ∇αhui ∈ L2

(
0, T ;B0,s

)
, ∂3ui ∈ L2

(
0, T ;B0,s

)
, i = 1, 2.

Let w := u1 − u2, we have

∂tw + νhD
2α
h w − ν3∂23w +∇p = −w · ∇u2 − u1 · ∇w. (3.14)

Applying ∆v
k to (3.14), taking the L2 inner product of the resulting equation

with ∆v
kw, then we infer that

d

dt

∥∥∆v
kw
∥∥2
L2 + 2νh

∥∥∇αh∆v
kw
∥∥2
L2 + 2ν3

∥∥∂3∆v
kw
∥∥2
L2

≤ 2
∣∣(∆v

k(u1 · ∇w)|∆v
kw
)
L2

∣∣+ 2
∣∣(∆v

k(w · ∇u2)|∆v
kw
)
L2

∣∣. (3.15)

The first term of right side of (3.15) can be written as(
∆v
k(u1 · ∇w)|∆v

kw
)
L2 =

(
∆v
k

(
uh1 · ∇hw

)
|∆v

kw
)
L2 +

(
∆v
k

(
u31∂3w

)
|∆v

kw
)
L2 .

Applying the method as [3] (Lemma 1), we can easily get the bound of the
right hand sides of (3.15). Indeed, for the first term of right side of (3.15), it
can be written as(

∆v
k(u1 · ∇w)|∆v

kw
)
L2 =

(
∆v
k

(
uh1 · ∇hw

)
|∆v

kw
)
L2 +

(
∆v
k

(
u31∂3w

)
|∆v

kw
)
L2 .

We give the paraproduct algorithm of J. -M. Bony(see [2]), in the vertical which
reads

∆v
k

(
uh1 · ∇hw

)
=

∑
|k−k′|≤N0

∆v
k

(
Svk′−1u

h
1∆

v
k′w
)

+
∑

|k−k′|≤N0

∆v
k

(
Svk′−1w∆

v
k′u1

)
+

∑
k′>k−N0

∆v
k

(
∆v
k′u1∆̃

v
k′w
)
.
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In this section, we just consider the case s ∈ [ 12 ,
3
2 ]. For the case s > 3

2 , the
uniqueness was proved in [3]. Thus by the praproduct law in 2-D Sobolev space
and interpolation inequality, we have∑
|k−k′|≤≤N0

∆v
k

(
Svk′−1u

h
1∆

v
k′∇hw

)
|∆v

kw)L2

≤
∑

|k−k′|≤N0

∥∥Svk′−1u1∥∥L∞v (L2
h)

∥∥∆v
k′∇hw

∥∥
L2
v(Ḣ

3
4 (R2))

∥∥∆v
kw
∥∥
L2
v(Ḣ

1
4 (R2))

≤ Cd2k2−2k(s−1)‖u1‖
1
2

B0,s‖∂3u1‖
1
2

B0,s‖w‖
2− 2

α

B0,s−1

∥∥∇αhw∥∥ 2
α

B0,s−1

≤ Cd2k2−2k(s−1)
(
C‖u1‖

α
2α−1

B0,s ‖∂3u1‖
α

2α−1

B0,s−1‖w‖2B0,s−1 +
νh
10

∥∥∇αhw∥∥2B0,s−1

)
.

Similarly, according the same method, we also have∑
|k−k′|≤N0

∆v
k

(
Svk′−1∇hw∆v

k′u
h
1

)
|∆v

kw)L2

≤
∑

|k−k′|≤N0

∥∥Svk′−1∇hw∥∥L∞v (Ḣ
3
4 (R2))

∥∥∆v
k′u1

∥∥
L2

∥∥∆v
kw
∥∥
L2
v(Ḣ

1
4 (R2))

≤
∑

|k−k′|≤N0

k′′≤k′−2

∥∥∆v
k′′∇hw

∥∥
L2
v(Ḣ

3
4 (R2))

2k
′′(s−1)∥∥∆v

k′u1
∥∥
L22

1
2k
′

×
∥∥∆v

kw
∥∥
L2
v(Ḣ

1
4 (R2))

2(k
′′−k′)( 3

2−s)2−k
′(s−1)

≤ Cd2k2−2k(s−1)‖u1‖
1
2

B0,s‖∂3u1‖
1
2

B0,s‖w‖
2− 2

α

B0,s−1

∥∥∇αhw∥∥ 2
α

B0,s−1

≤ Cd2k2−2k(s−1)
(
C‖u1‖

α
2α−1

B0,s ‖∂3u1‖
α

2α−1

B0,s−1‖w‖2B0,s−1 +
νh
10

∥∥∇αhw∥∥2B0,s−1

)
and∑
k′>k−N0

∆v
k

(
∆v
k′u

h
1∆

v
k′∇hw

)
|∆v

kw)L2 ≤
∑

k′>k−N0

∥∥∆v
k′∇hw

∥∥
L2
v(Ḣ

3
4 (R2))

2k
′(s−1)

×
∥∥∆v

k′u1
∥∥
L22

1
2k
′∥∥∆v

kw
∥∥
L2
v(Ḣ

1
4 (R2))

2−k
′(s− 1

2 )2
1
2k

≤ Cd2k2−2k(s−1)‖u1‖
1
2

B0,s‖∂3u1‖
1
2

B0,s‖w‖
2− 2

α

B0,s−1

∥∥∇αhw∥∥ 2
α

B0,s−1

≤ Cd2k2−2k(s−1)
(
C‖u1‖

α
2α−1

B0,s ‖∂3u1‖
α

2α−1

B0,s−1‖w‖2B0,s−1 +
νh
10

∥∥∇αhw∥∥2B0,s−1

)
.

In the last inequality, we have used the assumption that s ≥ 1
2 . The same

method used in the second term of the right hand sides of (3.15) implies that(
∆v
k(w · ∇u2)|∆v

kw
)
L2

≤ Cd2k2−2k(s−1)
∥∥∇ 1

4

hw
∥∥
B0,s−1‖∇u2‖B0,s

∥∥∇ 3
4

hw
∥∥
B0,s−1

≤ d2k2−2k(s−1)
(
C‖∂3u2‖

2α
2α−1

B0,s ‖w‖2B0,s−1 +
νh
10

∥∥∇αhw∥∥2B0,s−1

)
+ Cd2k2−2k(s−1)‖u2‖

2α−2
2α−1

B0,s

∥∥∇αhu2∥∥ 2
2α−1

B0,s ‖w‖2B0,s−1 .
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To estimate the term (∆v
k(u31∂3w)|∆v

kw)L2 , let us again using Bony decompo-
sition in the vertical variable:

∆v
k

(
u31∂3w

)
= F v,1k + F v,2k

with

F v,1k =∆v
k

( ∑
k′≥k−N0

Svk′+2(∂3w)∆v
k′u

3
1

)
, F v,2k =∆v

k

( ∑
|k′−k|≤N0

Svk′−1u
3
1∂3∆

v
k′w

)
.

Bernstein’s inequality, along with Proposition 1 yields(
F v,1k |∆

v
kw
)
L2 ≤ d2k2−2k(s−1)

(
C‖∂3u1‖

α
2α−1

B0,s ‖w‖2B0,s−1

+
νh
10

∥∥∇αhw∥∥2B0,s−1

)
‖w‖2B0,s−1 , (3.16)

where
∑
k≥−1 dk ≤ 1. To get the estimate of the term (F v,2k |∆v

kw)L2(R3), we
have to use in a crucial way the structure of the nonlinearity. Following a
computation done in [4], we get that(

F v,2k |∆
v
kw
)
L2 =

(
Svku

3
1∂3∆

v
kw|∆v

kw
)
L2 +Rk

(
u31, w

)
with Rk(u31, w) defined by∑

|k−k′|≤N0

([
∆v
k, Sk′−2u

3
1

]
∂3∆

v
k′w|∆v

kw
)
L2

+
∑

|k−k′|≤N0

(
Svk − Svk′−2

)
u31∂3∆

v
k′w|∆v

kw)L2 .

Then, using an integration by parts, we infer that(
Svku

3∂3∆
v
kw|∆v

kw
)
L2 = −1

2

(
Svk
(
∂3u

3
1

)
∆v
kw|∆v

kw
)
L2 . (3.17)

So according the same method which discussed in Lemma1, we finally have(
∆v
k

(
u31 · ∂3w

)
|∆v

kw
)
L2 ≤ Cd2k2−2k(s−1)

(
C‖u1‖

α
2α−1

B0,s ‖∂3u1‖
α

2α−1

B0,s−1‖w‖2B0,s−1

+
νh
10

∥∥∇αhw∥∥2B0,s−1

)
. (3.18)

Integrating (3.15) over [0, T ], combining the above estimates (3.15)–(3.18),
one can obtain that∥∥w(t)

∥∥2
B0,s−1 + νh

∥∥∇αhw(t)
∥∥2
L̃2
t (B

0,s−1)
+ ν3‖∂3w‖2L̃2

t (B
0,s−1)

dτ

≤ C
∫ t

0

(
‖∂3u1‖

α
2α−1

B0,s−1 + ‖∂3u2‖
2α

2α−1

B0,s−1

)
‖w‖2B0,s−1dτ

+ C

∫ t

0

∥∥∇αhu2∥∥ 2
2α−1

B0,s ‖w‖2B0,s−1dτ (3.19)

for all t ∈ [0, T ]. Then using Gronwall’s lemma to (3.16), we deduce that w ≡ 0
on [0,T] and the uniqueness has been proved.
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3.3 Blow-up criterion

In this subsection, we will prove the blow-up criterion (3.1). First, let us
denote by T ∗ the maximal time of existence of system (1.1). Applying ∆v

k to
(1.1) and taking the L2 inner product of the resulting equation with ∆v

ku, then
performing a time integration, we can infer that

‖u‖L∞t (B0,s) +
√
νh
∥∥∇αhu∥∥L2

t (B
0,s)

+
√
ν3‖∂3u‖L2

t (B
0,s)

≤ C
∑
k≥−1

2ks
(∫ t

0

∣∣(∆v
k(u · ∇u)|∆v

ku
)
L2

∣∣dτ) 1
2

for all t ∈ [0, T ∗). Using Lemma 1 and interpolation inequality, we obtain∣∣(∆v
k(u · ∇u)|∆v

ku
)
L2

∣∣ ≤ Cdk2−2ks
(
‖u‖

1
2

L∞v (L2
h)
‖∇hu‖

1
2

L∞v (L2
h)
‖u‖

1
2

B0,s‖∇hu‖
3
2

B0,s

+ ‖∇hu‖L∞v (L2
h)
‖u‖B0,s‖∇hu‖B0,s

)
≤ Cd2k2−2ks

(
‖u‖1−

1
2α

L∞v (L2
h)

∥∥∇αhu∥∥ 1
2α

L∞v (L2
h)
‖u‖2−

3
2α

B0,s

∥∥∇αhu∥∥ 3
2α

B0,s

+ ‖u‖1−
1
α

L∞v (L2
h)

∥∥∇αhu∥∥ 1
α

L∞v (L2
h)
‖u‖2−

1
α

B0,s

∥∥∇αhu∥∥ 1
α

B0,s

+ ‖u‖1−
1
2α

L∞v (L2
h)

∥∥∇αhu∥∥ 1
2α

L∞v (L2
h)
‖u‖2−

1
2α

B0,s

∥∥∇αhu∥∥ 1
2α

B0,s

)
≤ d2k2−2ks

νh
2

∥∥∇αhu∥∥2B0,s

+ Cd2k2−2ksν
− 3

4α−3

h ‖u‖
4α−2
4α−3

L∞v (L2
h)

∥∥∇αhu∥∥ 2
4α−3

L∞v (L2
h)
‖u‖2B0,s

+ Cd2k2−2ksν
− 1

2α−1

h ‖u‖
2α−2
2α−1

L∞v (L2
h)

∥∥∇αhu∥∥ 2
2α−1

L∞v (L2
h)
‖u‖2B0,s

+ Cd2k2−2ksν
− 1

4α−1

h ‖u‖
4α−2
4α−1

L∞v (L2
h)

∥∥∇αhu∥∥ 2
4α−1

L∞v (L2
h)
‖u‖2B0,s .

The Gronwall’s Lemma gives∥∥u(t)
∥∥
B0,s ≤ ‖u0‖B0,s exp

{∫ t

0

(
ν
− 3

4α−3

h

∥∥u(τ)
∥∥ 4α−2

4α−3

L∞v (L2
h)

∥∥∇αhu∥∥ 2
4α−3

L∞v (L2
h)

+ ν
− 1

4α−1

h

∥∥u(τ)
∥∥ 4α−2

4α−1

L∞v (L2
h)

∥∥∇αhu∥∥ 2
4α−1

L∞v (L2
h)

+ ν
− 1

2α−1

h ‖u‖
2α−2
2α−1

L∞v (L2
h)

∥∥∇αhu∥∥ 2
2α−1

L∞v (L2
h)

)
dτ

}
. (3.20)

Then if the right hand sides of (3.20) are bounded, then T ∗ = ∞. Otherwise,
if T ∗ is finite, we can define the value of u(T ∗) by limt→T∗ u(t) in B0,s. Using
u(T ∗) as a new initial data, applying the local existence result which have
obtained before, we extend u beyond T ∗. This ends the proof of Theorem 2.

4 Global Solution of System (1.1)

In order to show that the solution constructed in the previous section can be
continued to the global one, we need the following a priori estimate. Note that
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in the present work, we assume that u0 ∈ B0,s, for s ≥ 0. However, it seems
not enough to get the higher regularities of u. Fortunately, the local existence
result which has been obtained in previous section supplies a unique solution
u satisfies

u ∈ C
(
[0, T ];B0,s

)
and ∇αhu ∈ L̃2

(
0, T ;B0,s

)
, ∂3u ∈ L̃2

(
0, T ;B0,s

)
for some positive T , which implies ∇αhu, ∂3u ∈ L2(0, T ;H0,s). Thus, there
exists a 0 < T0 < T such that ∇αhu(T0), ∂3u(T0) ∈ L2(R3). Without loss
of generality, we assume ∇αhu0, ∂3u0 ∈ L2(R3). Using this fact, we have the
following lemmas.

Lemma 2. Under the assumptions of Theorem 1, there exists a universal con-
stant C such that for all t ∈ [0, T ∗), the following a priori estimate holds true:∥∥∇αhu∥∥2L2 + ‖∂3u‖2L2

+

∫ t

0

‖∂tu‖2L2 +
∥∥D2α

h u
∥∥2
L2 +

∥∥∂23u∥∥2L2 +
∥∥∂3∇αhu∥∥2L2dτ

≤ C
(∥∥∇αhu0∥∥2L2 + ‖∂3u0‖2L2 + t

)
exp

{∫ t

0

∥∥∇αhu∥∥2L2 + ‖∂3u‖2L2dτ

}
, (4.1)

where T ∗ is maximal lifespan of (1.1).

Proof. First, taking the L2 scalar product with ∂tu in (1.1), we obtain that

‖∂tu‖2L2 +
1

2
νh

d

dt

∥∥Dα
hu
∥∥2
L2 +

1

2
ν3
d

dt
‖∂3u‖2L2 ≤

1

2
‖∂tu‖2L2 + C‖u · ∇u‖2L2 ,

that is ∥∥∂tuh∥∥2L2 + νh
d

dt

∥∥Dα
hu
∥∥2
L2 + ν3

d

dt
‖∂3u‖2L2 ≤ C‖u · ∇u‖2L2 . (4.2)

In order to estimate the convection term, we split ‖u · ∇u‖L2 into

‖u · ∇u‖L2 ≤
∥∥uh · ∇hu∥∥L2 +

∥∥u3 · ∂3u∥∥L2 := I + II .

For I, by Hölder inequality, Sobolev embedding theorem and estimate (1.2),
one gets

I ≤
∥∥uh∥∥

L∞h (L4
v)
‖∇hu‖L2

h(L
4
v)

≤ C
∥∥uh∥∥ 3

4

L∞h (L2
v)

∥∥∂3uh∥∥ 1
4

L∞h (L2
v)
‖∇hu‖

3
4

L2
h(L

2
v)
‖∂3∇hu‖

1
4

L2
h(L

2
v)

≤ C
∥∥uh∥∥ 3

2−
3
2α

L2

∥∥∇αhu∥∥ 3
2α

L2 ‖∂3u‖
1
2−

1
2α

L2

∥∥∂3∇αhu∥∥ 1
2α

L2 . (4.3)

For II , by Hölder inequality and Sobolev embedding theorem, one gets

II ≤
∥∥u3∂3u∥∥L2(R3)

≤ C
∥∥u3∥∥

L
8
3
h (L∞v )

‖∂3u‖L8
h(L

2
v)

≤ C
∥∥u3∥∥ 1

2

L
8
3
h (L2

v)

∥∥∂3u3∥∥ 1
2

L
8
3
h (L2

v)
‖∂3u‖L8

h(L
2
v)

≤ C
∥∥∇ 1

4

hu
3
∥∥ 1

2

L2

∥∥∇ 1
4

h ∂3u
3
∥∥ 1

2

L2

∥∥∂3∇ 3
4

hu
∥∥
L2 . (4.4)
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Using the divergence free condition div u = 0 again, one gets∥∥∇ 1
4

h ∂3u
3
∥∥
L2 =

∥∥∇ 1
4

h divh u
h
∥∥
L2 ≤ C‖u‖

1− 5
4α

L2

∥∥∇αhu∥∥ 5
4α

L2 .

This fact together with (4.4) and basic energy estimate (1.2) yields

II ≤ C
∥∥∇αhu∥∥ 3

4α

L2 ‖∂3u‖
1− 3

4α

L2

∥∥∂3∇αhu∥∥ 3
4α

L2 .

Next, we consider the following Stokes system{
νhD

2α
h u− ν3∂23u+∇Π = −∂tu− u · ∇u,

div u = 0.

Taking L2 estimate of elliptic equation yields

νh
∥∥D2α

h u
∥∥2
L2 + ν3

∥∥∂23u∥∥2L2 + (νh + ν3)
∥∥∂3∇αhu∥∥2L2 + ‖∇Π‖2L2

≤ C1

(
‖∂tu‖2L2 + ‖u · ∇u‖2L2

)
. (4.5)

Making use of (4.3)–(4.4) in (4.5), we have

νh
∥∥D2α

h u
∥∥2
L2 + ν3

∥∥∂23u∥∥2L2 + (νh + ν3)
∥∥∂3∇αhu∥∥2L2 + ‖∇Π‖2L2

≤ C1

(
‖∂tu‖2L2 +

∥∥∇αhu∥∥ 6
2α−1

L2 ‖∂3u‖
2α−2
2α−1

L2 + ‖∂3u‖2L2

∥∥∇αhu∥∥ 6
4α−3

L2

)
. (4.6)

Hence, combining (4.6) with (4.2), applying Young’s inequality implies

d

dt

(∥∥Dα
hu
∥∥2
L2 + ‖∂3u‖2L2

)
+ ‖∂tu‖2L2 +

∥∥D2α
h u
∥∥2
L2 +

∥∥∂23u∥∥2L2 +
∥∥∂3∇αhu∥∥2L2

≤ C
∥∥∇αhu∥∥ 6

2α−1

L2 ‖∂3u‖
2α−2
2α−1

L2 + C‖∂3u‖2L2

∥∥∇αhu∥∥ 6
4α−3

L2 .

Performing a time integration on [0, t] yields∥∥∇αhu∥∥2L2 + ‖∂3u‖2L2 +

∫ t

0

(
‖∂tu‖2L2 +

∥∥D2α
h u
∥∥2
L2 +

∥∥∂23u∥∥2L2 +
∥∥∂3∇αhu∥∥2L2

)
dτ

≤ C
∥∥∇αhu0∥∥2L2 + C‖∂3u0‖2L2 + C

∫ t

0

∥∥∇αhu∥∥ 4
α

L2dτ

+ C

∫ t

0

(∥∥∇αhu∥∥ 6
2α−1

L2 ‖∂3u‖
2α−2
2α−1

L2 + ‖∂3u‖2L2

∥∥∇αhu∥∥ 6
4α−3

L2

)
dτ.

Since α ≥ 3
2 , according to Young’s inequality, one can deduce that∫ t

0

∥∥∇αhu∥∥ 6
2α−1

L2 ‖∂3u‖
2α−2
2α−1

L2 dτ ≤ C
∫ t

0

(∥∥∇αhu∥∥4L2 + ‖∂3u‖4L2 + 1
8α−4
6α−8

)
dτ,∫ t

0

‖∂3u‖2L2

∥∥∇αhu∥∥ 6
4α−3

L2 dτ ≤ C
∫ t

0

(∥∥∇αhu∥∥4L2 + ‖∂3u‖4L2 + 1
2α− 3

2
2α−3

)
dτ.

Finally, we obtain that∥∥∇αhu∥∥2L2 + ‖∂3u‖2L2 +

∫ t

0

(
‖∂tu‖2L2 +

∥∥D2α
h u
∥∥2
L2 +

∥∥∂23u∥∥2L2 +
∥∥∂3∇αhu∥∥2L2

)
dτ

≤ C
(∥∥∇αhu0∥∥2L2 + ‖∂3u0‖2L2 + t

)
+ C

∫ t

0

(∥∥∇αhu∥∥4L2 + ‖∂3u‖4
)
dτ.

Then Gronwall’s inequality completes the proof of this lemma. ut

Math. Model. Anal., 20(2):205–231, 2015.



230 D. Fang and B. Han

Remark 1. Combining Lemma 2 with (1.2), we find that∫ t

0

∥∥∇αhu∥∥2L2 + ‖∂3u‖2L2dτ ≤ C

for all t ∈ [0, T ∗). This means the right hand side of (4.1) is finite.

Completion of the proof of the Theorem 1.1. First, we treat on the case
that ∇αhu0 ∈ L2(R3) and ∂3u0 ∈ L2(R3). For α ≥ 3

2 , Lemma 2 implies that
∇2α
h u, ∂23u, ∂3∇αhu belong to L2(0, T ∗;L2). If T ∗ < +∞, by Hölder inequality,

we have∫ t

0

∥∥u(τ)
∥∥ 4α−2

4α−3

L∞v (L2
h)

∥∥∇αhu(τ)
∥∥ 2

4α−3

L∞v (L2
h)
dτ

≤ C
∫ t

0

‖u‖
2α−1
4α−3

L2 ‖∂3u‖
2α−1
4α−3

L2

∥∥∂3∇αhu∥∥ 1
4α−3

L2

∥∥∇αhu∥∥ 1
4α−3

L2 dτ

≤ C‖u‖
2α−1
4α−3

L∞t (L2)‖∂3u‖
2α−1
4α−3

L∞t (L2)

∥∥∇αhu∥∥ 1
4α−3

L∞t (L2)

∥∥∂3∇αhu∥∥ 1
4α−3

L2
t (L

2)
≤ C

for all t ∈ [0, T ∗). Similarly,∫ t

0

∥∥u(τ)
∥∥ 4α−2

4α−1

L∞v (L2
h)

∥∥∇αhu(τ)
∥∥ 2

4α−1

L∞v (L2
h)
dτ ≤ C

and ∫ t

0

∥∥u(τ)
∥∥ 2α−2

2α−1

L∞v (L2
h)

∥∥∇αhu(τ)
∥∥ 2

2α−1

L∞v (L2
h)
dτ ≤ C

for all t ∈ [0, T ∗). Hence the blow up criterion satisfied, which implies T ∗ =
+∞.

Next, when u0 ∈ B0,s(R3), Theorem 2 supplies a unique solution u with

u ∈ C
(
[0, T ∗), B0,s

)
and ∇αhu ∈ L̃2

(
0, T ∗;B0,s

)
, ∂3u ∈ L̃2

(
0, T ∗;B0,s

)
.

Hence there exists a T0 < T ∗ such that ∇αhu(T0), ∂3u(T0) belong to L2(R3).
In the previous case we get a unique solution ũ on [T0,∞), with data u(T0).
Uniqueness ensures that ũ ≡ u on [T0, T

∗). Therefore u can be continued
globally.
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