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Abstract. The article determines natural frequencies of vibration and the corresponding mode shapes of a suspension 
bridge with the varying bending stiffness of cables and examines variations that occur in these characteristics with 
respect to parametric changes in the bridge. A single span suspension steel footbridge with flexible cables has been 
selected as an initial model used for studying the dynamic characteristics of a suspension system. With the help of the 
finite elements (FE) method, parameter studies of the bridge model are presented in which vibration characteristics are 
studied as a function of structural and material parameters such as the flexural stiffness of the cable and the mass density 
of structural components. It has been generally found that the bending stiffness of the main cable contributes to a consid-
erable effect on natural frequencies for this type of the suspension system. A simplified expression of predicting natural 
bending frequencies of the suspension bridge taking into account the bending stiffness of the cable has been developed 
for the application as the first step in the design process.
Keywords: suspension bridges, bending stiffness of the cable, mass of structural members, free vibrations, frequencies 
and mode shapes, FE analysis.

Introduction  

Cable supported bridges typically of long spans are the 
most important and attractive structures possessing a 
number of technical, economical and aesthetic advan-
tages. Increased deformability can be considered as the 
basic disadvantage of suspension systems. These struc-
tures are particularly susceptible to large vibrations in-
duced by traffic and wind actions sometimes leading to 
the problems of serviceability and safety (e.g. Barelli 
et al. 2006; Caetano 2007; Gimsing, Georgakis 2011; Ir-
vin et al. 2005). In general, the deformability of a sus-
pension system depends on the kinematic character of the 
displacements of a flexible suspension cable. As regards 
the analysis of suspension bridges, the main cables are 
generally assumed to have no bending stiffness and to be 
subject to axial tension only. 

There are different strategies for reducing the de-
formability of cable suspended structures (Faridani, 
Barghian 2012; Tabatabai, Mehrabi 2000). The common-
ly adopted structural measures consist of local or total 
structural modifications by changing mainly the stiffness 
or mass of a structure as well as through the installa-
tion of tuned mass dampers (Bruno et al. 2012; Carpineto 
et al.2010; Phongkumsing et al. 2001). 

As shown in our previous investigations, a possible 
strategy for the modification of the structural stiffness 
of the suspension system is the variation of the bending 
stiffness of the main cable (Grigorjeva et al. 2004, 2008). 
To account for the effect of the bending stiffness of the 
cable, analytical methods have been proposed (Grigor-
jeva et al. 2010; Juozapaitis et al. 2010, 2013). It has 
been shown that, compared with the common types of 
steel suspension bridges, the systems with cables of finite 
bending stiffness provide certain advantages such as a 
considerable reduction in system deformability under the 
action of symmetrical and asymmetrical static loading, 
simpler detailing and corrosion protection and saving ma-
terials. So far, according to the authors, investigation into 
the dynamic global response of the suspension bridges 
with account for the effect of the bending stiffness of the 
cables has not been carried out.

Many researchers have investigated the dynamic 
characteristics of cable supported bridges, including the 
effect of the bending stiffness of the cable and consid-
ering the cables isolated from the bridge structure (e.g. 
Ni et al. 2002; Takahashi, Chen 2006; Ricciardi, Saitta 
2008; Treyssede 2010; Sousa et al.2011; El Ouni, Kahla 
2012). The obtained results show that the bending stiff-
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ness of the cable contributes to a considerable influ-
ence on its natural frequencies, particularly of higher 
frequency modes. Some authors (e.g. Tabatabai, Meh-
rabi 2000; Ni et al. 2002; Caetano 2007) use the non-
dimensional parameter of the bending stiffness of the

cable 2 /HL EIξ = , where H is a horizontal compo-
nent of cable tension, L is cable length and EI is the 
bending stiffness of the cable. The natural frequencies 
of cable vibration can be expressed, for example (Geier 
et al. 2006), as k ks kf f α= × , where fks is the frequen-
cy of the cable at EI = 0; bending stiffness parameter 

222 /1)2/4(/21 ξπξα kk +++= ; k is mode number. In 
case 100≥ξ , which very frequently occurs in practice, 
the effect of the bending stiffness o the cable is negligible 
(Caetano 2007). Although, as regards very long span sus-
pension bridges having large diameter wire cables, the 
effect of their bending stiffness should be taken into ac-
count for an accurate evaluation of the modal properties 
of freely supported cables (e.g. Ni et al. 2002; Ricciardi, 
Saitta 2008). As for isolated cables, it should be stressed 
that there are many reported cases when a strong interac-
tion between cables and deck/towers have been observed 
thus affecting the global dynamic behaviour of bridge 
structures. Studies on the complex system of a slender 
suspension bridge with top, bottom and side cables could 
be also mentioned (Huang et al. 2005). The suspension 
system having increased top cable dimensions (diame-
ters) approximately up to 2.8 times leads to an increase 
in free vibration frequencies of the first lowest vertical 
and torsional-lateral modes by 1.67 and 1.37 times, ac-
cordingly. The frequencies of all coupled lateral–torsional 
modes also rise, but the frequencies of higher coupled 
torsional–lateral and vertical modes change slightly.

For designing suspension bridges, it is critical to 
know the natural frequencies of the structure. A number 
of researchers have developed numerous analytical meth-
ods for analysing free vibrations of suspension bridges 
(e.g. Banerjee 2003; Luco, Turmo 2010; also see the ref-
erences therein). The analysis and design of suspension 
bridges with flexible cables are based on the governing 
equation for motion, which requires a solution to com-
plex differential equations with a different degree of ap-
proximations. A more detailed dynamic analysis of cable 
supported structures can be made using finite-element 

methods. The finite-element approach eliminates the need 
to solve transcendental frequency equations providing the 
capability for deeper dynamic analysis.  

The main objective of this study is to investigate 
the influence of the bending stiffness of the main cables 
on the free vibration response of suspension bridges. The 
FE method has been used for simulating their dynamic 
behaviour. In numerical analysis, the effects of the self-
weight of the cable and stiffening girder have been stud-
ied. In addition, a simple analytic method for predicting 
bending natural frequencies of the suspension bridge tak-
ing into account the bending stiffness of the cable has 
been proposed.

1. Bridge description and the FE model

The effect of the bending stiffness of the main cable on 
free vibration characteristics of the suspension bridge 
has been analysed as an example of the project on the 
footbridge designed as a suspension steel structure. The 
elevation layout and cross section of the footbridge are 
shown in Figure 1.

The footbridge consists of a single span superstruc-
ture of 64 m in length and 4 m in width, which includes 
two main suspension cables, suspenders and the stiffen-
ing deck girder. The bridge deck consists of longitudinal 
hollow section steel beams with the stiffened orthotropic 
steel plate deck, cross girders and a thick polymer wear-
ing surface. For footbridge modelling, the structure has 
been slightly simplified (Fig. 2). The girder deck and ca-
bles are hinged to tower footings and tops respectively. 
The cables are free to rotate but fixed against translation 
in any direction at the towers.

The following data have been used in numerical 
simulations: L = 64.0 m, cable sag f0 = 6.5 m, the width 
of the deck – 4.0 m. Steel suspender rods of 20 mm in di-
ameter are equally spaced every 3.0 m and pinned to the 
main cable and stiffening girder. Their axial stiffness is 
EAs = 6.6×104 kN. In the initial suspension system, flex-
ible wire cables make 0.05 m in diameter. The rigidity of 
flexible cables is EAc = 41.2×104 kN and that of stiffening 
beam EIdx = 10.7×104 kNm2 and EIdy = 3870×104 kNm2. 
The dead load of the bridge deck is 10.14 kN/m and is 
constant along the span. A horizontal component of cable 
tension H = 774.8 kN.

Fig. 1. General layout of a suspension footbridge
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The effect of the bending stiffness of the cables on 
the modal properties of the basic model of the bridge has 
been studied by varying only the cross section of the ca-
bles, and, as a result, the cable of beam bending stiffness 
parameter ξ = EIc/EId = 0.2; 0.5; 1.0; 2.0 and 5.0. This 
leads to variations in the stiffness and mass properties of 
the component structure. The main rigid cables are steel 
members of a tubular cross-section with a varying mo-
ment of inertia. It should be mentioned that in long-span 
suspension bridges, for example, Messina Strait Bridge in 
Italy, the stiffness of the main cables becomes dominant 
with respect to that of the deck (Bartoli et al. 2009).

For all structural members, the basic material is steel 
with E = 210 GPa, μ = 0.3 and γ = 7850 kg/m3.

A dynamic as well as static non-linear analysis of 
the bridge model was carried out using the 3D FE model 
developed in program package MIDAS Civil, as shown 
in Figure 3. Elements TRUSS3D were used for represent-
ing the flexible cable and suspenders. Beam elements 
BEAM3D were applied for rigid cables and the stiffen-
ing girder. 

The studies using the developed model consisted of 
the analysis of its static behavior under the self-weight 
load followed by the simulation of free dynamic response 
and the extraction of natural frequencies and correspond-
ing mode shapes of the whole structure.

2. Static behavior of the model for the bridge 

To investigate the static stiffness of the model for the 
suspension bridge with the varying bending stiffness of 
cables, the displacement of the self-weight load of the 
bridge was calculated using the 3D FE developed model 
(see Fig. 3).

Figure 4 shows vertical displacements of the stiffen-
ing girder under the action of a symmetrical dead load 
as a function of the bending stiffness parameter ξ of the 
cable. Vertical displacements of the stiffening girder are 

reduced due to the participation of the rigid cable as a 
part of the suspension system. The magnitude of a reduc-
tion will depend on the bending stiffness of cables. The 
main reduction in displacements at mid-span by about 
80% is observed only at the lowest value of the parameter 
ξ = 0.2 of cable stiffness. This illustrates that the bending 
stiffness of the cable has a significant effect on the stiffness 
of the whole system and thereby inevitable will influence 
its dynamic behaviour. 

Vertical displacements of the bridge at the mid-span 
obtained from FE analysis have been compared with 
available analytical formulae suggested in our previous 
investigations (Grigorjeva et al. 2010).

The vertical deflection of the bridge at mid-span is 
expressed in the form:

 
4

2
0

0,375
16 28,8 30

st
c c d

mL
f EA EI EI

∆ =
+ +

, (1)

where: m is self-weight per unit length of the span, 
[kN/m]; f0  is cable sag, [m]; EAc is the  axial stiffness of 
the cable, [kN]; EIc and EId is the bending stiffness of the 
cable and deck respectively, [kNm2].

Mid-span deflections are given in Figure 5. A com-
parison shows that vertical displacements at mid-span ob-
tained by numerical simulations are very similar to ana-
lytical results (maximum difference is within 5%). 

3. Modal parameters of the model for the bridge 
with flexible cables

Suspension bridges as slender structures having low 
damping characteristics can exhibit a large number of 
pure as well as coupled vibration modes. In the initial 
step, fifty lower natural modes with corresponding natu-
ral frequencies in the range of 0–10 Hz were extracted 

Fig. 2. Model for a single span suspension bridge 

Fig. 3. A finite element space model of the bridge

Fig. 4. Curves of a vertical displacement under the self-weight 
load versus the stiffness parameterx of the cable
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from FE analysis. However, for practical purposes, in  
total, only eight lowest modes with their associated mode 
shapes were analysed. Natural frequencies of the identi-
fied modes are reported in Table 1 and mode shapes are 
shown in Figure 6.

The observed modes can be classified as pure bend-
ing (V) and coupled torsional-lateral (T-L) or lateral-tor-
sional (L-T) modes of the suspension structure (Table 1). 
The first lowest natural frequency appears at 0.616 Hz 
with a one-node vertical asymmetric bending mode. Note 
that vertical V1 and torsional T1 symmetric modes with 
one half waves were not identified. The symmetric mode 
with one half of the wave cannot exist if the cable is 
inextensible and supports are fixed (Gimsing, Georga-
kis 2011). As shown in Figure 6, there are slight lateral 
vibrations of the system, and a coupling effect between 
torsional and lateral motion in every mode can be ob-
served. Modes 3, 7 and 8 are dominated by torsional vi-
bration and mode 5 by – lateral vibration.  The domi-
nant first horizontal mode shape (frequency 2.797 Hz) 
has significant torsional rotation. The frequency ra-
tio between the first torsional and first vertical modes  
(fT2/fV2 = 1.812/0.616 = 2.94) suggests that this type of 
the bridge has relatively high structural torsional stiffness 
(Bruno et al. 2011).

4. Modal parameters of the model for the bridge 
with the varying rigidity of cables

Vertical frequencies. The frequencies of all vertical reso-
nant modes of vibration for a different stiffness param-
eter ξ of the cable are presented in Table 2 and Figure 7. 
Stiffening effect is clearly observed. It is evident that the 
natural frequencies of the system are increased with an 
increment in the bending stiffness of cables (Fig. 7a). 

Fig. 5. A comparison of mid-span deflections obtained by FE 
analysis and analytical formula (1) for different values of the 
bending stiffness parameter ξ of the cable

Table 1. Computed eigen-frequencies and eigen-modes

Mode No Frequency [Hz] Character of eigen-mode
1 (V2)
2 (V3)
3 (T2-L)
4 (V4)
5 (L-T3)
6 (V5)
7 (T4-L)
8 (T5-L)

0.616
1.128
1.812
2.392
2.797
3.632
3.668
4.744

2nd vertical
3rd vertical
2nd torsional-lateral
4th vertical
3rd lateral-torsional
5th vertical
4th torsional-lateral
5th torsional-lateral

Fig. 6. Mode shapes of the first four vertical (a) and four coupled torsional (b) 
modes of the model for the bridge
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It should be noted that all modes retain the same mode 
shapes as of the initial system with flexible cables. 

Figure 7b shows that, within the range of ξ investi-
gated, the frequency ratio between the frequencies of the 
system with stiffened cables, fV(ξ), and that of the original 
system, fV(0), was up to 1.6 times higher for asymmet-
ric modes and up to 1.8 times – for symmetric modes. 
Higher natural vertical frequencies might be attributed 
to increase the dynamic stiffness of the whole suspen-
sion system. Reordering vibration modes is observed. 
Modes V4 and V5 that occurred in order 4 and 6 at  
ξ = 0, become the fifth and seventh respectively at  
ξ  = 0.2. Further, mode V5 changes his position to number 8 at  
ξ = 2.0. The second mode V3 in position 2 becomes  
mode 3 only at ξ = 5.0. 

Torsional frequencies. The frequencies of all tor-
sional resonance modes of vibration for the different stiff-
ness parameter ξ of the cable are presented in Table 3 and 
Figure 8. First, it can be observed that the effect of cable 
parameter ξ on torsional frequencies is weaker that on 
vertical modes (Fig. 8a). It is also evident that cable stiff-
ness has a different effect on torsional natural modes. Fig-
ure 8b shows that stiffened cables, with respect to those 
having zero bending stiffness (ratio )0(/)( TT ff ξ ), in-
crease by about 1.25 times only regarding the frequencies 
of higher modes (T4 and T5) while the first two lower 

Table 2. Natural vibration frequencies and the frequency ratio of the first four vertical modes

ξ =EIc/EId fV2, [Hz] fV2(ξ )/fV2(0) fV3, [Hz] fV3(ξ )/fV3(0) fV4, [Hz] fV4(ξ )/fV4(0) fV5, [Hz] fV5(ξ )/fV5(0)
0 0.616 1 1.128 1 2.392 1 3.632 1

0.2 0.683 1.11 1.404 1.25 2.672 1.12 4.613 1.27
0.5 0.695 1.13 1.433 1.27 2.720 1.14 4.685 1.29
1.0 0.730 1.185 1.503 1.33 2.851 1.19 4.903 1.35
2.0 0.801 1.30 1.652 1.47 3.131 1.31 5.412 1.49
5.0 0.982 1.60 2.031 1.80 3.824 1.60 6.538 1.80

mode frequencies slightly decrease and the rate of reduc-
tion is the largest in the first mode T2. It can be assumed, 
that a decrease might possibly be attributed to the ec-
centric mass of the cables. This, for instance, in Messina 
Bridge with a high mass of the cables (Bartoli et al. 2009; 
Bruno et al. 2011). The contribution of cable stiffness 
compared to the effect of eccentric masses is small in 
the lower ranges of ξ and slightly increases with param-
eter ξ. The frequency ratio between the first torsional T2 
and first vertical V2 modes (fT2/fV2) gradually decreases 
from 2.94 at ξ = 0 to 1.73 at ξ = 5.0 suggesting that the 
structural torsional stiffness of the bridge reduces. On the 
other hand, a reduction in this frequency ratio decreases 
the risk of the occurrence of flutter instability that is one 
of the major sources of concern for suspension bridges 
(Bartoli et al. 2009). Reordering all torsional modes is 
also observed. Torsional frequencies tend to reduce and, 
at the same time, vertical frequencies tend to increase 
influencing the sequence of mode shapes. Changes in the 
sequence of natural mode shapes are also observed in 
shallow suspension bridges (Huang et al. 2005). All tor-
sional modes retain the same mode shapes as of the initial 
system with flexible cables. 

Finally, the results of numerical simulation obtained 
in this section show that the bending stiffness of the cable 
contributes to a considerable effect on the global natural 

Fig. 7. The effect of the stiffness parameter ξ of the cable on the natural frequencies 
of vertical modes (a) and the frequency ratio of the system with stiffened cables, fV(ξ) 
and that of the original system, fV(0) (b)

a)

b)
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frequencies of the suspension structure. It is interesting to 
note, that in the simple beam theory, to rise the dynamic 
bending stiffness of a structure, for example, 1.8 times 
(ξ = 5.0), its stiffness must be increased by a factor of 
3.24 without rising mass at the same time. If mass grows, 
stiffness has to be increased even more. It seems that a 
strong cable-deck interaction with a dominant role of the 
stiffened cables exists affecting the global behavior of the 
suspension structure. 

5. Effect of mass of the cable and the deck
There are various types and grades of metals and com-
posite materials commonly used for bridge construction. 
The most sensitive parameters for simulating a finite ele-
ment model of the suspension bridge to be considered 
and affecting the modal behavior of suspension systems 
include geometry and material properties such as elastic 
modulus (E and G) and mass density (γ). The effect of 
geometry and elastic parameters on the stiffness of struc-
tural members (cables and stiffening girder) and, as a re-
sult, on the global dynamic behavior of the bridge can be 
observed through the dimensionless stiffness parameter ξ 

of the cable analysed in the previous section. Variations in 
the cross sectional area of the cable or the elastic proper-
ties of the material lead to variations in parameter ξ. This 
section analyses the effect of the material density of the 
cable and the girder on the modal behavior of the model 
for the bridge.

The self-weight effect of the cables and stiffening 
girder is represented by the relative mass density γ/γ0 of 
component members where γ0 = 7850 kg/m3 is the initial 
value of steel mass density used in the current model. 
Numerical simulations of ratio γ/γ0 0.25; 0.50; 0.75; 1.0; 
1.25 approximately covering all practical cases were ob-
served. 

Main cables. The relationships of frequency f-ratio 
γ/γ0 for the lowest two vertical and two torsional modes 
were computed considering two values of stiffness pa-
rameters ξ = 0 and ξ = 2.0 of the cable for comparison 
and are plotted in Figure 9, which clearly shows that the 
effect of γ/γ0 on the natural frequencies of the initial sys-
tem is generally negligible, because the mass of flexible 
cables for this type of the structure compose only about 
3% of its total mass. However, in the case of ξ = 2.0, the 

Table 3. Natural vibration frequencies and the frequency ratio of the first four torsional modes 

ξ =EIc/EId fT2, [Hz] fT2(ξ)/fT2(0) fT3, [Hz] fT3(ξ)/fT3(0) fT4, [Hz] fT4(ξ)/fT4(0) fT5, [Hz] fT5(ξ)/fT5(0)
0 1.812 1 2.797 1 3.668 1 4.744 1

0.2 1.789 0.99 2.473 0.88 3.697 1.01 4.928 1.04
0.5 1.730 0.95 2.436 0.87 3.702 1.01 5.066 1.07
1.0 1.690 0.93 2.443 0.87 3.728 1.02 5.175 1.09
2.0 1.669 0.92 2.486 0.89 3.928 1.07 5.334 1.12
5.0 1.697 0.94 2.545 0.91 4.509 1.23 5.934 1.25

Fig. 8. The effect of the stiffness parameter ξ of the cable on the natural frequencies 
of torsional modes (a) and the frequency ratio of the system with stiffened cables, 
fT(ξ), and that of the original system, fT(0) (b)

a)

b)
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tendency for increasing frequencies with a decrease in 
the mass parameter γ/γ0 of the cable, particularly for its 
lower values, is observed. The effect of the mass den-
sity of the cable can be expressed in terms of frequency 
ratios )1/(/)/( 00 =γγγγ ff , where 1)/( 0 =γγf  is the 
vertical or torsional frequency of the suspension system 
made of a traditional steel material. Figure 10 shows that 
in case of relative mass density γ/γ0 = 0.25, the value of 
frequencies can be as high as 1.2. 

The effect of rigid cables on the natural vertical and 
torsional frequencies of the original suspension system is 
computed as the frequency ratio between the frequencies 
of the system with stiffened cables f(ξ) and that of the 
original system f(0) and is plotted in Figure 11. Gener-
ally, the frequency ratio increases monotonically with a 
decrease in ratio γ/γ0. It should be noted that a variation 
of the self-weight of the cable causes reordering some 
vertical and torsional modes. Modes V4 and V5 occurred 
in order 4 and 6 at ξ = 0, become the fifth and seventh 
respectively at ξ = 2.0. Torsional modes T3 and T4 from 
positions 5 and 7 at ξ = 0 have dropped to positions 4 
and 6, accordingly. 

Stiffening girder. To illustrate the effect of the ra-
tio γ/γ0 of the mass density of the deck on the relative 

frequency of the system taking into account two values 
of stiffness parameters ξ = 0 and ξ = 2.0 of the cable, 
simulation data are plotted in Figure 12. A clear tendency 
for rising frequencies with decreasing the parameter γ/γ0 
of the mass of the deck at an increasing nonlinear rate 
is observed for both flexible and rigid cable systems. A 
decrease in ratio γ/γ0 from 1.0 to 0.25 may lead to a 70% 
increase in the natural frequency of this type of the struc-
ture. As expected, this increase is more significant for the 
initial system with flexible cables. The influence of γ/γ0 
is also stronger on the vertical modes of both systems. 

The frequency ratio, f(ξ)/f(0), of all vertical and tor-
sional modes increases with higher γ/γ0 and thus, the self-
weight of the deck. The obtained results are shown in 
Figure 13. A comparison shows that the value of ratio γ/γ0 
has a much greater effect on vertical symmetrical modes (V3 
and V5) and higher frequency torsional modes (T4 and T5).

Fig. 10. The ratio between the frequency of the model with the 
variable mass f(γ/γ0) of the cable and that of the original system 
f(γ/γ0 = 1) for all vertical and torsional modes versus the ratio 
γ/γ0 of the mass density of the cable considering two values of 
stiffness parameters ξ = 0 and ξ = 2.0 of the cable

Fig. 11. The ratio between the frequency of the model with 
stiffened cables f(ξ) and that of the original system f(0) for all 
vertical and torsional modes versus the ratio γ/γ0 of the mass 
density of the cable considering the stiffness parameter ξ = 2.0 
of the cable

Fig. 9. The effect of the ratio γ/γ0 of the mass density of the cable 
on the lowest two natural frequencies of vertical (a) and torsional 
modes (b) considering two values of stiffness parameters ξ = 0 
and ξ = 2.0 of the cable

a)

b)
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Finally, numerical simulation results obtained in this 
section show that, in certain cases, a decrease in the mass 
of structures can lead to a favourable effect on the dy-
namic behaviour of the system because it shifts the reso-
nant frequencies of vertical modes to higher values. This 
effect is more marked for the bridge deck but becomes 
less significant for the cable system. It seems, although, 
that, in some cases, the application of light-weight mate-
rials, for example, FRP, comparing to traditional materi-
als, can be reasonable and advantageous.

6. Analytical natural frequencies

There are a number of studies based on analytical and 
experimental work to predict the natural frequencies of 
typical bridges. Various specifications of bridge design 
also use similar expressions of calculating fundamental 
bending frequency with the aim to control structural vi-
brations. It seems, however, that no specific equations are 
given as regards the calculation of the flexural fundamen-
tal frequency of suspension bridges with stiffened cables 
that can be used for preliminary design. 

A simple expression, based on the simple beam the-
ory about finding period of natural flexural vibrations of 
the suspension bridges is presented in Gibshman (1969): 

 
2

2 2 2
2

( )
L mT
i g i EI HLπ

=
+

, (2)

where: i is mode number; L is span length; g = 9.81[m/s2] 
is acceleration due to gravity; m is self-weight per unit 
length of the girder; EI is the flexural stiffness of the 
stiffening girder and H is a horizontal component of ca-
ble tension.

On the basis of numerical simulation results present-
ed in this paper, the Eqn (2) was slightly modified adding 

a correlation term for the bending stiffness of the cable. 
The proposed equation is as follows:
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The horizontal component of cable tension H(ξ) is 
determined from the expression (Grigorjeva et al. 2010):
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The vertical deflection of the cable at mid-span Δf0 
is given by the expression:
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where: m = mc + md is weight per unit length of the cable 
and deck respectively, [kN/m]; f0 is the initial cable sag, 
[m]; EAc and EIc is tension and the bending stiffness of 
the cable, [kN] and [kNm2], respectively; EId is the bend-
ing stiffness of the deck, [kNm2].

In order to check the validity of the proposed equa-
tion, the predicted natural vertical frequencies of the giv-
en suspension system were compared with available FEA 
data. Figure 14 illustrates a comparison between the pre-
dicted and experimental frequencies of the varying stiff-
ness of the cable. 

In general, the values calculated by Eqn (3) are rea-
sonably close to those determined by FE analysis. The 
average ratio between the frequencies of the model com-
puted by FEA and those obtained by Eqn (3) for all x 
values (0–5.0) is 0.970 for mode V2; 0.968 for mode 
V3; 1.094 for mode V4; 1.209 for mode V5; and 1.039 
for mode V6 with a standard deviation of 0.038, 0.0764, 
0.0892, 0.1241 and 0.0957, accordingly.

Fig. 12. The ratio between the frequency of the model with the 
variable mass f(γ/γ0) of the deck and that of the original system 
f(γ/γ0 = 1) for all vertical and torsional modes versus the ratio 
γ/γ0 of the mass density of the deck considering two values of 
stiffness parameters ξ = 0 and ξ = 2.0 of the cable

Fig. 13. The ratio between the frequency of the model with 
stiffened cables f(ξ) and that of the original system f(0) for all 
vertical and torsional modes versus the ratio γ/γ0 of the mass 
density of the deck considering the stiffness parameter ξ = 2.0 
of the cable
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Conclusions

A single span steel bridge as a model of a cable sus-
pended structure has been investigated subject to free 
vibration response. The static nonlinear analysis model 
developed in program package MIDAS Civil has been 
used for undertaking a parametric evaluation of the ei-
gen frequency values of the model for the bridge. The 
first eight lowest natural vibration modes in the range 
of 0–5 Hz have been analysed. The investigated param-
eters included the bending stiffness of the cable, the mass 
of cables and the bridge deck. Numerical simulations of 
the given system show that the bending stiffness of the 
cable contributes to a considerable effect on the natural 
frequencies of the overall suspension system and affects 
vertical modes more significantly than torsional ones. The 
bending stiffness of the cable is also more important for 
vertical symmetric modes. It is also observed that the first 
lower frequencies of the torsional modes can slightly de-
crease when cable stiffness increases, probably, due to 
a rise in the eccentric mass of cables. The higher stiff-
ness of the cable results in a delay in torsional modes 
and higher vertical modes leading to reordering vibration 
modes. 

The factor γ/γ0 of the mass density of cables does 
not make considerable changes in the values of the fre-
quencies of the system with flexible cables. Both vertical 
and torsional frequencies of the system with rigid cables 
slightly increase with a reduction in the self-weight of the 
cable. The effect of the factor γ/γ0 of the mass density of 
the bridge deck is clearly observed for both flexible and 
rigid cable systems and the influence on the initial system 
is stronger. The geometry and material properties of the 
main cable, including the modulus of elasticity (E) and 
density (γ) values would affect flexural (EI) and torsional 
(GJ) rigidities of cross sections and, as a result, various 
values of the dynamic stiffness of the whole suspension 
system.

A simple expression predict in bending natural fre-
quencies of the suspension bridge with the varying bend-
ing stiffness of the main cables has been presented for the 
application as the first step in the design process.
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