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Abstract. An option for reducing material consumption in bent construction is flat plate replacement with a curved or 
saddle shaped plate (shell). This option applies to plywood sheet, provided that the curved or saddle shaped plates are 
made in widely used multilevel plywood presses with parallel shelves using layers with an appropriate physical properties, 
geometric dimensions and orientation, creating a structurally asymmetrical sheet, relative to mid-surface. Improved cur-
rently used method for calculation of curvature with taking into account curvature interaction effect and elastic character-
istic change in moisture changing process. Compared results obtained by improved method and finite element method. 
Using improved method calculated values of curvature for a sheet with different geometrical properties and moisture con-
ditions. 
Keywords: displacements; curvature interaction; wood composite; moisture influence on elastic properties; saddle-shaped 
surface. 

 
1. Introduction 

A composite with multilayer asymmetric structure ac-
quires curvature during conditioning in varying moisture 
and temperature. The asymmetric structure is obtained by 
orientating layers in different directions. There are many 
factors that affect curvature. The most important are the 
geometrical properties of a sheet- its thickness and orien-
tation of layers, temperature and moisture variation. Lay-
ers are made from an orthotropic material with various 
thermal or moisture expansion coefficients in different 
directions. In the case of a wood composite, the moisture 
changing process affects curvature more then the tem-
perature changing process, therefore the moisture chang-
ing process is analyzed in details.  

There are other factors that affect the curvature. For 
sheets with relatively large curvature it is important to take 
into account geometrical nonlinearity. It means that the 
curvature in one direction depends on the curvature in an 
orthogonal direction. This effect is called the curvature inte-
raction. The interaction decreases the values of curvature.  

The variation of temperature and/or moisture chan-
ges the elastic properties of a material. 

 
2. Theoretical background 

The curvature calculation could be done by using an algo-
rithm, described in Ambarcumian (Амбарцумян 1961), 
Decolon (2002), Reissner and Stavsky (1961), Rocens 
and Steiners (1976), Skudra (2002). This analytical 
method for the curvature calculation is based on 
Kirchoff-Love’s theory of a thin plate. The calculation 
starts with the general Hooke’s law 

 ][][][ iiji C ε⋅=σ , (1) 

where i,j=1..6; −σ ][ i  a stress matrix;  – a stiffness 

matrix; 

][ ijC

−ε ][ i a strain matrix. 
The general Hooke’s Law can be modified using 

Kirchoff’s hypothesis Reddy (1997), Vinson and Siera-
kovski (1986), Whitney (1987) of a thin plate and techni-
cal expressions. Thereby eq. (1) reduces to  
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where −21, EE modulus of elasticity in direction 1, respec-
tively 2; −νν 2112; Poisson ratio; shear modulus. −12G

Eq. (2) uses a local coordinate system 1-2-Z. In case 
of a composite sheet, stress and strain have to be calcula-
ted in a global coordinate system X-Y-Z. The stress 
matrix is calculated in another coordinate system using 
the transformed stiffness matrix  

 ,   (3) 
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The geometrical relationship between the deflection 
of mid-surface, , and the horizontal displacement of 
the mid surface, ,  as well as the strains,

0w

00,vu iε , is 
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where  – the deflection of plate mid surface, a func-
tion of x and y;  – the horizontal displacement of 
plate mid surface, a function of x and y; z measures the 
position on Z axis which is orthogonal to plate surface 
(see Fig. 1). 
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Fig. 1. The geometric interpretation of curvature 

 
From eqs. (4) one can separate the curvature matrix 
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where  the curvature of mid-surface relative to 

axes x, resp. y; the torsion angle of mid-surface. 

−00 , YX kk

−0
XYk

The geometrical eqs. (4, 5) and the physical eqs. (3) 
can be joined: 

 , (6) [ ][][][][ 00
__

uuiju kzQ +ε⋅=σ ]
where u=x,y, or xy; - mid-surface strain matrix. ][ 0

uε
In order to simplify the deformation model it is 

helpful to transform the stress matrix into an equivalent 
system that yields matrices of moment and force per unit 
length.  

The force matrix is obtained by summing the stress 
matrix coefficients across the z dimension of a sheet  
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where  axial force in direction x and y, acting 

on mid-surface;  – torsion force in direction xy; h- 
thickness of the sheet; N – number of layers in the sheet; 

−00 ; YX NN
0
XYN

−−1, kk zz  final, resp. initial coordinate of layer k. 
The moment matrix is a sum over the layers of the 

integral of the product of the stress matrix and z coordina-
te of the sheet  
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where  x, resp. y moment of the mid-surface; 

 – the torsion moment acting in the xy plane on 
mid-surface. 
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By integrating eqs. (7) and (8) one gets two 
expressions in terms of matrices A, B, D: 
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where i,j = 1, 2, 3;  
The coefficients of matrices A, B, D are calculated 

using the following equations  
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Nature subjects sheets to many physical variables, 
including moisture. The force and the moment arising 
from varying degrees of moisture are calculated using the 
equations (Brauns and Rocens 1994, 1997, 2004) 
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where −][ uβ the matrix coefficients of the moisture ex-
pansion of the material; −ΔW the total moisture incre-
ment or decrement during a treatment process. 

The combining eqs. (9), (10) and (12) yields a 
matrix expression that gives the deformation and curvatu-
re of the sheet:  
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3. Improved algorithm 

The most important failures of the currently used analyti-
cal method are: 

− It ignores the change in the elastic properties of 
the material during moisture variation (also called 
“physical nonlinearity”). 

− It ignores the curvature interaction (also called 
“geometrical nonlinearity”) Karkauskas (2007), 
Grigorenko and Yaremchenko (2009). 

The model presented in this paper consists of an al-
gorithm that is based on a single loop with n iterations. 
That single loop divides the total moisture incre-
ment/decrement –  into n smaller steps  of the 
moisture. For each step one calculates new elastic proper-
ties of a material that result from the variation of moistu-
re. Eq. (13) is replaced with 
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where u= x,y,xy; w – the average moisture of the sheet;  
l – current step number. 

For step number l one calculates the deformation 
and curvature matrix as a function of a constant moisture 
increment/decrement – . The sum of the deforma-
tions and the torsion yields the deformation and torsion 
matrix 

dW
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shown in eq. (16). The total curvature matrix is the sum 
of the corrected curvature values:  
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where n – the total number of steps; , - 
corrected value of curvature  the moments of 
inertia for a flat plate which are calculated from eq. (17); 

)(0 wXκ )(0 wYκ
−yx II ,0,0 ,

−*,*, , ylxl II  the moments of inertia for the curved plate 
after step l – calculated from eq. (18); x*, y* – central 
axis for curved plate after l step. 
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where −uR radius of curvature in direction u, geometri-
cal interpretation, shown in Fig. 1; v=x*, y*. 

In this algorithm a very important factor is the 
length of a sheet along direction u.  The algorithm used in 
references Rocens (1983), Christensen (1991), Jones 
(1975) didn’t take into account this geometrical factor. 

Analytical experiments were carried out with the 
improved algorithm, using the computer program Matlab 
R2008a. 

 
4. Comparison of results 

The algorithm was applied to square-shaped 
( YX II ,0,0 = ) four-layered plywood sheets made from 
birch. The moment of inertia  was varied during the 
experiments. The elastic properties of birch thee for two 
different values of wood moisture (6% and 10%) is 
shown in Table 1, according to Beliankin (Белянкин 
1957), Perelygin, Ugolev (Перелыгин, Уголев 1971), 
Ugolev (Уголев 1971). The elastic properties for differ-
ent values of moisture are obtained using linear interpola-
tion or extrapolation. 

XI ,0

 

Table 1 

W,% E1, Mpa E2, Mpa G12, 
Mpa 12ν  21ν  

6 17600 650 1070 0.04 0.45 
10 16800 550 950 0.04 0.45 

* where index 1 – direction of wood grains, 2 – tangential  
direction of wood grains. 

 
The grains of the first two layers (54.5% by volume 

of the sheet) are oriented in direction Y, the other two 
layers – in direction X. In all cases the area of a cross 
section (parallel to the x or y axes) of the sheet is 

2275 cm . Analytical experiments were made by changing 
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uI ,0  and the final wood moisture – Wfin. The total mois-
increment was kept constant at 4%. To vary the mo-

ment of inertia of the initial flat plate, the ratio of the 
length of a sheet, a, to its thickness, h, was changed from 
60 to 600. The moment of inertia of a sheet increases as 
its thickness is increased and the length of its edge is 
decreased (see eq. (17)). The algorithm was applied to 
sheets with 30 different moments of inertia. The lowest 

moment of inertia ( ) was 10.6 cm4

ture 

uI ,0  ( 600=
h
a ; 

a=406 cm; h = 0.68 d highest – 10 4 

(

cm) an 4.5 cm

60=
h
a ;  a = 128 cm; h = 2.14 cm).  

h of the thirty sheets fifteen diTo eac fferent moistu-
re regimes were applied, resulting 450 different 
experiments. Final wood moisture Wfin was varied from 
10% to 25%, and the beginning wood moisture, Wbeg, was 
4% below Wfin. Wbeg is the moisture level at which the 
sheet starts to curve. One hundred steps (n=100) were 
used to calculate the curvature in each experiment. The 
results are shown in Figs. 2 and 3. 

 

 
Fig. 2. The dominant (y axis) curvature dependence on the 

XI ,0  and Wfin. * Value of corrected curvature – 0
Yκ  and value 

vature without correction – 0k  
 

of cur Y

 
Fig. 3. The secondary (x axis) curvature dependence on the 

 and Wfin. * Value of corrected curvature-  and value of 

curvature without correction- 

nite co
ets used in these experiments 

 
three

 

XI ,0  0
Xκ

0
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A further four experiments were made using the fi-
element method Michnevič (2006) ( mputer pro-

gram ANSYS v.10). The she
differed from the previous heets as f s ollows: The first

 layers were 1.5 mm thick; fourth layer – 1 mm. The 
fibers of the first two layers were oriented along the X 
direction, fibers of  the third and fourth – along the Y 
direction. 

Each layer was divided into finite elements, So-
lid 45, taken from ANSYS v.10. The layers were mode-
led as an elastic orthotropic material. Its elastic properties 
were defined for two moisture levels – 10% and 6%. A
linear function was used to approximate the elastic pro-
perties. The analysis of curvature was made with and 
without the large deformation effect (LDE, see ANSYS 
v.10) and for sheets with two different length of edge a- 
50 mm and 200 mm. The results are shown into Table 2. 

 

Table 2 

Ansys v.10 
a, mm 

Without using LDE Using LDE 

  
0
Xκ , 1/m , 1/m 0κ , 1/m , 1/m 0

Yκ X
0
Yκ

50 1.1563 –1.9379 1.0717 –1.8828 

200 1.1780 –1.4316 0.1601 –1.2255 
 

5. Numeric rim

Th re m to fec lue ture. 
The most important are total thickness – h of sheet (see 

width of sheet – b/a, value of 

al expe ent 

ere a any fac rs that af t the va  of curva

Fig. 4), ratio of length and 
moisture increment/decrement (difference between wood 
moisture content in manufacturing (Wbeg) process and 
wood moisture content in exploitation (Wfin) – dW) and 
area of the sheet – F and ratio of thickness of longitudinal 
layers and shear layers – h1/h2  
 

 
Fig. 4. Geometrical characteristics of sheet 

 
By making a numerical experiments was studied th  

influence of mentioned factors on value of curvature. It 
of value of curva-

ture when one of mentioned factors is increased by 5%. 
This 

e

was done by calculating the difference 

experiment showed that the most significant factors 
that affect dominant curvature are- total thickness of 
sheet, ratio of length and width of sheet and value of 
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moisture increment/decrement and ratio of thickness of 
longitudinal layers and shear layers. If the ratio of thick-
ness of longitudinal and shear layers are more than 4 than 
ratio of length and width of sheet doesn’t affect value of 
dominant curvature significantly (Fig. 6). The studies of 
relationship of the dominant curvature and ratio of thick-
ness of longitudinal and shear layers and thickness of 
sheet is shown in Fig. 5. It shows that the maximal value 
of dominant curvature for any thickness of sheet is obtai-
ned when ratio of thickness of longitudinal and shear 
layers are form 5 to 5.5 (Figs. 5, 6). 

 

 
Fig. 5. b/a = 3, dW = 4%. The dominant curvature dependence 
of thickness of sheet and ratio of thickness of longitudinal and 
shear layers 

 

 
Fig. 6. The dominant curvature dependence of ratio of  
longitudinal and shear layers, if h = 21 mm (from Fig. 5) 

The obtained results were verified by finite element 
method in the most typical cases and difference is not 
more than 10%. 

To study the functional relationship of the most si-
gnificant factors and value of the dominant curvature of 
sheet was done a numerical experiment. During the 
experiment was kept constant value of wood exploitation 
moisture Wfin = 12%, F = 12 m2, h1/h2 = 5, b/a = 3 and 
orientation of layers of sheet. Curvature analysis was 
done by using improved algorithm. Structure of the sheet 
was following – 83% of wood grains are orientated in 
longitudinal direction (direction X, see Fig. 4) of the 
sheet and others orthogonally. Numerical experiment 
shows that sheet with such a structure obtains the domi-
nant curvature ( ) that is more than 1000 times bigger 

than other ( ) therefore other curvature might be igno-
red. 

The value of curvature was calculated 9 times be-
cause variable factors are three and each of them take 

 
Shear 

oc

poly  

1X 21X

0
Yκ

0
Xκ

thee different values. Values of thickness of sheet – h and
appropriate structure of sheet are shown in Fig. 4. 
layers are orientated in direction Y others in direction X 
(longitudinal direction). 

The total thickness of sheet takes 3 different values- 
18 mm, 27 mm and 36 mm. Thickness of each layer is 
1.5 mm. 

The value of moisture increment during the 
experiment takes values – 2%, 4%, 6%. Appropriate va-
lues of moisture content of wood during the manufactu-
ring process are 10%, 8 % and 6%. 

During the experiment first variable factor – h was 
labeled as X1 and second variable – dW was labeled as 
X2. “32” (two variables, each of them takes 3 different 
values) experiment plan was used to study functional 
relationship between the dominant curvature and thick-
ness of sheet and moisture content of sheet during the 
manufacturing pr ess. 

The obtained results were approximated using se-
cond order nomial (see eq. (19)) to study functional
relationship among the dominant curvature and two va-
riable factors (h, dW). Polynomial coefficients were cal-
culated using least-square method. 

7.843.00208X0
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.

The obtained functional relationship (see eq. 19) 
shows that extreme of second order polynomial is mini-
mum, but it is not in area of experiment (Fig. 7). To find 
out the adequacy of extreme value of curvature according 
to equation (19) was directly calculated values of curva-
ture near extreme point. It shows that there is no extreme 
value. Maximal value of curvature is obtained when 
thickness of sheet is minimal (in range of experiment). 

Adequacy of obtained functional relationship was 
verified by relative difference of actual value of curvature 
and value obtained by polynomial (see eq. (19)). Result 
shows that in all cases difference is less than 10%. There-
fore in engineering calculations functional relationship 
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between total thickness of sheet and moisture incre-
ment/decrement and the dominant curvature might be 
approximated by second order polynomial. 
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Fig.  The dominant curvature dependence of thickness of 
sheet – h (X1) and total moisture increment – dW (X2) accor-
ding to eq. (19) 

 
6. Conclusions 
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variation of elastic properties of materials with moisture 
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ce in results is not more than 10% in case if sheet is made 
from birch layers with orthogonal structure and typical 
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STAČIAKAMPĖS ASIMETRINĖS DAUGIASLUOKSN
SKAIČIAVIMAS 

 

ĖS

io lakšto pakeitimas sulenktu arba balno pavidalo lakštu (ke-
s, kad sulenkti arba balno pavidalo lakštai yra padaromi nau-

mis, imant tinkamų fizikinių savybių, geometrinių matmenų ir 
t struktūriškai asimetrinius lakštus, susijusius su viduriniu paviršiumi. Patobulintas 

dabar taikomas metodas kreivumui skaičiuoti, atsižvelgiant į kreivumo sąveikos poveikį ir drėgnio kitimo vyksmo tamprų-
jį būdingąjį pokytį. Palyginti rezultatai, gauti patobulintu ir baigtinių elementų metodais. Taikant patobulintą metodą, ap-
skaičiuotos kreivumo reikšmės lakštams, kurių yra įvairūs geometriniai rodikliai ir įvairios drėgnumo sąlygos.   

Reikšminiai žodžiai: poslinkiai, kreivio sąveika, medienos kompozitas, drėgnio poveikis tampriosioms savybėms, balno 
pavidalo paviršiai. 
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S a n t r a u k a 

Lenkiamųjų konstrukcijų medžiagų sąnaudas mažina plokšč
valu). Šis pasirinkimas taikomas klijuotės lakštams užtikrinu
dojant kelių lygių klijuotės presus su lygiagrečiomis lentyno
orientavimo sluoksnius bei sukurian

 


