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Abstract. This work presents the development and implementation of the Multiple Regression Analysis (MRA)
model to Seismic-Isolation (SI) systems consisting of Natural Rubber Bearings and Viscous Fluid Dampers subject
to Near-Field (NF) earthquake ground motion. A model representing a realistic five-story base-isolated building is
used. Several damper properties are used in creating an array of feasible combinations for the SI system. Two
ensembles of seven NF earthquake records are utilized representing two seismic hazard levels. The key response
parameters investigated are the Total Maximum Displacement, the Peak Damper Force and the Top Story
Acceleration Ratio of the isolated structure compared to the fixed-base structure. Mathematical models for the key
response parameters are established via MRA. The MRA models produced acceptable results with significantly less
computation. This is demonstrated via a practical example of how the MRA models would be incorporated in the
design process, especially at the preliminary stages.
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Introduction

Seismic-Isolation (SI) with and without supplemental

damping for energy dissipation has proven to be an

effective method of control for structures during

seismic events. Many types of isolators exist commer-

cially today, which are capable of supplying the system

with significant added damping such as the High-

Damping Rubber (HDR) bearings and Lead-Rubber

Bearings (LRB). On the other hand, other types have

little damping to offer such as the Natural Rubber

Bearings (NRBs) (Skinner et al. 1993; Kelly 1997;

Naeim, Kelly 1999).

Jangid (2005) investigated the optimum use of

the Friction Pendulum System (FPS) isolators for

Near-Field (NF) earthquake motion in multi-story

buildings. He evaluated the response of the system to

six records of NF earthquakes and derived the

optimum friction coefficient of the FPS. That was

done such that it minimized both the top floor

acceleration and the total horizontal sliding distance.

It was concluded that the optimum friction coefficient

for FPS for NF earthquake motions is in the range

between 0.05 and 0.15. Matsagar and Jangid (2005)

also investigated the use of viscoelastic dampers as

connectors between seismic-isolated buildings and the

adjacent buildings whether seismic-isolated or fixed-

base buildings. It was concluded that the introduction

of the dampers enhances the performance of the

seismic-isolated buildings and reduces the chances of

pounding between buildings.

Typical Far-Field (FF) response of seismic-iso-

lated structures is manageable, compared to the high

demands of a NF event (Rodriguez-Marek 2000;

Jangid, Kelly 2001). Other researchers have also

investigated the effectiveness of supplementing LRB

isolators with dampers in controlling the NF re-

sponses of Reinforced Concrete (RC) buildings (Cho-

pra, Chintanapakdee 2001; Macrae et al. 2001;

Makris, Black 2004). With high-velocity pulses and

high displacement demands, many NF situations

require impractical isolator bearing dimensions and
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designs. In such situations, utilizing HDR bearings,

LRB or FPS alone is not the best engineering

solution. Consequently, supplemental damping is

needed to reduce the horizontal displacement de-

mands, otherwise structural integrity could potentially

be jeopardized (Providakis 2008, 2009). The combined

isolation system of HDR or LRB with viscous

dampers seem to work well in the NF regions, where

the ground shaking characteristics are capable of

producing pulses with velocity of 0.5�1.5 m/s and

durations of 1�3 s. Unfortunately, this combined

system does not perform desirably in moderate or

strong FF events due to the secondary forces produced

by the dampers and their complex coupling effects

(Providakis 2008), as well as the higher modes effects.

When faced with the challenge of limiting the

Total Maximum Displacement (DTM) to practical

limits, especially in NF sites, often times the designer

would rely on Viscous Fluid Dampers (VFDs). The

basis of this practice is the capability of velocity-

dependent devices to provide higher damping levels

without significantly stiffening the structure as com-

pared to displacement-dependent (hysteretic) damping

devices. Moreover, since the peak velocities and peak

displacements are out-of-phase of each other, the

device-produced forces at the seismic-isolation inter-

face are constrained to manageable levels.

The state-of-the-practice involves carrying out

preliminary calculations and analyses using typical

HDR bearings or LRB which provide a moderate

amount of hysteretic damping. No supplemental

dampers are used in these initial calculations. These

preliminary calculations could readily conclude

whether or not supplemental damping would be

required. An example of such exercise is presented in

a subsequent section. Once supplemental damping is

deemed necessary, many designers would prefer utiliz-

ing the linear behavior of NRB isolators combined

with the supplemental damping provided by VFDs;

the use of such a system often results in additional

uniformity to the story forces induced in the super-

structure due to the reduced out-of-phase velocity and

displacement peak responses. This system has also

been used in many projects in the USA and Japan

(Hussain et al. 1993; Hussain 1994; Hussain, Retamal

1994; Hussain, Al Satari 2007a, b, 2008; Al Satari,

Abdalla 2009; AlHamaydeh, Hussain 2010; Kani,

Nishikawa 2010).

This study utilizes Multiple Regression Analysis

(MRA) to model the behavior of the combined NRB-

VFD system under dual-level ensembles of NF earth-

quake motions. The overall SI system performance is

evaluated for different supplemental damping proper-

ties. For that purpose, a Multi-Degree-Of-Freedom

(MDOF) system is adopted and described in subse-

quent sections. The key response parameters consid-

ered are the DTM, the Peak Damper axial Force (PDF)

and the Top Story Acceleration Ratio (TSAR) of the

isolated structure compared to the fixed-base struc-

ture. The top floor acceleration was used as a direct

measure of the isolation system efficiency. By compar-
ing the top floor acceleration of the isolated structure

to the top floor acceleration of the benchmark fixed-

base structure, the efficiency of the isolation system

can be quantified. Consequently, this parameter was

selected as a major performance descriptor. However,

attempting to minimize the TSAR without monitoring

other parameters could potentially result in excessive

and unrealistic DTM demands. Consequently, the DTM

as well as the base shear (Vb) are considered as key

performance criteria. For design purposes, the most

efficient system can later be selected based on the

trade-off between minimizing the floor accelerations

on one hand and minimizing the DTM and Vb on the

other.

1. Model description

1.1. The damping system

The fluid viscous damper force�velocity behavior is

governed by the mathematical expression described in

Eqn. (1):

FD ¼ c sgnð _vÞ _vj ja; (1)

where: FD is the damper force (kN), c is the damping

coefficient (kN-(s/m)a), _n is the damper extensional

velocity (m/s); a is the velocity exponent (for a linear
damper, a�1) and sgn denotes signum function

describing the velocity sign. In seismic applications,

nonlinear dampers with damping exponent less than

unity are preferred due to their softening or yielding

nature at higher velocities and the stiffening effect at

lower velocities. This nonlinear characteristic results in

significant reduction of base displacement in response

to strong ground shaking, particularly in NF situa-
tions. Furthermore, it puts practical limitations on the

amount of force transferred to the structural elements.

Although some manufacturers can produce dampers

with a value as low as 0.1, the typically used values

range from 0.4 to 0.7.

In this study, the damping exponent values

considered range from 0.4 to 1.0 with intermediate

values equally spaced at 0.15 intervals. Except when
a�1, the damper elements are behaving nonlinearly

and they are the only part of the model that could

exhibit nonlinearity. The superstructure of an isolated

structure is typically expected to remain near-elastic

throughout significant seismic events, which justifies

the linear analysis here. The considered values for the

damping coefficient c range from 175 to 525 kN-

(s/m)a with intermediate values equally spaced at
intervals of 88 kN-(s/m)a. The five different c and a

values are used to generate 25 combinations to be

investigated in the analysis.
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1.2. SAP2000 modeling of the MDOF system

To include higher modes influence in the base isola-

tion behavior, MDOF systems should be considered.
The numerical analysis of the proposed MDOF

system was conducted using the commercial finite

element code SAP2000 (CSI 2010). For this study, a

simple lumped-mass stick model is used to represent a

five-story base-isolated building which has been

introduced by Kelly et al. (1987). The masses in the

SAP2000 model are assigned as lumped (concen-

trated) and the stick model utilizes generic frame
elements. Table 1 illustrates the material properties

including the mass and stiffness at each story for the

adopted system, as well as the modal information for

the first six vibration modes of the MDOF system.

The building structural parameters and isolator prop-

erties are proportioned such that the fundamental

period of vibration is 2.5 s and the modal damping is

5% of critical. The MDOF system has been modeled
in three different configurations (boundary condi-

tions) for comparison: (1) fixed base, (2) isolated

without dampers, and (3) isolated with dampers.

Figure 1 shows the SAP2000 model used to model

the MDOF system. To account for accidental torsion

in the superstructure that would be produced by the

most disadvantageous location of eccentric masses,

the story masses are shifted by 5% of the typical
diaphragm dimension to create rotational masses.

It should be emphasized that the proposed

SAP2000 stick (mass-spring) model is a replica of

the original model proposed by Kelly et al. (1987), and

has the same natural frequencies (periods) as pre-

sented in Table 1. The natural frequencies produced by

the SAP2000 model are matching their counterparts

from the original model, which validates the dynamic
analysis results performed by the SAP2000 model.

1.3. The ground excitation

There are different parameters to characterize and

quantify earthquake demand and damage potential.

The Peak Ground Acceleration (PGA) and Peak
Ground Velocity are good examples of such para-

meters. Although they are naturally related to ground

shaking intensity, unfortunately, both have limitations

and can offer only partial description of seismic
activity. The Arias Intensity (Ia), first introduced by

Arias (1970), is adopted here as the main descriptor of

the ground motion excitations for its ability to capture

the earthquake amplitude variation, frequency con-

tent and duration. Although the Arias Intensity is a

simple index, it serves as a powerful indicator of

potential damage in many engineering applications.

The Arias Intensity is proportional to the integral over
time of the acceleration history squared. It can be

computed using the following Eqn. (2):

Ia ¼
p

2g

ðt

0

aðtÞ2dt; (2)

where: a(t) is the ground acceleration history in g’s,

and g is the gravitational acceleration. Because the

Arias Intensity is a second-order tensor by definition,

its trace is an invariant and does not depend on the

axis orientation (Ix�Iy �constant). Furthermore, the
time domain characterization of the earthquake

records is sensitive to directivity effects. Such effects

can be particularly significant in near-fault areas

Table 1. MDOF system parameters (Kelly et al. 1987)

Story

Mass

(kg)

Stiffness

(kN/m) Mode

Period of

vibration (s)

5 5897 19,059 6 0.048

4 5897 24,954 5 0.057

3 5897 28,621 4 0.073

2 5897 29,093 3 0.115

1 5897 33,732 2 0.313

Isolation

system

6800 232 1 2.500

Fig. 1. SAP2000 MDOF model

Journal of Civil Engineering and Management, 2013, 19(5): 665�682 667



where forward directivity could potentially produce

high-velocity pulses.

To represent realistic and practical ground mo-

tion records used for design of base-isolated struc-

tures, two suites of ground motion records are used

from anther publication by the lead author (AlHa-

maydeh, Hussain 2010). The two ensembles have been

prepared for a real seismic-isolated building in Fonta-

na, California, as part of a complete Probabilistic

Seismic Hazard Analysis. The ground excitations

represent two intensity levels: Maximum Considered

Earthquake (MCE) and Design Basis Earthquake

(DBE) corresponding to 950 and 475 years Average

Return Periods (ARP), respectively. Seven pairs of

horizontal ground acceleration records for each level

were scaled to match a target design response spec-

trum in accordance to the (CBC’10) 2010 California

Building Code (ICBO 2010). Table 2 summarizes the

selected ground motions for both MCE and DBE

levels. Figure 2 shows the design response spectra for

the 475- and 950-years APR, respectively. Figure 3

shows a sample earthquake after matching it to the

design response spectrum.

2. Results and discussion

2.1. Time-history analysis

The commercial analysis program SAP2000 was used

to perform the Time-History Analysis (THA) of the

MDOF system subject to all 14 records. The analyses

were performed for all three MDOF systems repre-

senting the benchmark fixed-base, as well as the

isolated buildings with and without dampers. For

each of the records, three key response parameters

were considered: the DTM, the Peak Damper Force

(PDF) and the TSAR at the isolated and the fixed

structures.

Tables 3�7 summarize the results for the three

response parameters when the 25 different combina-

tions of damping coefficients and damping exponents

are investigated under the 14 earthquake records. The

total number of considered THA combinations is 350

(5 c values�5 a values�14 records). The response

parameters are observed to vary with different trends

as the system damping levels are varied. For instance,

as the damping is increased, DTM decreases with a

steep slope that gradually plateaus at higher damping

levels. On the other hand, the PDF increases with

increasing the damping coefficient and exponent for

all the analysis runs. Furthermore, the TSAR de-

creases with initial introduction of damping and then

increases forming concaved-up surfaces. This marks

the existence of an optimum practical design solution

within the limits of the variables chosen.

The effect of introducing different damping levels

(c & a values) on the considered response parameters

(DTM, PDF & TSAR) is illustrated in Figures 4�6. It

should be noted that increasing the damping coeffi-

cient and exponent results in raising the top floor

acceleration under the different excitation ground

records.

2.2. Multiple regression analysis

The basic idea of regression is to relate a dependent

variable Y to a vector of independent variables X �[x1,

x2, . . . , xk]T. Linear regression is characterized by the

fact that the prediction equation depends linearly on

one or more unknown parameters. On the other

hand, nonlinear regression is often used to develop

empirical models with arbitrary relationships (usually

Table 2. Ground motion records (AlHamaydeh, Hussain 2010)

Shaking level

Earthquake

label Event name (station) Magnitude

PGA/Arias Intensity

(m/s)

Distance to fault

(km)

475-years ARP EQ1 1999 Hector Mine (Hector) 7.1 0.71/6.6 10.7

EQ2 1999 Izmit-Kocaeli, Turkey

(Yarimca)

7.4 0.77/5.3 2.6

EQ3 1999 Duzce, Turkey (Duzce) 7.1 0.69/6.6 8.2

EQ4 1989 Loma Prieta (Saratoga) 7.0 0.72/5.0 4.1

EQ5 1992 Landers (Yermo) 7.3 0.69/7.1 31.0

EQ6 1994 Northridge (Rinaldi) 6.7 0.70/4.5 8.6

EQ7 1994 Northridge (Newhall) 6.7 0.66/6.8 10.9

950-years ARP EQ8 1999 Hector Mine (Hector) 7.1 0.89/10.0 10.7

EQ9 1999 Izmit-Kocaeli, Turkey

(Yarimca)

7.4 0.99/8.4 2.6

EQ10 1999 Duzce, Turkey (Duzce) 7.1 0.83/10.1 8.2

EQ11 1989 Loma Prieta (Saratoga) 7.0 0.87/7.8 4.1

EQ12 1992 Landers (Lucerne) 7.3 0.84/10.7 1.1

EQ13 1994 Northridge (Rinaldi) 6.7 0.87/7.1 8.6

EQ14 1994 Northridge (Newhall) 6.7 0.88/10.0 10.9
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nonlinear) between independent and dependent vari-

ables. This is typically accomplished via iterative

estimation algorithms. Often times, one can adopt

linear least squares to achieve this. The nonlinear

regression method involves creating new variables

from the original data, such that they are nonlinear

functions of the original variables. If the new variables

are constructed properly, the nonlinear function of

the original variables can be expressed as a linear

function of the new variables. Inspection of graphical

Fig. 2. Design response spectra for DBE and MCE levels (AlHamaydeh, Hussain 2010)
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representations of the variables pairs through scatter

diagrams can provide an overview of the inherent

relationships (direct, inverse, linear, nonlinear, etc.). If

curvature in the relationships is evident, transforming

the variables and/or explicitly allowing for nonlinear

components could be utilized (El-Shaarawi, Walter

2002).

2.2.1. Mathematical modeling based on MRA

The dynamic behavior of the SI system is complex and

can be sensitive to several parameters. Therefore, more

simplified models that predict the response parameter

of the SI system with reasonable accuracy are sought.

The theoretical results based on SAP2000 program

Fig. 3. Sample of a response spectrum-matched time history record (AlHamaydeh, Hussain 2010)

Table 3. Response parameters when C �175 kN-s/m

PDF (kN) DTM (m) TSAR

a a a

Earthquake ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1

EQ1 19.6 31.1 44.9 61.3 83.6 0.70 0.49 0.40 0.29 0.20 0.14 0.186 0.156 0.144 0.138 0.157 0.180

EQ2 22.2 36.5 53.4 71.6 88.5 0.92 0.57 0.45 0.33 0.24 0.19 0.237 0.170 0.146 0.124 0.127 0.184

EQ3 20.0 33.4 50.7 70.4 89.9 0.69 0.48 0.40 0.30 0.20 0.17 0.175 0.139 0.127 0.115 0.127 0.175

EQ4 22.2 36.5 58.7 89.0 124.1 0.72 0.50 0.43 0.35 0.27 0.20 0.185 0.156 0.145 0.138 0.174 0.217

EQ5 21.4 35.1 54.7 79.3 105.9 0.74 0.47 0.38 0.30 0.23 0.17 0.192 0.144 0.134 0.138 0.148 0.173

EQ6 21.4 36.0 56.0 82.5 109.0 0.73 0.47 0.41 0.35 0.28 0.22 0.188 0.149 0.149 0.162 0.185 0.215

EQ7 22.7 38.7 58.7 78.6 110.3 0.83 0.47 0.42 0.35 0.27 0.20 0.213 0.144 0.135 0.137 0.163 0.200

EQ8 21.4 35.1 52.5 75.5 102.3 1.03 0.79 0.65 0.49 0.34 0.24 0.269 0.232 0.214 0.196 0.219 0.248

EQ9 25.4 43.1 65.4 96.8 139.7 0.87 0.57 0.45 0.33 0.26 0.19 0.224 0.164 0.143 0.159 0.193 0.267

EQ10 22.7 37.8 59.2 83.1 111.2 0.87 0.64 0.53 0.40 0.28 0.20 0.223 0.182 0.163 0.148 0.157 0.219

EQ11 24.9 43.1 69.8 109.3 158.8 0.90 0.67 0.58 0.47 0.35 0.25 0.233 0.200 0.186 0.173 0.215 0.273

EQ12 24.0 40.9 62.7 98.0 137.5 1.09 0.83 0.66 0.51 0.41 0.30 0.283 0.236 0.212 0.207 0.228 0.275

EQ13 24.0 42.3 67.6 100.8 134.8 0.89 0.65 0.57 0.48 0.38 0.29 0.230 0.193 0.195 0.208 0.235 0.272

EQ14 24.9 43.1 68.1 94.4 134.3 1.05 0.64 0.57 0.47 0.36 0.26 0.271 0.199 0.192 0.178 0.206 0.255
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shown in Tables 4�7 are re-arranged to fit the MRA.

Three dependent output variables (PDF, DTM, TSAR)

and four independent input variables (C, a, PGA, Ia)

are considered in the modeling phase. Then, several

models for each key response parameter are estab-

lished by incorporating the data set into MRA. The

THA data set is further divided into two subsets:

Set 1, consisting of THA results from 300 (c, a, EQ)

combinations is used to produce mathematical models

via MRA; Set 2, consisting of THA results from 50 (c,

a, EQ) combinations is used to test the developed

mathematical models. It should be emphasized here

that the data from 50 testing combinations were not

included in the modeling phase.

Several trials were made using the SPSS statistics

computer package (SPSS 2010) to select the best-fit

formula. The details of these trials are discussed in the

following sections.

2.2.2. Scatter plots

To acquire an overall perspective of the inherent relation-

ships of the problem, the pairs of the variables of interest

are examined in the matrix scatter diagram shown in

Figure 7. In an effort to capture the simplest form of
relationships via regression, linear relationships are

investigated first in the MRA. Subsequently, nonlinear

components are explicitly allowed in the formulation.

2.2.3. Linear regression models

In a simple regression model, the constant repre-

sents the Y-intercept of the regression line (Fig. 8).

Table 4. Response parameters when C �263 kN-s/m

PDF (kN) DTM (m) TSAR

a a a

Earthquake ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1

EQ1 28.0 41.8 58.7 81.3 106.3 0.70 0.41 0.30 0.20 0.14 0.10 0.186 0.146 0.133 0.149 0.175 0.224

EQ2 31.1 47.6 66.3 84.1 97.9 0.92 0.45 0.32 0.23 0.18 0.14 0.237 0.149 0.133 0.154 0.186 0.246

EQ3 28.9 45.4 64.9 85.1 113.4 0.69 0.40 0.30 0.20 0.16 0.13 0.175 0.131 0.125 0.131 0.164 0.218

EQ4 31.1 50.7 79.6 114.9 152.6 0.72 0.44 0.36 0.28 0.20 0.14 0.185 0.157 0.144 0.164 0.209 0.268

EQ5 30.2 48.5 72.1 99.0 124.6 0.74 0.40 0.32 0.24 0.17 0.13 0.192 0.141 0.134 0.151 0.182 0.210

EQ6 30.7 49.4 74.7 101.5 125.0 0.73 0.41 0.35 0.28 0.22 0.17 0.188 0.149 0.154 0.177 0.209 0.243

EQ7 32.5 51.6 72.1 102.2 137.5 0.83 0.42 0.35 0.27 0.20 0.14 0.213 0.136 0.136 0.153 0.188 0.235

EQ8 30.7 47.6 69.8 97.1 132.6 1.03 0.69 0.52 0.35 0.23 0.16 0.269 0.217 0.198 0.208 0.239 0.276

EQ9 35.6 56.5 85.9 128.1 169.0 0.87 0.47 0.35 0.27 0.20 0.15 0.224 0.154 0.151 0.183 0.247 0.335

EQ10 32.0 51.6 75.6 104.4 143.2 0.87 0.55 0.42 0.28 0.19 0.15 0.223 0.169 0.149 0.156 0.201 0.271

EQ11 35.6 58.7 95.2 142.8 195.3 0.90 0.59 0.48 0.37 0.27 0.18 0.233 0.197 0.179 0.196 0.257 0.328

EQ12 34.3 55.2 88.1 128.4 164.1 1.09 0.71 0.53 0.43 0.32 0.23 0.283 0.218 0.206 0.224 0.255 0.311

EQ13 34.7 57.8 89.0 124.5 157.0 0.89 0.58 0.49 0.39 0.29 0.22 0.230 0.187 0.196 0.220 0.258 0.305

EQ14 35.6 58.7 84.1 122.4 164.1 1.05 0.58 0.48 0.37 0.27 0.19 0.271 0.199 0.180 0.192 0.237 0.290

Table 5. Response parameters when C �350 kN-s/m

PDF (kN) DTM (m) TSAR

a a a

Earthquake ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1

EQ1 35.1 50.7 72.5 97.9 124.1 0.70 0.34 0.22 0.14 0.10 0.08 0.186 0.135 0.136 0.164 0.205 0.256

EQ2 38.7 56.9 76.1 92.0 103.6 0.92 0.36 0.24 0.19 0.15 0.12 0.237 0.154 0.172 0.203 0.242 0.305

EQ3 36.9 55.6 76.1 102.5 131.7 0.69 0.33 0.23 0.16 0.13 0.11 0.175 0.148 0.147 0.148 0.195 0.253

EQ4 39.6 64.9 97.9 135.3 172.1 0.72 0.39 0.31 0.23 0.16 0.11 0.185 0.154 0.152 0.193 0.241 0.314

EQ5 38.3 60.1 86.3 113.2 134.8 0.74 0.35 0.27 0.19 0.14 0.11 0.192 0.135 0.149 0.182 0.210 0.238

EQ6 39.1 61.4 89.0 114.3 145.0 0.73 0.36 0.29 0.23 0.18 0.13 0.188 0.152 0.164 0.196 0.235 0.268

EQ7 40.9 61.4 87.2 121.5 157.0 0.83 0.37 0.29 0.22 0.16 0.11 0.213 0.136 0.138 0.169 0.225 0.270

EQ8 38.7 58.7 85.0 118.7 156.1 1.03 0.59 0.41 0.26 0.17 0.12 0.269 0.204 0.192 0.221 0.260 0.324

EQ9 44.5 68.1 107.2 150.4 185.9 0.87 0.38 0.31 0.23 0.16 0.12 0.224 0.152 0.168 0.213 0.298 0.383

EQ10 40.9 63.6 89.0 127.2 167.7 0.87 0.47 0.33 0.20 0.16 0.13 0.223 0.165 0.172 0.177 0.241 0.320

EQ11 44.9 74.7 117.4 168.9 219.7 0.90 0.52 0.41 0.30 0.21 0.14 0.233 0.208 0.181 0.231 0.290 0.384

EQ12 44.0 70.3 109.0 149.6 187.7 1.09 0.60 0.47 0.36 0.26 0.18 0.283 0.207 0.213 0.236 0.287 0.326

EQ13 44.5 70.7 106.8 139.3 185.5 0.89 0.52 0.42 0.32 0.24 0.18 0.230 0.184 0.201 0.234 0.283 0.335

EQ14 44.9 70.7 102.8 144.3 186.4 1.05 0.52 0.41 0.30 0.21 0.15 0.271 0.187 0.178 0.213 0.262 0.332
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On the other hand, in a multiple regression model,

the constant represents the value that would be

predicted for the dependent variable if all the

independent variables were simultaneously equal to

zero. Different linear regression models among the

three dependent variables (PDF, DTM, TSAR) and

the four independent variables (C, a, PGA, Ia) are

examined using Set 1 data. Table 8 summarizes the

SPSS outputs for the (PDF, DTM, TSAR) models.

This includes the various terms used to explain

the overall model fit in the regression analysis,

such as:

� R2: The proportion of variance in the depen-

dent variable (PDF, DTM, TSAR) which can be
explained by the independent variables (C, a,

PGA, Ia) (Fig. 8). This is an overall

measure of the strength of association and

does not reflect the extent to which any

particular independent variable is associated

with the dependent variable. Adjusted R2 is an
adjustment of the R2 that penalizes the addi-

tion of extraneous predictors to the model.

Adjusted R2�1 �((1 �R2)((N�1)/(N �k�
1)), where k is the number of predictors and

N is the number of data points;

� Model F-value and F-significance: The F-sta-

tistic the p-value associated with it. The F-

statistic is the Mean Square (Regression) di-

vided by the Mean Square (Residual). The p-

value is compared to some alpha level in testing

the null hypothesis that all of the model

coefficients are zeros;

Table 6. Response parameters when C �438 kN-s/m

PDF (kN) DTM (m) TSAR

a a a

Earthquake ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1

EQ1 41.8 60.5 85.0 111.9 137.5 0.70 0.27 0.17 0.11 0.08 0.06 0.186 0.129 0.151 0.201 0.237 0.280

EQ2 45.4 64.9 83.2 97.0 120.5 0.92 0.28 0.20 0.15 0.12 0.10 0.237 0.182 0.212 0.249 0.292 0.355

EQ3 44.0 64.1 87.2 117.3 146.3 0.69 0.27 0.17 0.13 0.11 0.09 0.175 0.163 0.160 0.179 0.229 0.289

EQ4 48.5 77.4 113.4 151.7 185.5 0.72 0.35 0.27 0.19 0.13 0.09 0.185 0.177 0.174 0.217 0.280 0.350

EQ5 46.3 70.3 97.4 123.2 143.2 0.74 0.31 0.23 0.16 0.12 0.09 0.192 0.161 0.177 0.207 0.234 0.265

EQ6 47.2 72.1 99.6 127.6 166.4 0.73 0.32 0.25 0.19 0.15 0.11 0.188 0.167 0.179 0.220 0.261 0.289

EQ7 48.0 69.4 101.0 137.5 171.7 0.83 0.32 0.25 0.18 0.13 0.09 0.213 0.134 0.166 0.206 0.254 0.316

EQ8 46.7 69.4 100.1 137.4 174.4 1.03 0.50 0.32 0.20 0.14 0.10 0.269 0.196 0.199 0.236 0.303 0.367

EQ9 52.0 82.7 125.0 166.2 196.2 0.87 0.36 0.28 0.20 0.14 0.10 0.224 0.159 0.191 0.253 0.341 0.420

EQ10 48.9 73.0 105.4 146.6 187.3 0.87 0.40 0.25 0.17 0.14 0.11 0.223 0.180 0.189 0.215 0.285 0.368

EQ11 53.8 89.4 136.6 189.4 238.0 0.90 0.47 0.36 0.26 0.17 0.11 0.233 0.192 0.198 0.260 0.334 0.428

EQ12 52.0 85.0 126.8 164.1 218.0 1.09 0.53 0.42 0.31 0.21 0.15 0.283 0.211 0.229 0.261 0.309 0.366

EQ13 53.4 84.1 120.5 158.0 214.4 0.89 0.47 0.37 0.27 0.20 0.14 0.230 0.187 0.209 0.252 0.310 0.360

EQ14 53.8 80.1 118.8 162.0 203.3 1.05 0.47 0.36 0.25 0.17 0.12 0.271 0.182 0.202 0.251 0.312 0.385

Table 7. Response parameters when C �525 kN-s/m

PDF (kN) DTM (m) TSAR

a a a

Earthquake ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1 ND 0.4 0.55 0.7 0.85 1

EQ1 47.6 69.8 96.5 123.5 147.2 0.70 0.22 0.14 0.09 0.07 0.05 0.186 0.152 0.183 0.231 0.263 0.299

EQ2 51.6 71.6 89.0 103.8 140.1 0.92 0.22 0.17 0.13 0.11 0.09 0.237 0.214 0.249 0.290 0.337 0.397

EQ3 50.7 71.2 98.8 129.6 157.5 0.69 0.22 0.14 0.12 0.09 0.08 0.175 0.177 0.168 0.208 0.259 0.320

EQ4 56.9 89.0 126.3 164.4 194.4 0.72 0.32 0.24 0.17 0.11 0.08 0.185 0.163 0.196 0.243 0.313 0.380

EQ5 53.8 79.2 107.2 130.3 155.7 0.74 0.28 0.20 0.13 0.10 0.08 0.192 0.179 0.205 0.234 0.259 0.285

EQ6 54.3 81.8 108.5 144.1 185.5 0.73 0.29 0.22 0.17 0.13 0.10 0.188 0.186 0.200 0.247 0.284 0.306

EQ7 54.7 79.2 113.9 150.8 184.2 0.83 0.29 0.21 0.15 0.11 0.08 0.213 0.154 0.193 0.239 0.293 0.354

EQ8 53.4 79.2 114.8 154.4 192.2 1.03 0.43 0.26 0.16 0.11 0.08 0.269 0.190 0.208 0.270 0.342 0.405

EQ9 59.2 96.1 139.7 177.8 202.4 0.87 0.33 0.25 0.17 0.12 0.08 0.224 0.180 0.221 0.290 0.378 0.450

EQ10 56.5 81.8 120.5 163.0 202.4 0.87 0.33 0.20 0.15 0.12 0.09 0.223 0.207 0.201 0.250 0.324 0.408

EQ11 63.2 103.6 153.0 205.7 251.3 0.90 0.43 0.32 0.22 0.15 0.10 0.233 0.199 0.226 0.284 0.374 0.464

EQ12 60.9 97.9 141.0 181.6 244.2 1.09 0.50 0.38 0.27 0.18 0.12 0.283 0.228 0.257 0.289 0.324 0.422

EQ13 61.4 95.2 130.8 178.9 238.9 0.89 0.42 0.33 0.24 0.17 0.12 0.230 0.204 0.218 0.273 0.339 0.382

EQ14 61.4 91.6 133.0 177.2 228.2 1.05 0.42 0.31 0.21 0.15 0.10 0.271 0.198 0.242 0.288 0.361 0.429
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� Coefficient t-value and t-significance: the t-

statistics and their associated 2-tailed p-values

used in testing whether a given coefficient is
significantly different from zero using an alpha

of 0.05.

The results of the best three models are summarized in

Table 8. The three multiple regression models do not

include constant terms. Consequently, if all the

independent variables take the value of zero simulta-

neously, the dependent variables will also be equal to

zero. This is in agreement with the modeled physical
phenomenon.

Despite the apparent best-fitting (high values of

R2, as well as passing the F- and t-tests), all three

linear models are deemed physically unsound for the

SI systems. This is attributed to the negative signs on

at least one of the independent variables coefficients.

For example, this implies that increasing the PGA

decreases the DTM, which is generally, but not
necessarily, counter intuitive. Consequently, nonlinear

regression models are reverted to.

2.2.4. Nonlinear regression models

Nonlinear regression is appropriate, when the rela-

tionship between the dependent and independent vari-

ables is not intrinsically linear. Nonlinear regression

can estimate models with arbitrary relationships

between independent and dependent variables. The

relationships of the dependent variables (PDF, DTM

and TSRA) in terms of four independent variables (C,

a, PGA, Ia) are generally non-flat. When nonlinear

regression is utilized to develop relationship models,

iterative estimation algorithms are used to quantify

the parameters that define such models. These para-

meters can be additive constants, multiplicative coeffi-

cients, exponents, or any other values used in

evaluating functions. All parameters that are defined
must be assigned appropriate initial values, preferably

as close as possible to the expected final solution. Poor

initial guesses can result in failure to converge or in

convergence on a local solution or a physically

impossible one. Furthermore, some models require

certain constraints to force convergence when the need

arises. To avoid this dilemma, new nonlinear functions

are created from the original variables in the original
data set. These new variables are created in forms that

guarantee that the curved functions of the original

variables are transformed to linear functions of the

new variables. This is described by Eqns (3a, 3b):

Y ¼ a1fi; (3a)

fi ¼ giðC;PGA; Ia;aÞ; (3b)

Fig. 4. Total maximum displacement (DTM)
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where Y represents the dependent variables PDF, DTM,

or TSAR.

A careful selection of the function fi in Eqn. (3b)

results in a linear relationship in Eqn. (3a), in which

the constant a1 can be estimated using traditional
linear regression procedures. To find the transforma-

tion functions, gi, different nonlinear models are

considered. Based on several trials of functions that

preserve the physical interpretation, many transforma-

tion functions were obtained. The best identified

transformation functions are as follows:

fi ¼ Ca2 � PGA a3að ÞI a4að Þ
a ; (4)

where the exponents a2, a3 and a4 may take values in

the range of �1.0 to 1.0 to best-fit the data. The

different considered combinations of a2, a3 and a4 are
shown in Table 9.

The matrix scatter diagrams among the depen-

dent variables (PDF, DTM, TSAR) and the new non-

linear functions (f1 to f13 and f1inv to f13inv) are

presented in Figure 9. The nonlinearity in the relation-

ships is evident. The scatter plots also demonstrate the

linearity that exists in the relationships among the

dependent variables (PDF, TSAR) and the transforma-
tion functions (f1 to f13). The same can be observed

about the dependent variable (DTM) and the transfor-

mation functions (f1inv to f13inv). Several trials were

made using SPSS 19.0 (SPSS 2010) to select the best-

fit models that could represent the dynamic behavior

of the SI system (PDF, DTM, TSAR) through (f12,

f13inv, f9), respectively, in terms of the four input

parameters (C, a, PGA, Ia).

Figure 10 magnifies the scatter plots of (PDF vs.

f12), (TSAR vs. f9) as well as (DTM vs. f13inv). From the

figure, one can observe that the scatters of (PDF vs.

f12) and (TSAR vs. f9) are almost constant for all

values of the variables, that is, the data points are

forming a band with constant width. On the other

hand, the scatter of (DTM vs. f13inv) is almost directly

proportional to the variables values, that is, the data

points are forming a band that becomes wider at a

certain rate. These two observations imply that the

regression in the former case would be performed with

constant variance, whereas non-constant variance

would be appropriate in the latter case (Ang, Tang

2007). Addressing this difficulty could be achieved by

either: (a) transforming Y to make s2 constant, or (b)

perform fitting using a more general model that allows

s2 to vary with E(y/x) � a generalized linear model

(e.g. logistic regression, Poisson regression).

In order to stay within the classical linear model,

the transformation route is selected for the DTM

parameter. This transformation takes into account

the variation of the conditional variance and ex-

Fig. 5. Peak damper force (PDF)
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pressed here as Var(Y/X�x) �s2 g2(x), where s is an

unknown constant and g(x) is a predetermined func-

tion of x. This is sometimes referred to as weighted

regression. In such cases, it would be reasonable to

assign higher weights to data points in regions of small

variances than those in regions of large variances (i.e.

wi�1/(g2(xi)).

Since it could be observed that the scatter of DTM

appears to increase linearly with the f13inv, it is assumed

that the conditional standard deviation of DTM in-

creases linearly with f13inv too; that is g(x) �x,

Var(Y/X�x) �s2x2, and wi�1/xi
2. In this setup, in

addition to the independence and normality of errors,

the constant variance assumption is maintained in the

Fig. 6. Top Story Acceleration Ratio (TSAR)

Fig. 7. Matrix scatter plot among three dependent output

variables (PDF, DTM, TSAR) and four independent input

variables (C, a, PGA, Ia)

x 

Total 

Unexplained 

R2 = 1–Unexplained variation/Total variation 

Variation 

Explained 
Variation 

Regression 
Line  

y 

Fig. 8. Definition of the linear regression terms, R2
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linear regression models. The outputs from the best-

fitting regression trials (with constant and non-constant
variance) are listed in Table 10. The forms and

coefficients of best-fitting nonlinear models representing

the dynamic behavior of the SI system are shown to be

physically meaningful, that is, typical trends and

intuitive relationships are preserved. For instance, the

MRA equation predicting the PDF has the same

mathematical form as Eqn. (1), which describes the

physical phenomenon. Also, increasing the damping
coefficient c, damping exponent a and Arias intensity Ia

introduces higher damping levels manifested through a

higher damper force (PDF). Similarly, higher values of

PGA and Ia are expected to increase the induced top

story acceleration producing a higher TSAR value. This

effect is complimented by the increase in c and a values,

which increases the degree of restraint at the base of the

structure resulting in less effective SI (higher TSAR
values). With the same token, the combined effect of

increasing c and a translates into more base restraint,

and thus reducing the DTM.

Furthermore, the proposed models demonstrate

good correlation: possess high values of R2 as well as

pass both the F- and the t-tests.

2.2.5. Accuracy of the nonlinear regression models

The ability of the nonlinear MRA models to mimic

the THA results is regarded as its accuracy. The

models accuracy is quantified via direct comparison to

the SAP2000 results. For Set 1 of the data combina-

tions, the input values are implemented in the MRA

models and the corresponding outputs are produced.

The direct comparisons of the theoretical SAP2000

results vs. the recalled MRA results are shown in

Figures 11�13 for the three response parameters.

Good agreement between the results is demonstrated

by the graphs. It is worth mentioning here that,

apparent increased scatter for higher values of DTM

in Figure 12 is a direct result of the non-constant

variance exhibited in the original THA results

(Fig. 10, c). This should not be mistakenly regarded

as poor prediction capacity for the developed model

throughout the entire range values.

2.2.6. Prediction accuracy of the nonlinear regression

models

For the models adopted in this work, the prediction

accuracy is investigated. Data (Set 2) which consist of

50 randomly selected combinations is used to perform

three MRA prediction tests. As mentioned earlier, all

of the data in this testing set was initially withheld

from the MRA. The results of these tests are shown in

Figures 14�16.

Models, in general, are descriptions of often

highly complex reality that cannot be mathematically

Table 8. Linear regression output

Independent variables output

Model output Variable, xi C a PGA Ia

Model for (PDF)

R2 0.947 Coefficient of xi 0.115 166.739 �100.849 2.617

Model F-value 1337.7 t-value 10.361 25.974 �8.135 2.729

Model F-significance 0.000 t-significance 0.000 0.000 0.000 0.007

Model for (DTM)

R2 0.924 Coefficient of xi 0.000 �0.402 0.811 0.005

Model F-value 919.2 t-value �10.668 �19.045 19.921 1.644

Model F-significance 0.000 t-significance 0.000 0.000 0.000 0.101

Model for (TSAR)

R2 0.971 Coefficient of xi 0.000 0.191 �0.017 0.004

Model F-value 2496.9 t-value 12.073 18.576 �0.835 2.452

Model F-significance 0.000 t-significance 0.000 0.000 0.405 0.015

Table 9. Combinations of a2, a3 and a4 in the transformation form of Eqn. (4)

fi a2 a3 a4 Form

f1 1 1 0 f1�C(PGA)a

f2 1 0 1 f2�C(Ia)a

f3 1 0.5 0 f3�C(PGA)0.5a

f4 1 0 0.5 f4�C(Ia)0.5a

f5 to f11 1 1 0.3 to 0.9, 0.1 f5 to f11 ¼ C PGAð Þ Iað Þ
a4a

f12 1 0 0.7 f12�C(Ia)0.7a

f13 1 0 0.8 f13�C(Ia)0.8a

f1inv to f13inv �1 �a3 �a4 fkinv ¼ 1
fk

, for k�1, 13
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expressed in a perfect manner, that is, by nature all

models are simply partial descriptions of the modeled

phenomena. With that fact in mind, the results in

Figures 14�16 are considered reasonable, since perfect

models are not achievable, only adequate ones are.

Accepting this limitation does not mean the conclu-

sions reached would be incorrect. The formulated

models should attempt to closely represent the natural

physical phenomenon.

To demonstrate adequacy, the proposed models

should show high correlation (high values of R2), as

well as pass certain tests such as the F- and the t-tests.

In general, the closer the predicted values are to the

regression line, the larger R2 would be. The PDF, DTM,

and TSAR regression models in Table 10 have high

values of R2 (0.939, 0.879, and 0.941, respectively) and

pass the F- and the t-tests. The adequate closeness of

the points in Figures 14�16 to the equality lines

indicates the validity of the MRA models as appro-

priate prediction tools.

2.2.7. Worked-out example to demonstrate the use of

MRA models

Problem:

Design an SI system for a three-story essential facility in

a NF location in California (maximum Arias intensity

Ia�10.7 m/s, PGA �0.84 g). The target natural period

for the isolated structure is estimated to be 2.5 s.

Solution:

1) Determine whether or not supplemental

damping is required.

Since the Time-History records used to ana-

lyze an MDOF system are scaled to match the

design response spectrum, a Single-Degree-

Of-Freedom (SDOF) can be used for pre-

liminary analysis [ Using the MCE response

spectrum in Figure 2b, the 5% damped

spectral acceleration Sa for a SDOF with

a natural period Tn�2.5 s is approximately

0.58 g.

Fig. 9. Matrix scatter plot among three dependent variables (PDF, DTM, TSAR) and the new nonlinear functions (f1 to f13 and

f1inv to f13inv)
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The spectral displacement Sd(5%) �Sa/x2
n �

0.58�9.81/2.5132�2.26 m.

Assuming HDR isolators are to be used [
expected supplemental damping level �15%.

Sd(15%) �Sa(5%)/BM; where (BM) is the

damping coefficient used to modify dynamic

response based on the expected damping

ratio. (BM) can be obtained from Table

A-16-C of Appendix 16A in the CBC (2010).

For a damping ratio of 15% [ BM�1.35.

Sd(15%) �2.26/1.35 �1.68 m (66 in) [
DTM�Sd�1.68 m (too large for a three-story

building) [ supplemental damping is re-

quired to reduce the DTM.

Since dampers will be used [ opt for NR

bearings combined with VFD.

2) Select a suitable SI system by considering

different combinations of C and a values in

evaluating the three basic performance de-

scriptors (PDF, DTM, TSAR). The considered

combinations and corresponding results using

the MRA models and their verifications using
THA are presented in Table 11.

3) After the MRA models for the (PDF, DTM,

TSAR) have been verified throughout the

range of input variables, the designer can

choose to minimize one parameter on the

expense of another to reach a reasonable

trade-off for the expected performance. The

final system chosen should ultimately be
verified against THA. Samples of such runs

are shown in Table 12. Comparing the re-

sponses to the considered combinations in

Tables 11 and 12, the (C �219, a�0.45)

combination gives a reasonable trade-off

among the (PDF, DTM, TSAR). Consequently,

the (C �219, a�0.45) combination is se-

lected for the SI system.

Summary and conclusions

The feasibility of using MRA to model and predict the

dynamic behavior of Seismic-Isolated (SI) systems was

investigated. THA was performed using SAP2000 for

three MDOF systems representing a typical seismic-

isolated structure with a natural period of vibration

equal to 2.5 s. Two ensembles of seven ground motion

records representing two hazard levels (DBE and

MCE) and return periods (475 and 950 years) were

used. The range of the SI system properties covered

several feasible solutions comparable to the state-of-

the-practice designs. Three key response parameters

were selected to be modeled using MRA, namely;

DTM, PDF, and TSAR of the isolated structure

compared to the fixed-base structure. The response

parameters, as well as the characteristics of the ground

motions were utilized to develop several MRA models.

For each of the key response parameters, the best-

fitting MRA model was selected. The design process

of SI systems is iterative, complex and requires

considering many feasible alternatives. Moreover, the

most widely used analysis tool, the nonlinear THA, is

very expensive in terms of CPU time which adds

another layer of complexity to the situation. There-

fore, simplifying techniques are extremely valuable

especially at the preliminary design stages.
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In this investigation, it was demonstrated that

the MRA modeling is a strong candidate to accom-

pany, if not replace, the nonlinear THA. Once MRA

models are developed through performing rigorous

nonlinear THA, such as the presented work, several

design options of SI systems can be easily selected and

compared. Since the use of MRA models to evaluate

the key response parameters is significantly simpler

than performing THA, much more feasible solutions

can be readily investigated and compared. This can be

particularly valuable in the early design stages of SI

systems utilizing the NRB-VFD combination as

demonstrated in the practical design example in

Section 2.2.7. Although the developed MRA models

are based on the analysis of a five-story building, the

three-story building example demonstrates the applic-

ability to different building heights and configura-

tions. This is attributed to the fact that the dynamic

response of seismically-isolated structures is mainly

dominated by the fundamental modes of vibration;

that is, the behavior is SDOF-like since higher modes

shapes are increasingly supressed as a result of the

supports flexibility and relatively higher damping

levels.

Furthermore, the relative simplicity and explicit-

ness of the derived expressions qualifies them to be

used in multi-objective optimization formulations for

the key response parameters. The presented metho-

dology can be extended to other SI systems, structures

with other natural frequencies, as well as more earth-

quake records to produce MRA models representing a

wider range of structures.

Finally, it should be mentioned that the tradi-

tional best-fit measures (e.g. R2) cannot be solely

relied upon in selecting the best MRA model. The

MRA mathematical representation should provide

sufficient meaningfulness and compatibility with the

modeled physical phenomena before being accepted as

the most suitable representation.

Table 10. Nonlinear regression output

fi ¼ Ca2 � PGA a3að ÞI a4að Þ
a

Model output Parameters, ai a1 a2 a3 a4

Model for (PDF) Coefficient of model 0.095 1 0 0.7

R2 0.939

Model F-value 4586.6 t-value 67.724 PDF ¼ a1f12 ¼ 0:095� C � I0:7a
a

Model F-significance 0.0000 t-significance 0.0000

Model for (DTM) Coefficient of model 222.0 �1 0 �0.8

R2 0.879

Model F-value 2172.811 t-value 46.613 DTM ¼ a1f13inv ¼
222:0

C � I0:8a
aModel F-significance 0.0000 t-significance 0.0000

Model for (TSAR) Coefficient of model 297�10�6 1 1 0.6

R2 0.941

Model F-value 4827.355 t-value 69.479 TSAR¼a1f9¼297�10�6�C�PGA�I0:6a
a

Model F-significance 0.0000 t-significance 0.0000
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Fig. 14. Predicted PDF values by multiple nonlinear regres-

sion vs. theoretical data (Set 2)
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Fig. 15. Predicted DTM values by multiple nonlinear

regression vs. theoretical data (Set 2)
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Fig. 16. Predicted TSAR values by multiple nonlinear

regression vs. theoretical data (Set 2)

Table 11. VFD system property combinations and corresponding responses using MRA & THA

C (kN-s/m) a Response by MRA Response by THA Deviation (%)

219 0.45 DTM ¼
222

219 10:7ð Þ0:8�0:45
¼ 0:43 m 0.48 m 10.4

306 0.625 TSAR�(297�10�6) (306)(0.84) (10.7)0.6�0.625�0.19 0.22 13.6

482 0.9 PDF�0.095 (482) (10.7)0.7�0.9�204KN 228 kN 10.5

Table 12. VFD system property combinations and corresponding responses using MRA

C (kN-s/m) a Response by MRA

306 0.625 DTM ¼
222

306 10:7ð Þ0:8�0:625
¼ 0:22 m

482 0.9 DTM ¼
222

482 10:7ð Þ0:8�0:9
¼ 0:08 m

219 0.45 TSAR � (297�10�6) (219) (0.84) (10.7)0.6�0.45 �0.10

482 0.9 TSAR � (297�10�6) (482) (0.84) (10.7)0.6�0.9 �0.43

219 0.45 PDF �0.095 (219) (10.7)0.7�0.45 �44KN

306 0.625 PDF�0.095 (306) (10.7)0.7�0.625 �82KN
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