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Abstract. Serviceability Limit States (SLS) may govern the design of concrete elements internally reinforced with Fibre
Reinforced Polymer (FRP) bars because of the mechanical properties of FRP materials. This paper investigates the design
of Fibre Reinforced Polymer reinforced concrete (FRP RC) beams under the SLS of cracking, stresses in materials, and
deflections. A formulation to calculate the bending condition at which crack width and stresses in materials requirements
are fulfilled is presented based on principles of equilibrium, strain compatibility and linear elastic behaviour of materials.
The slenderness limits to comply with the deflection limitation are redefined and a methodology to calculate the optimal
height of an FRP RC beam to satisfy all of these serviceability requirements is proposed. This procedure allows optimising the dimensions of an FRP RC beam taking into account the specific characteristics of the element, such as the mechanical properties of materials and the geometric and loading conditions.
Keywords: reinforced concrete, FRP bars, flexural behavior, serviceability, deflection, cracking, design.

1. Introduction
Corrosion of steel reinforcement in aggressive environments can cause considerable damage in reinforced concrete (RC) structures. In order to avoid such problems,
the use of fibre reinforced polymer (FRP) bars for internal longitudinal flexural reinforcement has emerged as an
alternative solution. Owing to their non-corrosive nature,
the use of FRP bars can reduce maintenance and rehabilitation costs, leading to economic and environmental benefits (ACI 440.1R-06 2006; Hollaway 2010). Moreover,
the magnetic neutrality of FRP bars can be exploited in
applications where interferences with magnetic fields
have to be avoided. In the last two decades, a number of
studies have been carried out to investigate the flexural
response of Fibre Reinforced Polymer reinforced concrete (FRP RC) elements (Pecce et al. 2000; Matthys,
Taerwe 2000; El-Salakawy, Benmokrane 2004; Bischoff
2005; Barris et al. 2012; Soric et al. 2010; Kara, Ashour
2012).
Adequate account of the serviceability behavior and
the parameters involved in the post-cracking behavior is
of major importance for the design of RC structures (Bischoff 2007; Baena et al. 2011; Gribniak et al. 2010;
Kaklauskas et al. 2012). Due to the mechanical properties
of FRP materials, the Serviceability Limit States (SLS)
may govern the design of FRP RC elements (ISIS Canada
2001; Matthys, Taerwe 2000; Nanni 2003; Saikia et al.
2007; Rafi, Nadjai 2009). At a cross-section level, two
requirements limit the SLS: stresses in materials and

cracking (Eurocode 2 2004). Stresses in concrete are
limited to avoid longitudinal cracking, micro-cracks and
high levels of creep. The stress in the FRP reinforcement
should also be limited to avoid creep rupture or stress
corrosion, which consists in the creep of the material
under a constant load after a certain time. In general,
cracking is controlled to ensure adequate structural performance as well as sufficient durability of the structure.
The SLS for steel RC elements are usually evaluated
at about 60 to 65% of the nominal moment capacity (Bischoff 2005). Several published studies on SLS for FRP
RC elements relate the load at which the SLS shall be
evaluated to the ultimate load. Alsayed (1998), Alsayed
et al. (2000) and Rafi et al. (2008) assume the service
load to be about 35% of the ultimate load, whereas Bischoff (2005) states that the level of service load drops to
about 25% of the nominal beam capacity for overreinforced GFRP beams. Other investigations and codes
of practice limit the tensile strain at the reinforcement to a
fix value to control crack width (ISIS Canada 2001; Ghali
et al. 2001; Newhook et al. 2002). Pecce et al. (2001), in
turn, evaluate the serviceability load as the minimum
between the loads corresponding to each of the SLS
(namely, deflection, crack width and maximum stress in
concrete) and the theoretical ultimate load reduced by
factor of 1.5, finding that in 80% of the cases, the serviceability load corresponds to the criterion of the concrete limiting stresses.
Deflection requirements are typically assessed by
limiting the span-to-depth ratio. Several proposals are
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found in the literature to limit the span-to-depth ratio for
both steel and FRP RC members. For example, for FRP
RC, Ospina and Gross (2005) give Eq. (1) to calculate L/h:
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where: d/h is the effective depth-to-total depth ratio; K1 is
a parameter that accounts for the boundary conditions; εf
is the reinforcement tensile strain under the service load;
(δ/L)max is the limiting service deflection-to-span ratio; ζ
and k are dimensionless parameters defined in the following equations:

M 
ζ = 1 − β  cr  ,
 Ms 

(2)

k = 2nρ + (nρ )2 − nρ .

(3)
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In Eq. (2), Ms is the service moment, Mcr is the
cracking moment, and the coefficients β1 and β2 characterize the bond quality of the bars and the influence of
load duration or repetition, respectively. In Eq. (3), n is
the modular ratio Ef/Ec, where Ef and Ec are the modulus
of elasticity of the FRP reinforcement and the concrete
respectively, and ρ is the reinforcement ratio. More recently, Veysey and Bischoff (2011) propose the following equation for the same relationship:
3
L 3 8(φ α D+L )Rn (d h)
=
,
(w L)(d b)(M a M 0 )
h

(4)

in which φ is the strength reduction factor, αD+L is the
averaged load factor, M0 is the total static moment and Rn
is the nominal moment capacity Mn divided by bd2. As
observed, both approaches need to be evaluated at a certain moment ratio.
This paper presents a formulation to calculate the
bending condition at which crack width and stresses in
materials requirements are fulfilled. The presented equations are based on principles of equilibrium and strain
compatibility, and linear elastic behaviour of materials.
The formulation of the Italian code for FRP RC (CNRDT-203 2006) and Eurocode 2 (2002) is considered for
the crack width calculation. Comparisons between both
limitations are presented in terms of the service moment
related to the cracking moment and the corresponding
tensile stress at the reinforcement. Deflection limitation is
studied and the slenderness limits are redefined at the
load level that satisfies both the maximum crack width
and the stresses in materials limitations. Finally, a methodology is proposed for the design under the serviceability conditions of FRP RC. This methodology allows optimizing the overall depth of the element with respect to
those usually adopted in practice, since it takes account of
the specific characteristics of the RC element.

2. Discussion on the serviceability limitations
and proposed formulation

Nowadays there is no evidence for establishing the principles behind the verification of SLS of FRP RC elements
different to those already considered in design codes for
steel RC elements. Nevertheless, the different properties
of FRP and steel reinforcements might justify different
limits in the case of the short and long-term behaviour
(ACI 440.1R-06 2006). In this section, a discussion of the
serviceability limitations for the case of FRP RC beams is
made and a formulation to assess the serviceability requirements is suggested.
2.1. Stresses in materials

When FRPs are used as internal reinforcement, the
strength to stiffness ratio is an order of magnitude greater
than that of concrete and, hence, the neutral axis depth for
the balanced section is very close to the compressive end.
As a result, higher compressive strains than in a steel RC
section are expected to develop in the concrete for the
same beam depth. Consequently, the maximum concrete
strain/stress at the service load should be considered carefully so as to avoid any undesirable effects due to the
occurrence of longitudinal cracks, micro-cracks, inelastic
deformations and creep. Moreover, the stress at the FRP
reinforcement shall be limited in order to avoid creep
rupture and stress corrosion, although this limitation
highly depends on the type of FRP reinforcement and
environmental conditions.
2.1.1. Stresses in concrete

Although specific limits on concrete compression stresses
under service conditions are not prescribed explicitly in
all of the existing design provisions, the concrete stresses
are generally assumed to be within the linear range.
While ACI 440.1R-06 (2006) adopts this latter approach,
a limiting value of 0.45fc’ is explicitly recommended in
ACI 440.2R-08 (2008) for concrete elements strengthened with FRPs.
Eurocode 2 (2004) imposes a maximum stress in
concrete of 0.60fck under a characteristic combination of
loads to avoid the appearance of longitudinal cracks,
which could affect durability. A more restrictive limit of
0.45fck is recommended when considering quasipermanent load conditions to enable the use of a simplified linear model for creep. The most restrictive limitation between them depends on the permanent-to-variable
ratio of loading and on the use of the structure. For a
typical permanent-to-total load ratio of 60–75%, the
stress limitation under the quasi-permanent combination
of loads results more restrictive than that for the characteristic combination.
Consequently, in this study, the limitation of the
concrete stress to 0.45fck and its effects are analysed. As a
result, the ratio Ms/Mcr between the service moment (referred to the quasi-permanent load combination) and the
cracking moment that satisfies this stress limitation is
presented. The study is developed for FRP RC cracked
rectangular sections.
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Assuming elastic behaviour and that the Bernoulli
hypothesis is satisfied, the curvature of a cracked section
κcr is:
ε
(5)
κ cr = c ,
x
where εc is the maximum concrete strain and x is the distance from the top surface to the neutral axis (Fig. 1).

E I
M
= κ cr c cr ,
M cr
f ct W

(9)

being fct the concrete tensile strength and W the section
modulus of the uncracked section. Considering the applied moment as the service moment Ms, and substituting
Eq. (6) into Eq. (9), the dimensionless service moment
ratio Ms/Mcr is:

0.45 f ck A
Ms
=
,
·
M cr
f ct
(x d )

(10)

where A is a dimensionless parameter defined as:

A = ( d h)
Fig. 1. Strain and stress distribution at a cracked section at the
serviceability conditions

When σc is 0.45fck, Eq. (5) can be rewritten as:
κ cr = 0.45

f ck 1 d
,
Ec x d

(6)

where x/d is a dimensionless parameter that, in the absence of compression reinforcement, only depends on the
modular ratio n = Ef / Ec and the reinforcement ratio ρ:


2 
x d = nρ · − 1 + 1 +
.

nρ 


(7)

Alternatively, the curvature defined in Eq. (5) can
be written as the flexural moment divided by the stiffness
of the cracked section as:

κ cr =

M
,
Ec I cr

(8)

in which M is the applied moment and Icr is the moment
of inertia of the cracked section. The dimensionless relationship between the applied moment M and the cracking
moment Mcr is then rewritten as:

2

(2( x d )

3

+ 6nρ·(1 − x d )

2

).

(11)

The dimensionless service moment ratio Ms/Mcr is
only governed by the concrete compressive and tensile
strengths, nρ (modular ratio times reinforcement ratio)
and the effective depth to overall height ratio d/h.
Fig. 2 depicts Ms/Mcr depending on the reinforcement ratio ρ, for different concrete mechanical properties
(fck, Ec), rebar modulus of elasticity Ef and d/h ratios.
Fig. 2a represents a typical case where d/h is 0.8 and
Fig. 2b a case where fck is 45 MPa and Ef is 80 GPa. In
this study, the tensile strength fct and the modulus of elasticity Ec are calculated according to Eurocode 2 (2004)
formulation for a given concrete compressive strength fck.
It is observed that the ratio Ms/Mcr increases with ρ, fck, Ef
and d/h and, for the selected reinforcement ratios, its
values range between 1 and 4.
Fig. 2 shows somehow restrictive results of the
flexural moment (if compared to flexural capacity). For
example, after Fig. 2b, for ρ = 0.02, fck = 45 MPa, Ef =
80 GPa and d/h = 0.80, the maximum flexural moment
that complies with this condition is of 2.4 times the
cracking moment. For the correct interpretation of this
value, two assumptions shall be taken into account. First,
this limitation corresponds to the quasi-permanent loading condition, which is only part of the characteristic
service load. If only a portion of the service load is sustained, then the full service load corresponding to limiting

Fig. 2. Ms/Mcr that complies with σc ≤ 0.45fck

846

C. Barris et al. Design of FRP reinforced concrete beams for serviceability requirements

the concrete stress to 0.45fck would be higher. Second, the
concrete stress is usually limited to assume linear creep
and to avoid longitudinal cracks that may lead to a reduction in durability. For concrete sections reinforced with
FRPs, where durability may not be a concern, this limitation could be relaxed depending on the requirements of
the structure and the accuracy on the estimation of creep
effects.
On the other hand, the tensile strain developed in the
reinforcement at the cracked section εf could also be a
useful parameter of design when considering the SLS
(Newhook et al. 2002). This parameter can be calculated
considering the hypothesis that the concrete stress may be
less than 0.45fck and fully cracked section:

εf =

0.45 f ck 1 − x d
·
.
Ec
xd

(12)

Fig. 3 represents the maximum value of εf that fulfils the condition σc ≤ 0.45fck depending on ρ, for different concrete mechanical characteristics (fck, Ec) and rebar
modulus of elasticity Ef. The allowable value of εf decreases with ρ and Ef, whilst increases with fck. For low
values of ρ, εf increases up to 2000–6000 µε and it descends to 600–2500 µε as ρ increases.

Fig. 3. εf that complies with σc ≤ 0.45fck

2.1.2. Stresses in the FRP reinforcement
The stress in the FRP reinforcement should be limited to
avoid creep rupture or stress corrosion. Stress corrosion
related problems are only significant, however, when
using glass fibre reinforced composites. Different
strength reduction factors are proposed in existing design
documents to determine the appropriate limits depending
on the different types of FRP reinforcement (ISIS Canada
2001; ACI 440.1R-06 2006). On the other hand, FRP bars
present high variability in their composition and mechanical properties making it difficult to establish a general
limitation of stresses in FRP reinforcements. Significant
differences are found in design codes to limit the stress in
the FRP reinforcement in order to avoid creep rupture or
stress corrosion (Huang, Aboutaha 2010). Further studies

would be needed to arrive to a more generalised conclusion, since this limitation highly depends on the FRP
rebar properties (which are improving continuously owing to the rapid advances in manufacturing technology),
the environmental conditions and the loading period. For
these reasons, this limitation is excluded from this study.
2.2. Maximum crack width
In general, cracking in RC elements is limited to ensure
adequate structural performance as well as sufficient
durability of the structure (Eurocode 2 2004). When
FRPs are used as internal reinforcement, greater crack
widths are likely to occur in comparison to equivalent
conventional steel reinforced sections (similar reinforcement ratio); nevertheless, as superior durability is expected from FRP RC elements, crack width limits could
be relaxed in those cases where aesthetic appearance is
not of primary concern. On the basis of the above considerations, all the aspects of design that have a direct effect
on the overall cracking behaviour of FRP RC elements,
such as the minimum reinforcement area, maximum bar
diameter or bar spacing, should be re-assessed to account
for the mechanical and physical properties of FRPs,
which are responsible of their unique bond behaviour.
Usually, crack width is limited by establishing an
upper bound value such as 0.5 mm for interior exposures
and 0.7 mm for exterior exposures (ACI 440.1R-06
2006). Other approaches, however, limit the value of the
tensile stress at the reinforcement to control the crack
width. In the design of steel RC, the value of steel stress
fs at service loads is typically taken as 60% fy (being fy the
reinforcement yielding strength) in crack control calculations, and the corresponding steel strain for this stress is
1200 µε. When GFRP bars are used as internal reinforcement an upper limit on bar strain equal to 2000 µε is
used to limit crack widths (ISIS Canada 2001; Newhook
et al. 2002).
In this section, a formulation to calculate the maximum dimensionless service moment Ms/Mcr considering a
crack width limitation of 0.5 mm (ACI 440.1R-06 2006)
is developed. The value of the tensile reinforcement strain
corresponding to Ms/Mcr is also provided.
First, the maximum crack width at the service moment is evaluated following the formulation of Eurocode 2 (2002), used as a basis for CNR-DT-203 (2006).
Hence, according to Eurocode 2:

wk = β ·w = β ·s rm ·ε fm ,

(13)

where: wk is the design crack width; w is the mean crack
width; srm is the average final crack spacing; εfm is the
allowed mean strain under the relevant combination of
loads; and β is a coefficient relating the average crack
width to the design value. In this study, the value of β is
taken as 1.7, corresponding to a case of a load induced
cracking. The mean crack width w is therefore defined as
the design crack width wk divided by the coefficient β.
The mean strain at the reinforcement εfm may be calculated from the relation:
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ε fm


M
= ε f 1 − β1 β 2  cr

 Ms







2
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(14)

in which εf is the strain in the tension reinforcement calculated on the basis of a cracked section; β1 is 1.0 for
high bond and 0.5 for plain bars; and β2 is 1.0 for single,
short-term loading and 0.5 for sustained loads. The average final crack spacing for members subjected dominantly to flexure or tension can be calculated from the equation:
φ
s rm = 50 + 0.25·k1 ·k 2
,
(15)
ρ eff
where: φ is the bar size in mm; k1 a bond coefficient,
being 0.8 for high bond bars and 1.6 for plain bars; k2 is
0.5 for bending and 1.0 for pure tension; ρeff is the effective reinforcement ratio. If the effective height of concrete surrounding the reinforcement is taken as 2.5 times
the distance from the tension face of the section to the
centroid of the reinforcement:

ρ eff =

Af

Ac,eff

=

Af

b·2.5(h − d )

=

(

).

ρ

2.5 (d h )−1 − 1

(16)

Considering k2 = 0.5 (CNR-DT-203 2006), the average crack spacing srm can be written as:

s rm = 50 + 0.3125·k1

(

)

φ
(d h )−1 − 1 .
ρ

(17)

The service moment Ms is derived from the curvature of the cracked section:

κ cr =

εf
Ms
=
.
E c I cr d − x

(18)

Rearranging terms in Eq. (18), the following Ms/Mcr
ratio is obtained:

Ms
E
A
=εf c·
,
M cr
f ct (1 − x d )

(19)

where A is the dimensionless parameter defined in
Eq. (11). From Eqs. (13) and (19), the dimensionless
moment ratio Ms/Mcr and the corresponding tensile strain
at the reinforcement εf are:

Ms
=
M cr

εf =

w s rm +

w s rm +

1− x d 
Ec )2 

 A 
,
2 f ct (1 − x d ) (Ec · A)
(20)
2

(w srm )2 + 4β1β 2 ( f ct

(w srm )2 + 4β1β 2 ( f ct
2

1− x d 
E c )2 

 A 

2

. (21)

Eqs (20) and (21) allow calculating Ms/Mcr and εf
once the maximum permitted crack width is set, depending on d/h, ρ, Ef, φ, the bond properties between the rebar
and the concrete, the duration of the load, and the concrete mechanical properties Ec and fct. The influence of
these parameters on Ms/Mcr and εf is represented in Figs 4
and 5, respectively, for a maximum crack width wk of
0.5 mm, assuming high bond properties and long-term
loading.
From Fig. 4 it is noted that the ratio Ms/Mcr increases with the studied parameters ρ, Ef and d/h, while it decreases with φ and fck. In Fig. 5 it is observed that the
reinforcement tensile strain εf increases with d/h and fck,
and that it decreases with φ, whilst it increases when Ef
decreases. The influence of Ef and fck significantly reduces as ρ increases. This trend may be justified by the effect
of the crack spacing parameter, which is independent of
the load and shows an exponential decay relationship
with the reinforcement ratio. For high reinforcement ratios, srm is relatively small, allowing higher values of εf.
In the depicted case of fck = 45 MPa, Ef = 80 GPa,
high bond condition and long-term loading, εf can be
generally higher than 2000 µε to obtain maximum values
of crack width of 0.5 mm. Only for the combination of
φ = 32 mm and d/h = 0.80, εf shall be lower than 2000 µε
to attain wk ≤ 0.5 mm. Hence, in those cases where high

Fig. 4. Ms/Mcr versus ρ. Assumptions: wk = 0.5 mm, high bond, long-term loading;
(a) φ = 16 mm, d/h = 0.80; (b) fck = 45 MPa, Ef = 80 GPa
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Fig. 5. εf versus ρ. Assumptions: wk= 0.5 mm, high bond, long-term loading;
(a) φ = 16 mm, d/h = 0.80; (b) fck = 45 MPa, Ef = 80 GPa

Fig. 6. Ms/Mcr and εf for different bond characteristics. Assumptions:
wk = 0.5 mm, long-term loading; fck = 45 MPa; φ = 16 mm; d/h = 0.80

bond is provided, limiting the tensile strain to 2000 µε to
control the crack width (ISIS Canada 2001; Newhook
et al. 2002) can lead to an oversizing of the cross-section.
The impact of the bond coefficient in the curves is
depicted in Fig. 6. As expected, better bond allows higher
Ms/Mcr ratios and higher values of εf. For the case of low
bond between the concrete and the rebar, the maximum
value of εf can result lower than 2000 µε if Ef ≥ 80 GPa
and ρ < 0.02, where the maximum value of εf ranges between 1200 and 2100 µε.
2.3. Serviceability requirements at a cross-section
level: comparison between stresses in concrete
and maximum crack width limitations

The allowable service moment that satisfies the serviceability conditions at a cross-section level is found from
comparison between the limitation of stresses in materials
and from the maximum crack width limitation. The minimum value between these two limitations corresponds to
the loading condition that fulfils both serviceability requirements. At the same time, this minimum moment gives

the flexural condition that allows calculating the maximum
tensile strain at the reinforcement. Both requirements refer
to the quasi-permanent loading condition.
2.3.1. Maximum service moment related
to the cracking moment

From comparison between Fig. 2 (Ms/Mcr for the stresses
in materials limitation) and Fig. 4 (Ms/Mcr for the maximum crack width limitation), a value for the maximum
Ms/Mcr ratio that fulfils both serviceability requirements
can be obtained, assuming the minimum between them,
which is depicted in Fig. 7.
The concrete stress limitation governs the design of
FRP RC sections with high reinforcement ratios, whilst for
lightly reinforced sections, the design would be governed
by the crack width limitation. Furthermore, low bond between the concrete and the rebar results in a shift to the
right hand side of the graph of the maximum Ms/Mcr ratio
from crack width limitation, indicating that if low bond is
reported, higher reinforcement ratios are needed for the
same mechanical and loading characteristics.
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where λ is the parameter for the depth of the equivalent
concrete stress block. Assuming a concrete crushing
mode, according to Eurocode 2 (2004), εcu = 0.35%,
λ = 0.8, the neutral axis depth can be calculated as:

x=

Fig. 7. Maximum Ms/Mcr that complies with stresses in materials and maximum crack width limitations. Assumptions:
σc = 0.45fck; wk = 0.5 mm; φ = 16 mm; d/h = 0.80; fck = 60 MPa;
Ef = 80 GPa

2.3.2. Maximum service moment related
to the ultimate moment

Assuming a typical concrete crushing failure of the section, the service moment related to the ultimate moment
Ms/Mu can be found from the Ms/Mcr relationship:

Ms  Ms
=
M u  M cr

  M cr
·
 M
 u


.



(22)

The ultimate moment Mu is deduced from compatibility and equilibrium of forces considering the equivalent stress block of concrete under compression (Eurocode 2 2004; ACI 440.1R-06 2006):

ε cu
x
,
=
d ε cu + ε f

(23)

A f E f ε f = λ· x· f cd ·b ,

(24)

M u = λ · x· f cd ·b·(d − 0.5λ · x ) ,

− A f ·E f +

(A f ·E f )2 + 914.29· f cd ·b·A f ·E f ·d
457.14· f cd ·b

, (26)

allowing obtaining Mu from Eq. (25). Fig. 8 represents
the maximum service to ultimate moment ratio Ms/Mu.
For the studied range of values, the flexural moment that
satisfies both serviceability limitations varies from 20%
to 38% Mu. Bischoff (2005) and Ospina and Gross (2005)
suggested a reference value for the service moment of
FRP RC of 0.35Mu; this value lies within the minimum
and maximum of the interval obtained in the present
study.
2.4. Deflection limitation and slenderness limits

The deformation of a RC member or structure is usually
limited so as not to be such that it adversely affects its
proper functioning or appearance. Appropriate limiting
values of deflection taking into account the nature of the
structure, of the finishes, partitions and fixings and upon
the function of the structure should be established. Eurocode 2, for example, limits the sag of a beam, slab or
cantilever subjected to quasi-permanent loads to span/250
not to impair the appearance and general utility of the
structure.
The low stiffness of FRP reinforcement always results in the larger deflections of FRP RC elements in
comparison to equivalent concrete elements reinforced
with conventional steel reinforcement. As a result, required amounts of flexural reinforcement and initial element sizing, in terms of recommended span to depth ratios, have to be re-examined in the light of the above
considerations.

(25)

Fig. 8. Maximum Ms/Mu that complies with stresses in materials and maximum crack width limitations. Assumptions:
σc = 0.45fck, wk = 0.5 mm and high bond; (a) φ = 16 mm, d/h = 0.80; (b) fck = 45 MPa, Ef = 80 Gpa
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Codes of practice usually propose a slenderness limitation to avoid calculation of deflections. In this section,
a general formulation to calculate the slenderness limitation for FRP RC elements is suggested. This formulation
is based on the instantaneous deflection proposed in Eurocode 2 (2004). For the sake of simplicity, a procedure
based on a multiplicative coefficient for FRP RC taken
from ACI 440 (2006) is used for the calculation of longterm deflections.
2.4.1. Instantaneous deflection

The flexural deflection of a RC beam can be computed,
according to Eurocode 2 (2004), from interpolation of
deflections as:

δ = δ 2ζ + δ1 (1 − ζ ) ,

(27)

 σ fr
ζ = 1 − β1 β 2 
σ f


(28)


 ,


2

where: δ1 is the deflection under the uncracked condition;
δ2 is the deflection under the fully cracked condition; ζ is
a distribution coefficient defined in Eq. (28), being β1 and
β2 the factors described in Eq. (14) and the ratio σfr/σf is
equivalent to Mcr/Ms for flexure.
The generalized elastic equation for midspan deflection can be expressed depending on the curvature of the
midspan section κi and the overall length as follows:

δ i = K1 K 2κ i L2 ,

(29)

where K1 is the coefficient related to the loading condition, being 5/48 for uniform load or 23/216 for four-point
loading with loads applied at L/3 and K2 is the beam deflection coefficient depending on the boundary and loading conditions:

K 2 = 1.2 − 0.2

M0
,
Mm

(30)

where M0 is the total static moment and Mm refers to the
moment at midspan. For uniform loading, K2 = 1 for
simply supported spans, K2 = 0.8 for fixed-hinged beams
and K2 = 0.6 for fixed-fixed beams.
The uncracked and cracked curvatures of the midspan section can be calculated by Eqs (31) and (8), respectively:

κ unc =

Ms
M f 2
= s ct .
E c I g M cr E c h

(31)

Substituting Eqs (31) and (8) into Eqs (27) and (29),
the following expression is obtained:
 f
 M cr
 ct

 2 E β1β 2  M
c
 s


δ L
= K1 K 2 ·
L h


εf

1 − β β  M cr
 +
1 2

1
d
h
(
−
x
d
)

 Ms


2 

   . (32)


  

If the ratio δ/L is limited to 1/250, the following
equation is found for the L/d ratio:


 Ms
 fct
 2 E β1β2  M
c
 cr


L
1
≤
(d h )−1·
d 250 K1K 2

−1
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1 − β β  M s
 +
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(
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1
−
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 M cr







−2  
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 .
 


(33)

The resulting L/d ratio depends on d/h, ρ, Ef, the
bond properties between the rebar and the concrete, the
duration of the load, the concrete mechanical properties
Ec and fct and the dimensionless service moment related
to the cracking moment Ms/Mcr, and its corresponding
tensile strain εf at a cracked section.
2.4.2. Long-term deflection

The long-term deflection can be computed following
different procedures with different degrees of complexity.
One of the most simple and wide-spread procedures for
the calculation of deflections for RC elements, consists of
applying multiplicative coefficients to the instantaneous
deflection. For the case of FRP RC, ACI 440.1R-06
(2006) proposes a reduction coefficient of 0.6, to be applied on the multiplicative coefficient used for steel RC
elements.
In this study, FRP RC elements are supposed to
support non structural elements not likely to be damaged
by large deflections. For this case ACI limits the deflection to L/240, whilst Eurocode 2 (2004) states that other
limits than L/500 may be considered, depending on the
sensitivity of adjacent parts. In the following, for simplicity and comparative reasons, the long-term deflection δLT
after construction of adjacent parts under the quasipermanent loading condition is limited to L/250. However, the present formulation allows changing this limit if
different cases are to be considered.
The long term deflection is computed as:

δ LT = (δ i )Q + λ  (δ i )G + ψ (δ i )Q  = (δ i )Q + λ (δ i )QP ,(34)

where: (δi)Q, (δi)G and (δi)QP are the instantaneous deflection of the variable, permanent and quasi-permanent
loads, respectively; ψ is the coefficient for the quasipermanent value of the variable action (adopted 0.2 in
this study) and λ is the factor to take into account the
long-term deflection, defined as 0.6ξ for FRP RC elements following ACI 440.1R-06 (2006) recommendations. The coefficient ξ takes into account creep and
shrinkage, and is set equal to 2 for duration of load higher
than 5 years. The instantaneous deflection due to the
variable loads is defined as a portion of the quasipermanent deflection (δ i )QP as:

(δ i ) Q = rQP ·(δ i ) QP
rQP =

qQ
q QP

=

,

qQ
q G + ψq Q

(35)
,

(36)

851

Journal of Civil Engineering and Management, 2012, 18(6): 843–857

where: qQ is the variable load; qG is the permanent load;
and qQP is the quasi-permanent load. The L/d ratio that
limits the long-term deflection to L/250 is then derived
from Eqs. (37) and (38):

L
1
≤
( d h)−1·
d K1K2 K3

−1
−2


εf
 Ms   
 2 fct β β  M s  +

−
β
β
1
  ,
1 2
 Ec 1 2  Mcr 
d h (1 − x d ) 
Mcr   





(

)

K 3 = 250 rQP + λ .

−1

(37)

(38)

If other limits different from L/250 want to be considered, K3 should be changed accordingly.
2.4.3. Slenderness limitation at a service moment ratio

Eq. (37) needs to be evaluated at a certain service moment ratio Ms/Mcr. The service moment Ms, calculated
under the quasi-permanent loading condition, can be
typically computed as a ratio of the ultimate moment Mu,
depending on the percentage of moment derived from the
permanent and variable loads:

Mu = γ GMG + γ QMQ ,

(39)

M s = M G + ψM Q ,

(40)

where: MG is the flexural moment at a cross-section obtained from the permanent loads; MQ is the obtained moment from the variable loads; γG and γQ are the partial
factors for the permanent and variable loads respectively.
Typical values for γG and γQ are 1.35 and 1.5 (Eurocode 2
2004). From Eqs (39) and (40), Ms/Mu can be calculated
as:

Ms Mu =

r + ψ (1 − r )
,
γ G r + γ Q (1 − r )

r=

qQ
qG + qQ

.

(42)

For a case where r = 0.6 and ψ = 0.2, the service
moment due to strength requirements is Ms = 0.48Mu, but
because serviceability requirements normally govern the
design of FRP RC members, this strength moment is
rarely attained, and the service moment is lower. The
resultant L/d for a simply supported beam subjected to a
uniform load is depicted in Fig. 9.
For the range of parameters considered in this study,
the L/d ratio would arrive up to 15 for highly reinforced
beams with low concrete strengths and high rebar modulus of elasticity. The L/d ratio only depends on ρ, fck and
Ef. The influence of d/h, the bond coefficient β1 and the
time-loading coefficient β2 result of minor importance on
the L/d response.
The allowable L/d ratio increases as ρ increases,
which is the opposite behaviour of what is typically reported for steel RC (Eurocode 2 2004; Vollum 2009) for
a given Ms/Mu. The different design criterion for FRP RC
(concrete failure instead of yielding of the steel reinforcement) can explain this phenomenon. Moreover, the
higher Ef, the higher allowable L/d ratio, whilst low values of fck allow higher L/d ratios.
Eq. (37) can be applied to the conditions established
by Ospina and Gross (2005) to calculate the instantaneous deflection and to compare the resultant slenderness
limitations, in terms of L/h ratios. The comparison is
depicted in Fig. 10, taking into account the tension stiffening effect and without considering it. It is seen that the
formulation presented in this work fits adequately the
slenderness limitation proposed by Ospina and Gross
(2005) taking into account the tension stiffening effect.

(41)

Fig. 9. L/d at the service moment calculated as a ratio of the
ultimate moment. Assumptions: d/h = 0.80; r = 0.6; ψ = 0.2;
Ms/Mu = 0.48; δLT = L/250; K1 = 5/48; K2 = 1

Fig. 10. L/h ratios obtained by the present study compared
with Ospina and Gross (2005). Assumptions: fck =
34.47 MPa; Ec = 27793 MPa; Ef = 41369 MPa; d/h = 0.90;
Ms/Mu = 0.30; δinst = L/240; K1 = 5/48; K2 = 1; β1 = 1; β2 = 1
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3. Methodology for the design of FRP RC elements
under the serviceability conditions

The present section proposes a methodology for the design of FRP RC elements under the SLS. This procedure
gives as a result the optimal dimensions of a cross-section
that satisfies simultaneously the SLS. The considered
SLS are the stress limitation, the crack width limitation
and the deflection requirements. The methodology is
valid for rectangular cracked sections designed for a concrete crushing failure. First, the moment ratio at which
deflections shall be evaluated is presented and second the
design methodology is shown.
3.1. Moment ratio to evaluate L/d

Eq. (37), which provides the L/d condition that fulfils the
deflection limitation, is associated to a loading situation
(Ms/Mcr or Ms/Mu). Depending on the adopted moment
ratio at which to evaluate the deflection, different L/d
values will be obtained. The moment ratio is usually considered as a percentage of the ultimate moment. For example, Ospina and Gross (2005) consider a moment ratio
Ms/Mu of 0.30 and Fig. 10 shows the resultant L/h ratios
for a given situation.
On the other hand, for a given load condition, L/d
could be obtained independently from the fulfillment of

stresses and/or crack width limitations at a cross-section
level using Ms/Mcr according to section 2.4, and equilibrium equations. For instance, in Fig. 11 the L/d ratio at the
maximum Ms/Mcr ratio just to fulfil the limitation of
stresses is depicted for a simply-supported FRP RC
beam. The beam is supposed to be subjected to uniform
loading with r = 0.6 and ψ = 0.2. For these conditions, it
is observed that the L/d ratio increases with ρ and Ef,
whilst it decreases with fck, and does not depend on φ
while d/h seems of minor importance.
If the L/d ratio is evaluated at the maximum Ms/Mcr
ratio to fulfil the maximum crack width requirement,
Fig. 12 would be obtained instead. The L/d ratio increases
with φ, decreases with ρ and d/h, whilst fck and Ef are
parameters of minor importance.
Using Figs 11 and 12 for the design of FRP RC elements implies that the section is designed to work under
the maximum Ms/Mcr ratio to satisfy the serviceability
conditions of cracking and stresses at a sectional level.
Nevertheless, the section may have to work at a flexural
moment to fulfil also the deflection requirements (Eq. 37).
Hence, the indicated Ms/Mcr for cracking and stresses shall
be considered a reference maximum value, and an iterative
procedure can be followed to find which moment ratio
gives the optimal value of the dimensions of the element.

Fig. 11. L/d ratio versus ρ. Assumptions: δLT/L = 1/250; σc = 0.45fck, high bond and long-term loading;
(a) d/h = 0.80; (b) fck = 45 MPa, Ef = 80 GPa

Fig. 12. L/d ratio versus ρ. Assumptions: δLT/L = 1/250, wk = 0.5 mm, high bond and long-term loading;
(a) d/h = 0.80, φ = 16 mm; (b) fck = 45 MPa, Ef = 80 GPa
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3.2. Proposed design methodology

The methodology aims at finding the optimal sectional
height of a FRP RC element subjected to a particular
loading situation and it is summarized in the flowchart of
Fig. 13. It starts calculating the maximum service moment that fulfils the SLS at a cross-section level, and
finds the optimal height of the element using an iterative
procedure.

For a given loading situation, and having calculated
the service moment at the section Ms, the total height of
the beam h11 is calculated from the value of (Ms/Mcr)i,
which for the first iteration is (Ms/Mcr)max:

 6M s
h1i = 
((M s M cr ) i )−1 
 bf ct


0.5

,

(43)

where h11 corresponds to the total height of the beam that
fulfils the sectional serviceability requirements (cracking
and stresses). However, h11 does not ensure the fulfilment
of the deflection limitation.
In a parallel way, using Eq. (37), the L/d ratio corresponding to the considered (Ms/Mcr)i is calculated and h12
is obtained from:

h2i =

1

(L d )

i

L
.
d h

(44)

In the first iteration, in most of the cases, the value
of
results equal or higher than h11 . If h21 < h11 , the
limitative condition is at a cross section level and
hopt = h11 . On the contrary, in the general case where

h12

h21 ≥ h11 , if the difference between h12 and h11 is lower
than a previously defined tolerance (Tol), the optimal
value of the total height can be taken as h12 . If the differ-

ence between h12 and h11 is higher than the tolerance,
initial (Ms/Mcr)max should be reduced with a decrement
∆(Ms/Mcr), since the stresses and cracking limitations will
be anyhow satisfied for a Ms/Mcr ratio lower than
(Ms/Mcr)max. Then, h1i and h2i are recalculated again.
This procedure finishes when h2i − h1i < Tol and the

Fig. 13. Design flowchart for the dimensioning of the overall
depth of a FRP RC element

The methodology is applicable to FRP RC rectangular cross-sections without compression reinforcement
designed to fail by concrete crushing. The different mechanical and bond properties of the reinforcement are
taken into consideration.
The problem is first defined by the input data, which
are the geometric characteristics (L, b, d/h); the loading
conditions (qG, qQ, ψ, K1, K2, β2), the concrete and FRP
mechanical properties (fck, Ec , fct, Ef, φ, ρ); the bond characteristics (β1, k1); and the serviceability limitations (in
this study: σc ≤ 0.45fck, wk ≤ 0.5 mm, δLT ≤ L/250).
Through Eqs (10) and (20), the maximum ratio
(Ms/Mcr)max is then defined as the maximum value of
Ms/Mcr that satisfies the stresses in materials and the
crack width requirements at a cross sectional level.
(Ms/Mcr)max is the minimum value between the obtained
by Eqs (10) and (20). If only the maximum crack width
wants to be limited, (Ms/Mcr)max is directly obtained from
Eq. (20).

optimal

height

of

the

cross section is hopt = h2i .

If h2i − h1i < 0 , the Ms/Mcr ratio shall be increased in the
next step to arrive to the optimal solution.
The presented methodology allows calculating the
dimensions of FRP RC sections that fulfill the SLS in a
more optimized way, since the different mechanical
properties of materials, the geometric characteristics of
the element, as well as the service moment caused by the
applied load, can be taken into account.
Application of the methodology leads to higher values of h with increasing loads. Consequently, for elements highly loaded, this methodology provides higher
values of h than those obtained by the slenderness limitations given in codes of practice. Conversely, for elements
lightly loaded, lower values of h are obtained.
Likewise, increasing values of parameters Ef, d/h
and ρ result in decreasing values of h, as expected. The
concrete strength has only relevant influence on the stress
limitation condition, resulting in lower sectional dimensions as the concrete strength increases. Finally, the effect
of bond coefficients is of secondary importance when
compared with the other possible influencing parameters.
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This is due to the fact that, when evaluating the SLS as a
whole, the SLS of cracking is generally the less restrictive one, whereas the bond properties do not have influence on the SLS of stresses in concrete, and have only
influence at loads close to the cracking load for the SLS
of deflections. As a result, at service loads, the effect of
bond coefficients is usually not relevant.
3.3. Example: FRP RC beam subjected to uniform
loading

The objective of this example is to illustrate the procedure previously presented. The overall depth of an FRP
RC beam subjected to a uniform permanent load of
15 kN/m (including self-weight) and a uniform variable
load of 10 kN/m, over a span of 3000 mm (Fig. 14) wants
to be determined.

First, the overall height of the beam that fulfils the
maximum crack width and the deflection limitations is
calculated. A tolerance Tol of 5 mm between h1i and h2i
will be used. Following Eq. (20) the moment ratio to
comply with the maximum crack width is Ms/Mcr = 3.45.
This value leads to h11 =171 mm. On the other hand, and
by using Eq. (37) with Ms/Mcr = 3.45, L/d = 8.25, giving
h12 = 441 mm.
Since h2i − h1i > 5 mm , Ms/Mcr is reduced and the

process is again repeated. In Table 1 several iterations are
shown until the optimal depth of the section is obtained.
Table 1. Iterative procedure to find the optimal depth for the
given example
Iteration
1
2
3
4

Fig. 14. Scheme of the example: simply supported beam under
uniform loading

The concrete characteristic compressive strength is
45 MPa, and GFRP bars with 16 mm of diameter and a
modulus of elasticity of 60 GPa are used as internal reinforcement. The effective depth to overall depth ratio is
0.80, and the section is 300 mm wide with a reinforcement ratio of 2%. High bond is considered between concrete and reinforcement.
The coefficient for the quasi-permanent value of the
variable action is considered ψ = 0.2. The characteristic
crack width is limited to 0.5 mm, the active long-term
deflection is limited to L/250 and the concrete compressive stress to 0.45fck. In a first stage, the optimal depth of
the section will be calculated to comply with the crack
width limitation and the deflection limitation. The stresses in concrete limitation is subsequently taken into consideration and the optimal depth is re-calculated accordingly.
Solution

The beam is subjected to a service load, under the
quasi-permanent condition of loading, of qs = qG +ψqQ =
17 kN/m. The associated bending moment is Ms =
qsL2/8 = 19.13 kNm. The mechanical properties of concrete Ec and fct are calculated following Eurocode 2
(2004) formulation.

Ms/Mcr
3.45
2.5
2
1.9

L/d

8.25
11.78
15.35
16.37

Serviceability limitation

170
201
225
230

h2i

455
318
244
229

In iteration 4, it is observed that h24 − h14 < 5 mm ,

which indicates that the optimal value of the total height
of the beam shall be hopt = h14 = 230 mm, being

(Ms/Mcr)opt = 1.9 and (L/d)opt = 16.37. This situation will
comply with the maximum crack width and the long-term
deflection limitations.
In the following, the overall height of the beam that
fulfils the three SLS (maximum crack width, deflection
and stresses in concrete limitations) is calculated. If the
maximum compressive stress in the concrete limitation is
also taken into consideration, the initial (Ms/Mcr)max is
calculated as the minimum between the obtained by
Eqs (10) and (20). The resulting value is (Ms/Mcr)max =
2.14, giving L/d = 14.14, and obtaining h11 = 217 mm and

h12 = 265 mm. Since h2i − h1i > 5 mm , the moment ratio

Ms/Mcr is consequently reduced and the process is again
repeated. Table 1 can be used from iteration 3, and the
resulting optimal depth is again 230 mm.
This result is compared to the resultant heights obtained by ACI 440.1R-06 (2006) and other limitations
present in the literature in Table 2. ACI 440.1R-06
(2006), which limits the deflection under service load
δserv to L/240, proposes to calculate the height of a simply
supported beam as L/10, whilst Ospina and Gross (2005)

Table 2. Resulting depth following the present study compared to other approaches
Approach
ACI 440.1R-06 (2006)
Ospina and Gross (2005)
Present study
Present study

h1i

δserv ≤ L/240
Ms/Mu = 0.30 and δserv ≤ L/240
Ms/Mu = 0.30 and δLT ≤ L/250
σc ≤ 0.45fck, wk ≤ 0.5 mm, and δLT ≤ L/250

Slenderness limitation
L/h = 10
L/h = 12.45
L/d = 10.20 (L/h = 8.16)
L/d = 16.37 (L/h = 13.10)

Resultant overall depth
h = 300 mm
h = 241 mm
h = 367 mm
h = 230 mm
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also limit the deflection under the service load δserv to
L/240 proposing Eq. (1). Finally, if the formulation of the
present study is used and the service moment Ms is limited to 0.30Mu, as suggested by several authors (Alsayed
et al. 2000; Ospina, Gross 2005; Rafi et al. 2008), for the
deflection limitation δLT < L/250, the resultant slenderness limitation would have been L/d = 10.20, giving as a
result h = 367 mm. Hence, in this case, considering
Ms/Mu = 0.30 leads to an oversizing of the section.
For the example presented, all the slenderness limitations from other approaches provide values for the total
depth of the section that result higher than the one obtained from the present methodology.
Considering of the actual loading condition and taking into account the mechanical properties of materials
allows obtaining more accurate values of h. Moreover, it
should be emphasized that the three SLS presented are
simultaneously satisfied, when the other approaches only
account for the deflection limit.
The presented formulation allows easily changing
the limits pre-established if needed. For example, if the
deflection after construction of non-structural elements
δLT had been limited to L/500 as stated in Eurocode 2
(2004) (i.e., considering that deflections could damage
adjacent parts of the structure), the procedure would have
given L/d = 14.12 and h = 279 mm.
Moreover, the level of loading is taken into account.
Following the example, if the beam had been subjected to
double the initial loading (qG = 30 kN/m and qQ =
20 kN/m), the present methodology would have given
hopt = 295 mm, instead of 230 mm.
4. Conclusions

The design of concrete structures reinforced with FRP
materials is likely to be controlled by the various criteria
imposed at SLS. This paper presents a discussion about
the limits of the different SLS, starting from the requirements at a cross-section level to end up with the deflection limitation. Based on Eurocode 2 (2004) formulation,
a methodology to fulfill the serviceability requirements
for the design of the overall depth of a FRP RC element
is presented.
The study on stresses in materials shows that limiting
the compressive stress in the concrete to 0.45fck under the
quasi-permanent combination of loads gives somehow
restrictive values of the maximum service moment to be
attained at the section. However, this limitation shall be
evaluated for each specific situation, since it refers mainly
to assuming linear creep and to avoiding longitudinal
cracks that may lead to a reduction in the durability.
The limitation of the tensile stress in the FRP reinforcement, which refers to avoiding the creep rupture,
highly depends on the rebar properties, the environmental
conditions and the loading period. Although further studies would be needed to arrive to a more generalized conclusion, for the range of values studied in this work, limiting the stress in the FRP bar generally leads to less
restrictive situations than limiting the concrete stress.
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Limiting the maximum crack width to a characteristic
value of 0.5 mm leads to service moments generally higher
than those obtained for the SLS of concrete stress. Only in
few cases with low reinforcement ratios, the crack width
criterion may be governing the SLS at a cross-section level. The maximum allowable tensile strain is compared to
the values established in the literature, finding that in most
cases limiting εf to 2000 µε, can result too restrictive, especially in those cases where high bond is reported or for
reinforcement ratios higher than 2%.
The service moment that fulfils the serviceability
requirements at cross-section level ranges between 0.20
and 0.38 times the ultimate moment for sections dimensioned to fail in concrete crushing. This range of values
results in good agreement with the ones stated by Bischoff (2005) and Ospina and Gross (2005).
A formulation to calculate the L/d ratio that fulfils
the deflection limitation for an FRP RC element is provided. This equation allows considering the different
properties of materials as well as the geometric and loading conditions of the element. Results show that the L/d
ratio only depends on ρ, fck and Ef. Moreover, the L/d
ratio increases with ρ, which is the opposite behavior of
what is typically reported for steel RC.
An iterative methodology to calculate the height of a
FRP RC beam that can simultaneously satisfy all of the
considered SLS is presented. This procedure allows optimizing the overall depth of the element with respect to
those usually adopted in practice, since it accounts for the
specific mechanical properties of materials and the geometric and loading conditions of the element. This methodology provides higher values of h as the applied load
increases, as expected. High values of Ef, d/h and ρ result
in lower values of h, whilst fck has only relevant influence
on the limitation of the compressive stress, leading to
lower values of h as the fck increases. The effect of bond
factors results secondary, since it affects to the maximum
crack width limitation, which is not usually restrictive.
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