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Abstract. This paper investigates structural performance of five reinforcement concrete (RC) box-girders under a com-
bination loading of bending, shear and torsion, applying the structural stressing state theory. The measured strain data is 
modeled as generalized strain energy density (GSED) to characterize the structural stressing state mode. Then the Mann-
Kendall (M-K) criterion is innovatively applied to detect the leap characteristics of RC box-girders’ stressing state from 
the E’-T curves, deriving the new definition of structural failure load. Furthermore, the reinforcement effects of different 
Carbon Fiber Reinforced Plastic (CFRP) wrapping schemes on the behaviors of experimental RC box-girders are revealed 
through comparing strain modes of stirrup and longitudinal reinforcement. Finally, the method of numerical shape func-
tion is applied to reasonably expand the limited strain data for further exploring the strain distribution of cross section 
and analyzing the stressing state characteristics of the RC box-girders. The research results provide a new angle of view to 
conduct structural analysis and a reference to the improvement of reinforcement scheme. 

Keywords: stressing state, leap, failure load, stressing state mode, CFRP, reinforcement concrete box-girder.

Introduction 

As a new and effective strengthening material, Carbon Fi-
ber Reinforced Plastic (CFRP) has been widely adopted in 
civil engineering construction, such as reinforced concrete 
(RC) structures, steel structures, timber structures and so 
on for its outstanding fatigue resistance and noncorro-
sive characteristics (Shahawy, Arockiasamy, Beitelman, & 
Sowrirajan, 1996; Orbanich, Dominguez, & Ortega, 2012; 
Bousselham & Chaallal, 2013). Furthermore, the perfor-
mances of CFRP-strengthened structures or members 
present significant improvement both in service and ulti-
mate load bearing conditions due to the properties of high 
tensile strength, high modulus of elasticity, ease of adapting 
geometry, et al. (Barnes & Mays, 1999; Aidoo, Harries, & 
Petrou, 2004). Therefore, the reinforcement technology of 
using CFRP is rapidly increasing in the construction filed.

In order to investigate the behavior of strengthened 
structures or members by CFRP, researchers conduct-
ed many valuable experiments after 21th century. For 

instance, Rafi, Nadjai, Ali, and Talamona (2008) per-
formed an experiment consisting of CFRP and steel bar 
RC beams and investigated the bending behavior of RC 
beams strengthened with CFRP. The results indicated 
that the behavior of CFRP and steel RC beams was simi-
lar in many aspects. Yang, Park, and Neale (2009) tested 
the flexural bearing capacity of 13 FRP-strengthened RC 
beams and compared the experimental results with the 
analytical predictions obtained by finite element (FE) 
method. The research results showed that the bending 
capacity of RC beams improved a lot after strengthened 
by CFRP. Rahai and Saberi (2011) investigated the effects 
on the flexural behavior of damaged girders strengthened 
with FRP composed of different fibres and resins. The 
results reflected the flexural capacity of damaged gird-
ers strengthened with FRP significantly improved, while 
the type of binders had few influences on the reinforce-
ment effect. Besides, Al-zaid, El-Sayed, Al-Negheimish, 
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Shuraim, and Alhozaimy (2014) manufactured eight full-
scale RC girders to investigate the flexural performance 
of damaged girders strengthened by CFRP and found that 
the ultimate bearing capacity and stiffness of models were 
improved through strengthening with CFRP. In fact, rein-
forcement with CFRP can not only enhance the flexural 
capacity of structures or members but the shear capacity. 
Ali, Samad, Mohamad, and Jayaprakash (2013) studied 
the shear behavior of CFRP strengthened pre-cracked 
continuous beams under different wrapping directions 
through designing one contrast beam and four tested 
beams. The findings verified that the method of reinforce-
ment with CFRP exerted a tremendous influence on the 
shear capacity of experimental beams. Samad et al. (2017) 
conducted an investigation on the shear strengthening of 
2-span continuous RC beams strengthened with CFRP 
strips. And some variables affecting the shear strengthen-
ing were analyzed, which included shear span to effective 
depth ratio, wrapping schemes, numbers of layers of CFRP 
strips, and CFRP orientation angles. Foster et al. (2017) 
undertook an experimental study of unstrengthening and 
CFRP-strengthened reinforced T-beams to investigate the 
influences on the shear stress capacity of tested T-beams. 
Fagone and Ranocchiai (2018) proposed an experimental 
program to analyze the mechanical performance of ma-
sonry specimens reinforced with CFRP sheets, loaded by 
out-of-plane actions. The results showed the shape ratio 
of specimens played a significant role in affecting the ef-
fectiveness of spike anchors. Nair, Cai, Kong, and Hou 
(2019) used a new FRP-wrapped balsa wood bridge deck 
to replace the damage deck of a bridge and carried out 
corresponding experiment to evaluate this composite sys-
tem, expecting to providing evaluation guidelines for this 
specially configured FRP-wood deck system. In general, 
all these researches on the behavior of strengthened struc-
tures or members by CFRP further promote the applica-
tion of CFRP in the field of maintenance and reinforce-
ment in civil engineering (Aidoo, Harries, & Petrou, 2006; 
Zhu, Wang, Kang, & Li, 2016). However, there are still two 
problems of analyzing structures strengthened with CFRP 
to be resolved, as summarized below:

 – Most researches into the effects of CFRP seem to 
concentrate on flexural and shear strengthening, 
while the information on its applicability in tor-
sional strengthening is limited (Pham & Al-Mahaidi, 
2004; Al-Mahaidi & Hii, 2007; Esfahani, Kianoush, 
& Tajari, 2007). In fact, many structures are in intri-
cate stress state and may subject to significant tor-
sion that has non-negligible impact on the design. 
Therefore, the influences of torsional strengthening 
are also worth of attention (Jiang, Zhang, & Tian, 
2018). Up till present moment, although some ex-
periments have been conducted to study the change 
of torsional behavior after strengthened with CFRP, 
most investigation results were exploratory, making 
the analytical approach proposed difficult to validate 
(Hii & Al-Mahaidi, 2007). In addition, the focus of 
these researches tends to determine the increment of 

ultimate torsional bearing capacity after strengthened 
with CFRP rather than clarifies the changing process 
of the experimental specimens during the whole 
loading process. 

 – Different reinforcement methods could affect the be-
havior characteristics of the structures strengthened 
with CFRP. There exist many variables to evaluate the 
reinforcement effects of CFRP, such as strengthening 
configurations, the percentage of externally bonded 
wrap CFRP reinforcement and so on, which need 
considerable experiments to investigate effects of 
various factors on the structural performance after 
strengthened with CFRP (Leung et al., 2007). Howev-
er, the high experimental expense leads to the insuf-
ficient experimental data, which limits the research 
to revealing the unseen working characteristics of 
tested structures or members. Moreover, the existing 
experimental data have not been mined fully, which 
means an effective analytical method is expected to 
further explore the effects of different CFRP wrap-
ping schemes on the structural performance.

In consideration of these two issues, the authors 
investigate a total of five RC box-girders, including one 
contrast girder without reinforcement and four girders 
wrapped with CFRP strips. According to the theory of 
structural stressing state, the measured strains of steel 
bars in RC box-girders and CFRP strips are modeled as 
generalized strain energy density (GSED) to describe the 
box-girders’ stressing state modes and the sum of GSED 
is introduced as characteristic parameter to express the 
box-girders’ stressing state. Then, the leap feature of the 
tested box-girders’ stressing state can be accurately de-
tected through applying the Mann-Kendall (M-K) crite-
rion from E’-T curves, resulting in the update of available 
definition of tested box-girders’ failure load. Thus, the 
effects of different CFRP wrapping schemes on the box-
girders’ performance could be revealed through compar-
ing the stressing state modes of box-girders established by 
the measured strain data. In addition, the characteristics 
of each strengthening scheme are also revealed through 
comparing the strain distribution pattern of box-girders 
strengthened with CFRP and that of contrast box-girder. 
Finally, based on the method of numerical shape func-
tion (NSF), the limited strain data is expanded to further 
investigate the stressing state characteristic of box-girder. 
The strain fields obtained by the NSF method could viv-
idly indicate the change of box-girder’s stressing state after 
strengthened with CFRP.

1. Modeling of structural stressing  
state and M-K criterion 

1.1. The concept and function  
of structural stressing state 

Although the conception of structural stressing state is 
frequently mentioned in the structural analysis, there is 
no uniform and precise definition of structural stressing 
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state. Hence, according to the mutual variation character-
istics presented in the structural working process and the 
structural performance revealed by classical mechanics, 
the structural stressing state can be defined as the inner 
or outer modes of the structure under a certain loading 
case, which can be characterized by the numerical mod-
els of the structural responses, such as strains, deflection, 
rotation angle, GSEDs, internal forces, etc. (Zhou, Rafiq, 
Bugmann, & Easterbrook, 2006). And these numerical 
models are expressed in the form of matrices and vec-
tors. The structural stressing state mode is generally for 
the whole structural and the stressing state submodes are 
for structural members, local components, key points and 
sections and various types of internal forces. 

One primary function of the structural stressing sate 
theory is to establish corresponding criterion to accurately 
distinguish the qualitative leap feature through model-
ing structural stressing state. This qualitative leap feature 
is verified to comply the natural law from quantitative 
change to qualitative change of a system and is the com-
mon characteristic of various structural failure forms (Shi, 
Li, Zheng, Yang, & Zhou, 2018). In addition, this kind of 
structural failure characteristic also sets up a new theoreti-
cal basis to investigate the analytical method of coordina-
tive working of the structure, promoting the rationality of 
structural design. 

1.2. Modeling of structural stressing state 

As mentioned above, the numerical mode of structural 
stressing state can be described by the responsive charac-
teristic of the structure. In order to construct the numeri-
cal mode expressed in the form of vector or matrix and 
the corresponding characteristic parameters, generalized 
strain energy density (GSED) is adopted to numerically 
present the stressing state of a measuring point (Huang, 
Y. Zhang, M. Zhang, & Zhou, 2014). Thus, the GSED can 
be calculated by Eqn (1): 

1 1 2 2 3 3 ,ijE d d d= σ ε + σ ε + σ ε∫  (1)

where Eij is the GSED value of the i-th measuring point 
under the j-th load; σ1, σ2, σ3 and ε1, ε2, ε3 are three prin-
cipal stresses and strains, respectively.

Therefore, the structural stressing state mode can be 
formed by the GSED values of all the measuring points 
in the structure. Correspondingly, the GSED sum of the 
structure under each load level can be obtained through 
Eqn (2):

1

,
N

j ij
i

E E
=

′ =∑
 

(2)

where jE′  is the structural GSED sum of all the measuring 
key points under the j-th load, N is the total number of 
these points. Then the E ′-T curve can be plotted to inves-
tigate the structural stressing state features, T is the torque 
applied on the box-girders. 

1.3. The detection of structural stressing  
state characteristics

The M-K criterion as a nonparametric statistical method 
is widely used in trend analysis without necessity for 
samples to comply normal distribution and interference 
of individual outliers (Mann, 1945; Kendall, 1957; Hirsch, 
Slack, & Smith, 1982). In this paper, the M-K criterion is 
adopted to distinguish the leap characteristic of structural 
stressing state from the E′-T curve. The operative proce-
dures are as follows:

1) For an E′-T curve, define cumulative number Si 

as 
1      (1 )

0                   otherwise
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, in which “+1” 

means adding one more on the existing value 
when the iE′ is greater than jE′  from the sequence 
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2) A new stochastic variable Pk is defined as:
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3) The mean value E(Pk) and the variance V(Pk) can be 
calculated by the following equations:
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4) Since the sequence 1 2 3( , , , , )nE E E E′ ′ ′ ′
  is statistically 

independent, define UTk as:

   ( ) / ( ).k k k kUT P E P V P= −  (6)

Thus, the values of UTk are applied to plot the 
UTk-T curve. 

5) Then repeat the steps from (1) to (4) to the reverse 
sequence 3 2 1( , , , , )nE E E E′ ′ ′ ′

 , which can form the 
UBk-T curve.

6) Through placing the UTk-T and the UBk-T curves 
in the same graph, the leap feature of the structural 
stressing state can be detected by their intersection. 

2. Experimental RC box-girders 

2.1. Configuration of experimental box-girders

Yang (2016) conducted the experiment of five single-
chamber rectangular RC box-girders with the same sec-
tion labeled B1, B2, B3, B4 and B5. As shown in Figure 1,  
the experimental RC box-girder is 3200 mm in length, 
600  mm in width and 400 mm in height. The effective 
length is 3000 mm with two ends simply supported. Figure 
1(b) shows the section dimension and the placing of steel 
bars. The experimental RC box-girder is 60 mm on the 
web and 80 mm on the upper plate and bottom slab. The 
yield stress, elastic modulus and fracture strength of steel 
bar are 246.14 MPa, 210 GPa and 315.32 MPa, respectively.  
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The compressive strength and elastic modulus of concrete 
are 29.8 MPa and 29.7 GPa. The tensile strength and elastic 
modulus of the CFRP sheet are 4100 MPa and 235 GPa. And 
the thickness of the single-layer CFRP sheet is 0.1111 mm. 
Table 1 lists the different approaches of these experi-
mental RC box-girders strengthened with CFRP sheets. 

2.2. Measuring points arrangement 

Strains of longitudinal reinforcement and stirrup are re-
corded at the mid-span cross section and strains of con-
crete and CFRP are recorded at the mid-span and L/4 
cross sections. Figure 2(a) shows the whole testing ar-
rangement of box-girder. Figure 2(b, c and d) show the 
specific layout of the strain gauges for strain measurement 
on the cross sections. 

2.3. Loading scheme 

The torque (T) is exerted through applying concentrated 
load (F1) by the jack at the end of self-made experimental 
device. The concentrated load (F0) is applied by jack at the 
mid-span of the experimental RC box-girder, then F0 is al-
located at three diving point through I-beam, as shown in 
Figure 3. In the initial stage, F0 and F1 are synchronously 
imposed on the RC box-girder and bending-torsion ratio is 
0.38. After concrete cracking, F1 is applied with a fixed in-
crement of 3 kN while F0 remains unchanged until the RC 
box-girder is destroyed. The cracks appear passing through 
the box-girder, indicating that concrete is out of action and 
the box-girder is damaged. Figure 3(a) shows the loading 
apparatus and the distribution of cracks during damage.  

Table 1. The CFRP wrapping schemes of experimental RC box-girders 

Specimen number CFRP wrapping scheme Layer number Schematic diagram

B1 None 0

B2 Bottom configuration with full CFRP sheet 1

B3 U configuration with separate CFRP strips 1

B4 U configuration with full CFRP sheet 1

B5 Bottom configuration with full CFRP sheet  
U configuration with separate CFRP strips 1

Figure 2. The testing arrangement and layout of strain gauge on the cross sections: a – experimental box-girder and measuring 
instrument; b – strain measurement of longitudinal reinforcements on the mid-span cross section; c – strain measurement  

of stirrup on the L/4 cross section; d – strain measurement of CFRP on the L/4 cross section

Figure 1. Geometric configuration of the experimental RC box-girder (units: mm): a – geometric shape and sizes  
of the RC box-girder; b – the reinforcement distribution, shape and sizes of cross section
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In order to clearly exhibit the application of torque, the 
detailed information of the end section applied torque is 
given, as shown in Figure 3(b).

3. Stressing state of experimental RC box-girder 
3.1 GSED-based structural stressing state  
and corresponding characteristic parameter 

The GSED values of the measuring points on the mid-
span cross section are formed a vector to evaluate the 
stressing state mode of RC box-girder, 1 2, , , , , T

j M M Mi MNe e e e=   S  

 
1 2, , , , , T

j M M Mi MNe e e e=   S   , in which eMi is the GSED value of the a 
point among N measuring points at the mid-span cross 
section of RC box-girder. The corresponding parameter 
of Sj proposed to reveal the RC box-girder’s stressing state 
features is expressed as the sum of the GSED values:

1

,
N

j ij
i

E e
=

′ =∑
 

(7)

where eij is the GSED value of the i-th measuring point 
to the j-th load level; N is the number of measuring point 
of longitudinal reinforcement and stirrup. Therefore, 
based on the GSED values, the structural stressing state is 
modeling by Sj and the parameter jE′  at each load level is 
proposed to characterize the change of structural perfor-
mance. Then, the E’-T curve can be utilized to investigate 
the leap features of RC box-girder’s stressing state.

3.2. Investigation into the E’-T curve 

For B4 exampled here, the sum of GSED values (E’) under 
each load can be calculated through Eqn (2), then the E’-T 
curve can be plotted to analyze the behavior of RC box-

girder. The two characteristic loads, P = 33 kN·m (form 
0 to ultimate load U) and Q  = 54 kN·m (from P to U), 
are distinguished from the curve using the M-K criterion, 
as shown in Figure 4. The structural stressing state dur-
ing the whole loading process can be divided into three 
stages by the two characteristic loads: (1) before the load 
P, the sum of GSED value E’ increases slowly with load, 
indicating that the experimental RC box-girder is basically 
in a linear-elastic state. (2) from P to Q, the structure is 
in an elastic-plastic stressing state with little plastic stage 
of longitudinal reinforcements due to the development of 
concrete crack. (3) after the load Q, the E’ increases sharp-
ly than before displaying a different tend to the previous 
one, which indicates that the RC box-girder turns into an 
unstable stressing state from the stable stressing state.

Therefore, the characteristic load P can be seen as the 
demarcation point from elastic working state to plastic 
working state. When the steel bars or concrete is partly in 
plastic stage, it may have limited effects on the change of 
structural stressing state because of the whole structure’s 
self-adaption and self-adjustment. Thus, the structure still 
keeps in a stable performance until load Q. After the char-
acteristic load Q, the development of plastic deformation 
accumulates to a certain extent, which results in the muta-
tion of structural stressing state with faster growth of E’, 
according with the natural law from quantitative change 
to qualitative change of a system. The characteristic load 
Q is defined as failure load, which could be seen as the 
termination of the previous stable stressing state of the 
RC box-girder. Also, it could be regarded as the starting 
point of the structural destroy process, leading to an up-
dated definition of structural failure. Load Q to the quali-
tative leap of the RC box-girder’s stressing state, instead of 
the ultimate load at which the structure loses its bearing 
capacity, should be defined as the failure load of the RC 
box-girder. Therefore, the failure load Q is different from 
the existing failure load defined at the structural ultimate 
load-bearing capacity U, which should be taken as refer-
ence to structural design load.

Figure 3. The simplified model of experimental RC box-girder 
and loading mode: a – loading apparatus and the distribution  

of cracks; b – the method of applying torque

Figure 4. E’-T and M-K statistic curves of RC box-girder 
numbered B4
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3.3. Analysis of structural stressing state mode

According to the loading scheme mentioned above, the 
mid-span cross section of experimental RC box-girder is 
the key section subjected to the combined action of bend-
ing and torsion and its L/4 cross section is the control sec-
tion bearing the combined action of bending, shear and 
torsion. The strains of longitudinal reinforcements at mid-
span cross section and the strains of stirrups and CFRP 
at L/4 cross section are both recorded to construct struc-
tural stressing state mode. In fact, the strain of a point 
represents the stressing state of this point. Therefore, the 
structural stressing state mode can be formed as a vector 
through assembling the strains of measuring points, e.g., 

T
ls ls1 ls2 ls7, ,...,e e e=   S  for longitudinal reinforcements at 

mid-span cross section, T
ss ss1 ss2 ss8, ,...,e e e=   S  for stir-

rup at L/4 cross section and T
cs cs1 cs2 cs8, ,...,e e e=   S  for 

CFRP at L/4 cross section. Then, the Sstrain-T curves can 
be plotted to detect the changing features of stressing state 
mode Sstrain with load increase. Figure 5 shows the Sstain-T 
curves of longitudinal reinforcement, stirrup and CFRP, 
respectively. The structural performance can be revealed 
through investigating the changing characteristics of con-
structed stressing state mode, given as:

 – Before the first characteristic load P, longitudinal re-
inforcements, stirrup and CFRP are in elastic stage 
without yield, indicating that the RC box-girder’s 
stressing state keeps stable. As shown in Figure 5, at 
the load P, the longitudinal reinforcement strain of 
point 4 just reaches to its yield strain with a great 
deal of stretch cracks on the bottom surface, resulting 
in the structural behavior turns from linear-elastic 
state to elastic-plastic state. From P to Q, the Sstrain 
increases faster than the previous stage with the 
change of structural stressing state. After the load Q, 
the Sstrain further increases with the load. Therefore, 
the Sstrain-T curves reveal the leap characteristic at 
load P and load Q consisted with that distinguished 
by the M-K method in Figure 4. 

 – In Figure 5(a), the longitudinal reinforcements of 
point 6 and point 7 at the upper part of mid-span 
cross section subject to the interaction of bending 
moment and torsion. The stress of point 6 and point 
7 appear compression under bending moment and 
tension under torque, leading to low stress levels. 
Thus, the longitudinal reinforcements of point 6 and 
point 7 always keep in elastic working state until the 
structural destroy. While the remaining longitudinal 
reinforcements successively reach to yield stage after 
the load P. In Figure 5(b), the stirrup strain measured 
at the L/4 cross section bears the combined action of 
bending-shear-torsion. The stirrup strain of point 3 is 
far greater than the other points’ strains because the 
shear caused by torsion has the same direction with 
the original shear at point 3. 

 – In Figure 5(c), the longitudinal strain of CFRP is the 
largest among these four measuring locations’ strains 
from initial loading to final failure of the RC box-

girder, stating the longitudinal CFRP pasted in the 
soleplate plays a significant role in bearing the loads. 
In addition, Figure 5(c) also demonstrates the rein-
forcement effects of different CFRP sticking position, 
which can further provide the rational strengthening 
scheme.

Meanwhile, the structural stressing state mode can also 
be expressed through the other form of Sstrain-T curves. 
As shown in Figure 6, the leap characteristic of structural 
performance can also be confirmed, which is consistent 
with the law revealed in Figure 5. After the load Q (dashed 
lines), the strains of stirrups and CFRP increase sharply 

Figure 5. The strain-based stressing state mode with the 
increasing load: a – the Sstrain-T curves for longitudinal 

reinforcement; b – the Sstrain-T curves for stirrup;  
c – the Sstrain-T curves for CFRP
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than previous stage, indicating a mutation occurs in the 
structural stressing state mode at failure load ascertained 
by the M-K criterion. Therefore, the increment of strains 
with the increasing load reveals the leap features at the 
characteristic load Q. And the increment of strains can be 
used as the corresponding parameter to characterize the 
stressing state mode Sstrain.

3.4. Characteristic of stressing state mode  
for plane-section

In order to investigate the changing process of sectional 
working features under the combined action of bending 
moment and torsion, the strains of longitudinal reinforce-
ments along the height of mid-span section are constructed 
the sectional stressing state mode, 

T
4 5 6 7, , ,j j j j js s s s =  S

 
, 

in which j is load step and the s4j, s5j, s6j and s7j are the 
strains of measuring points under the j-th load. As shown 
in Figure 7, the strain of longitudinal reinforcement at the 
lower part of the section increases much faster than that at 
the upper part of the section. Before 24 kN·m, the strains 
at these four measuring points are basically in a straight 
line, indicating the mid-span cross section maintains flat 
state during this load-bearing stage. After 24 kN·m, the 
strain of longitudinal reinforcement at the bottom of RC 
box-girder increases sharply as a result of the intensive 
development of concrete crack. But the longitudinal re-
inforcements are not yielded in the stretch area until load 
P, the increment of strain is limited which reflects a basic 
flat state although emerging a slight nonlinear state. After 
the characteristic load P, the upper longitudinal reinforce-
ments also gradually put in plastic yield state with large 
amount of plastic deformation, resulting in a non-flat 
state. When the load exerts the load Q, it can be seen from 
the Figure 7 that a leap characteristic occurs in the flat 
state of the mid-span cross section. After the characteristic 
load Q, the strains at these four measuring points are in 
a straight line again, stating the load is mainly subjected 
by longitudinal reinforcements and the concrete almost 
loses its bearing capacity due to the sufficient development 
of concrete cracks. The structural stressing state changes 
from stable to unstable. Hence, it is reasonable to define 
the load Q as the failure load, revealing the leap character-
istic of the RC box-girder’s stressing state mode.

4. Experimental study on the box-girders  
with different CFRP wrapping schemes

4.1. The E’-T curves of different  
CFRP wrapping schemes

From the perspective of GSED, this paper investigates 
the effects of CFRP on box-girders’ performance after 
strengthening, the E’-T curves of these five experimen-
tal specimens are plotted in the same graph, as shown 
in Figure 8. Through comparative analysis, there are al-
most no distinction among the entire E’-T curves before 
27 kN·m, indicating the reinforcement effects of CFRP is 
not sufficiently exerted and the behavior of tested RC box-
girders strengthened with CFRP has few differences with 
the controlled RC box-girder without wrapping CFRP. Af-
ter 27 kN·m, the bifurcation phenomenon of E’-T curves 
become obvious, demonstrating CFRP gradually begins 
functioning due to the development of concrete cracks 
and the yield of steel bars with load increase. In addition, 
the failure loads of B1, B2, B3 and B5 are also determined 

Figure 6. The changing features of strain-based stressing state 
mode: a – the pattern of stressing state mode for stirrup at L/4 
cross section; b – the pattern of stressing state mode for CFRP 

at L/4 cross section

Figure 7. Location-strain curves of mid-span cross section
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through following the same path as proposed in Section 2, 
as listed in Figure 8. Generally speaking, the result shows 
the failure loads of RC box-girders strengthened with 
CFRP (B2, B3, B4, B5) are apparently enhanced than that 
of B1. Through comparing failure load and ultimate bear-
ing capacity of the four different reinforcement schemes 
listed in Table 1, some research results can be concluded 
as follows:

 – From the E’-T curve of B2 in Figure 8, the GSED 
value of B2 increases rapidly after the failure load, 
which can be attributed to the development of plas-
tic deformation. Actually, the failure load can also be 
regarded as the characteristic load of reinforcement 
effect. That is, although the RC box-girder can still 
bear load after the failure load, the CFRP is unable 
to provide effective reinforcement for the tested box-
girder to keep a stable stressing state. In addition, 
since the failure load and ultimate load of B2 are the 
lowest among these four reinforced RC box-girders, 
the reinforcement effect of bottom configuration us-
ing full CFRP sheet is the weakest. 

 – The failure load of B4 is the same as that of B5 and 
larger than the failure loads of remaining RC box-
girders. Besides, the ultimate load of B4 is the largest 
among the four reinforced RC box-girders. There-
fore, the U configuration using full CFRP sheets is 
the most effective reinforcement scheme, which can 
greatly improve the load bearing capacity of RC box-
girder.

 – Because the B5 has larger failure load and ultimate 
load than those of B2, the reinforcement effects of 
RC box-girder with bottom configuration using 
full CFRP sheet and U configuration using separate 
CFRP strips at the same time is better than that of 
RC box-girder with only bottom configuration us-
ing full CFRP sheet. Similarly, both the failure load 
and ultimate load of B3 are larger than those of B2, 
indicating the CFRP wrapping scheme of U configu-
ration using separate CFRP strips is more helpful to 
improve the performance of RC box-girder than the 
strengthening method of B2.

4.2. Investigation into the strain modes of stirrups

Actually, the application of CFRP sheet at the bottom of 
RC box-girder can be regarded as longitudinal strength-
ened constrains for the tested box-girder, and using U 
configuration with separate CFRP strips to strengthen RC 

Figure 8. GSED-based analytical approach for RC box-girders 
with different wrapping schemes

0

1

2

3

4

5

6

6366605445Ultimate load (kNЧm)

54 54454233

B5B4B3B2B1

 B1   B2
 B3   B4
 B5

Tested model

Failure load (kN Чm)

27 kNЧm

(ґ
10

Eў 
5

J/
m

3
)

T (kNЧm)
0 10 20 30 40 50 60

Figure 9. The strain distribution of stirrup for:  
a – B1; b – B2; c – B3; d – B5

0.0

0.5

1.0

1.5

2.0  0      3
 6      9
12   15
18   21
24   27
30   33
36   39
42   45

0.0

0.5

1.0

1.5

2.0  0      3
 6      9
12   15
18   21
24   27
30   33
36   39
42   45
48   51
54

0.0

0.5

1.0

1.5

2.0
 0      3
 6      9
12   15
18   21
24   27
30   33
36   39
42   45
48   51
54   57
60

0.0

0.5

1.0

1.5

2.0

 0    3
 6    9
12   15
18   21
24   27
30   33
36   39
42   45
48   51
54   57
60   63

T (kNЧm)

Key point number
0 1 2 3 4 5 6 7 8 9

S st
ra

in (ґ
10

3 m
e)

S st
ra

in (ґ
10

3 m
e)

T (kNЧm)

Key point number
0 1 2 3 4 5 6 7 8 9

T (kNЧm)

S st
ra

in (ґ
10

3 m
e)

Key point number
0 1 2 3 4 5 6 7 8 9

T (kNЧm)

S st
ra

in (ґ
10

3 m
e)

Key point number
0 1 2 3 4 5 6 7 8 9

a)

b)

c)

d)



Journal of Civil Engineering and Management, 2020, 26(1): 1–13 9

box-girder can be seen as lateral restraint for the tested 
box-girder. Figure 9 shows the strain modes of stirrups at 
the measuring section of five experimental box-girders. 
And the dash lines in the figures are consistent with the 
failure loads determined above by M-K criterion. The leap 
characteristics under failure loads are clearly embodied in 
the corresponding strain modes of stirrups, indicating the 
stressing states of RC box-girders change greatly after fail-
ure loads and verifying the accuracy of RC box-girders’ 
failure loads. 

Through comparing B2 and B1, the strains of the mid-
dle measuring points (1, 3, 5, 7) located at each side of 
the rectangle hoop significantly increase after pasting full 
CFRP sheet at the bottom of box-girder. While the strains 
of measuring points near the corner of stirrup (4, 6, 8) are 
much smaller than those of the middle measuring points. 
Hence, longitudinal strengthened constrains can further 
improve the strains in the middle of each side of stirrup, 
but the corners of stirrup make little contribution to re-
sisting the interaction of torque and shear, showing the 
function of stirrup is not fully exerted. For B3 and B1, the 
reinforcement method of U configuration with separate 
CFRP strips can obviously improve the strains of measur-
ing points near the corner of stirrup (2, 4, 6, 8). There-
fore, after applying lateral restraint to the box-girder with 
CFRP strips, the strain distribution model of rectangle 
hoop is similar to that of spiral hoop, indicating the rect-
angle hoop plays its full role against the load. For B4 and 

B5, the value and distribution pattern of stirrup’s strain at 
each measuring point is basically in generally agreement, 
which suggests that the effect of these two reinforcement 
methods on improving the behavior of RC box-girders is 
similar. However, the reinforcement scheme of B5 requires 
less CFRP, which is more economical and reasonable. 

In order to investigate the characteristics of strain dis-
tribution from the perspective of strain level, Table 2 lists 
the number of measuring points in high/low strain levels. 
Generally speaking, the strains of measuring points from 
1 to 5 tend to keep in high strain level while those of mea-
suring points from 6 to 8 usually maintain low levels, due 
to the interaction of shear and torque. In addition, the 
quantities of measuring points in high strain level multiply 
after strengthened with CFRP, indicating the capacity of 
stirrup is fully exploited. Meanwhile, based on the strain 
distribution level of stirrup at the measuring section, the 
working situation of stirrup could be clearly understood, 
which may be applied to provide guidance for reinforce-
ment design. 

4.3. The comparison of longitudinal reinforcements’ 
strain modes between B1 and B5

The effects of strengthening with CFRP on the performance 
of RC box-girder can also be reflected in the strain modes 
of longitudinal reinforcements. Figure 10 shows the strain 
modes of B1 and B5, respectively. Through comparing 
these two graphs, some conclusions can be summarized.  

Table 2. Distribution of the strain level at measuring points of RC box-girders

B1 B2 B3 B4 B5
The measuring 
points of high 
strain level

1, 3, 5 1, 2, 3, 5, 7 1, 2, 3, 4 1, 2, 3, 4, 5 1, 2, 3, 4, 5

The measuring 
points of low 
strain level

2, 4, 6, 7, 8 4, 6, 8 5, 6, 7, 8 6, 7, 8 6, 7, 8

The position  
of high strain
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Figure 10. The strain distribution of longitudinal reinforcements for: a – B1; b – B5
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Firstly, after failure loads (dash lines), the strains of meas-
uring points present sharp increase in trend whether 
strengthened with CFRP or not. Therefore, the stressing 
state mutation characteristics are also well embodied in 
the strain modes of longitudinal reinforcements. Secondly, 
from the Figure 10(a) and (b), the strains at point 4 are the 
largest, indicating the longitudinal reinforcement at the 
bottom corner of box-girder’s section plays a significant 
role in resisting torsion. In addition, the strain difference 
of B5 among point 1, 2, 3, 4 and 5 is smaller than that of 
B1, reflecting the outstanding coordinate working behav-
ior among longitudinal reinforcements after strengthened 
with CFRP. 

5. The application of numerical shape function  
in stressing state analysis of box-girders

5.1. The method of numerical shape function 

Numerous space interpolation methods (SIMs) have been 
proposed to predict the experimental data at unsampled 
points using the limited experimental data at measur-
ing points (S. Andersen & L. Andersen, 2010). However, 
the estimation accuracy of common SIMs is difficult to 
achieve the desired objectives as a result of ignoring the 
invisible information between spatial distribution and 
numerical values of samples. In addition, redundant as-
sumptions on the mathematical models and correspond-
ing parameters also restrict the engineering application of 
SIMs (Li & Heap, 2011). Therefore, in order to improve 
the interpolation accuracy, Shi, Zheng, Tan, Yang, and 
Zhou (2019) combined the numerical simulation with ex-
perimental data and proposed numerical shape function 
(NSF) interpolation method. The construction process of 
NSF is given as: 

 – As shown in Figure 11(a), for the finite element (FE) 
model of specimen’s cross section, Shell 181 element 
is adopted for concrete, its thickness is 5 mm and has 
an area of 10×10 mm2. Beam 188 element is used for 
longitudinal reinforcement. Its area takes the actual 
area of longitudinal reinforcement, and its thickness 
is 5 mm. Beam 188 element is also used for CFRP in 
the simulation of cross section. Its length takes the 
value of the side length of wrapped box-girder, its 
thickness is also 5 mm. In addition, the connection 
between reinforcement and concrete is assumed to 
be rigid. There are 14 measured strain values in the 
cross section as samples. 

 – Through applying displacement d  = 1 at the i-th 
measuring points and d  = 0 at other points, the 
shape function Ni of measuring points i can be 
derived from FE simulation. Its form is Ni = 

( ) ( ) ( ) ( )1 2,i i i i j i nN N x N x N x N x =    , where Ni(xj) 
is the simulated value at element node xj and n is 
the total node of the plate. As a result, Figures 11(b) 
and 11(c) show the shape function of N1 and N4, re-
spectively.

 – The interpolated field of cross section model can be 
calculated by the linear combination of NSFs ob-
tained above, as follows: 

 1

N
m

i i
i

u
=

=∑D , (8)

where D is the interpolated field of the plate; ui is the 
measuring samples; m is the total number of measur-
ing points and it is 14 in this case.

5.2. Investigation into the characteristics  
of strain fields 

The middle section of box-girder is meshed through FE 
method. Then the strain fields can be obtained by inter-
polating the measured strains based on the NSF method. 
As shown in Figure 12, the strain contour maps of B1 and 

Figure 11. Finite element model and contour map of numerical 
shape function: a – finite element model; b – shape function 

N1; c – shape function N4
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B5 around their respective failure loads and ultimate loads 
are demonstrated. Moreover, the contour maps of B1 and 
B5 at the same load level are also plotted to facilitate the 
contrast analysis. In the contour maps with the same color 
scale, the separatrix of 0 με is marked with red dotted 
line to intuitively observe the distribution of tensile and 
compressive region. The separatrix of 330 με (ultimate 
tensile strain) is marked with blue dotted line. The con-
crete below the blue dotted line can be considered to lose 
its bearing capacity since the strain exceeds the ultimate 
tensile strain. It can be seen from Figure 12 that the strain 
data of all the strain field keep are symmetrical, which 
is consist with the loading condition. For B1, the region 
beyond ultimate tensile strain expands largely and the 
compressive part also increases rapidly before and after 33 
kN·m, indicating a qualitative leap at failure load. For B5, 
after 54 kN·m, the concrete cracks fully develop and the 
CFRP plays its full role in improving the performance of 
box-girder. For instance, the CFRP pasted in the bottom 
of experimental box-girder sustains tension like longitu-
dinal reinforcement, resulting in an increasing height of 
compression zone. 

Through comparing the strain contour maps of B1 and 
B5 from 30 kN·m to 45 kN·m, the effects of CFRP rein-
forcement can be revealed as follows:

 – At the same load level, the depth of compression of 
B5 is larger than that of B1, indicating the compres-
sion resistance of concrete can be fully utilized after 
wrapping with CFRP.

 – The area beyond ultimate tensile strain of B5 is less 
than that of B1, illustrating CFRP reinforcement can 
effectively restrict the development of concrete and 
improve the behavior of box-girder. 

Conclusions

An experimental investigation is carried out on one unre-
inforced RC box-girder and four RC box-girders strength-
ened with different CFRP wrapping schemes. Structural 
stressing state theory and methodology are applied to re-
veal tested box-girders’ invisible behavior characteristics 
hidden in the measured strain data. The qualitative leap 
characteristics of box-girders’ stressing state are detected 
by M-K criterion, which updates the definition of struc-
tural failure load. And the rationality is verified through 
analyzing the changing trends and distribution patterns of 
stressing state modes. 

Based on the strain distribution patterns of stirrups 
and longitudinal reinforcements, this paper also studies 
the effect of four CFRP wrapping schemes on the mechan-
ical performance of box-girder subjected to the combined 
action of bending, shear and torsion. Although all these 
reinforcement methods can enhance the experimental 
box-girders’ failure load and ultimate load, their effects 
on the performance of box-girders are distinguishable to 
some extent. For box-girders strengthened with U con-
figuration (B3, B4, B5), the shear contribution of stirrup 
is fully developed, even the measuring points at the corner 

Figure 12. The strain contour maps of B1 and B5
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of stirrup show large strain. On the other hand, for the 
box-girder with bottom-pasted CFRP (B2), the strain of 
measuring point located at the middle of each side of stir-
rup is further improved while that at the corner of stirrup 
is in a lower level. 

The NSF method is applied to reasonably expand the 
limited strain data to further explore the changing features 
of section strain field, which can also reveal the qualitative 
leap characteristic of stressing state characteristics. Mean-
while, compared with the contrast box-girder, the effect 
of CFRP reinforcement on the strain distribution of cross 
section can be observed vividly. 

Applying the stressing state theory to the measured ex-
perimental data, the achieved results reveal stressing state 
characteristics of box-girders. The reinforcement effects 
of four CFRP wrapping schemes on the experimental RC 
box-girders are investigated based on the theory of struc-
tural stressing state, providing appropriate reference for 
structural reinforcement.
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