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Abstract. Carbon-filled plastic bands are more extensively used for strengthening the permanently exploited curved
elements. As a result, the bending rigidity of the element is increased and the crack formation process is changed.
Investigation of these problems is carried out basing on the model of laminated material, in which the mechanical
properties of separate layers may have discreete different values depending on the external load volume. Practical
calculations are made by numerical methods which make it possible to follow up the origin of the crack formation in
the concrete, by taking into account its non-linear deformation character. The work deals with the analysis of the beam
strengthening specific character under unloaded and loaded conditions. Testing of the results is performed by using 2 m
long reinforced concrete beams strengthened with carbon-filled plastic bands.
Keywords: beam, deflection, reinforced concrete, calculation methods, carbon plates, crack propagation, bridge.

1. Introduction
In order to increase the stiffness and strength of
structural elements under specific service conditions,
currently the construction practice has introduced the
strengthening of reinforced concrete elements with plastic sheets or plastic plates. Beams are one of the most
widely used construction elements and their load bearing capacity is generally dependent on the bending moment values. During the process of loading beams are
subjected to deformations, which lead to the formation
of cracks and changing of deformative properties of
beams.
The increase of exploitational loads causes insufficiency of the load bearing capacity of the existing structural elements. Here reinforced polymer composites may
help to cope with this unbalance. Carbon plastics with
various carbon fibres and binders have gained a wide
application. It is possible to find optimal ways for
strengthening the reinforced concrete beams by modification of properties of fibres and binders. Extra reinforcement - reinforced plastics - in the tensile zone of
bent beams controls the crack opening in the concrete
and increases the bending stiffness and strength of beams.
The application of carbon plates practically enable to
achieve thrice larger bending stiffness.
The key problem in the exploitation of strengthened
beams concerns the delamination of carbon layers at the
epoxy attached ends. To solve the problem of delamination a number of preventive technologies have been proposed, eg, vertical ties of the attached ends [1, 2] and

angular profiles of the strengthening elements, a part of
which is attached to the outer surface of the beam [3].
Experimental investigations with reinforced concrete
beams strengthened by different structures show that deflections of beams are positively affected by carbon layers, ie, they enable to reduce considerably the maximum
deflections at specific bending moment values [47].
Nevertheless, it should be concluded that these results
display a more empiric character, and the effect is not
based on principles and relationships of scientifically
grounded investigations of laminated structural mechanics. It is generally known that during loading a bent reinforced concrete beam undergoes several deformative
structural stages. These are as follows: linear deformability zone in all components of the beam, crack formation in the concrete tension region, non-linear concrete
deformability zone in the concrete compressed region,
yielding zone of steel reinforcement and the zone following the steel failure. Each component of the beam in
all zones is under different stress  deformation conditions and affect differently the value of macro deflection
of the beam. Within the framework of the article, prognostication of deformations of bent reinforced concrete
beams strengthened with carbon layers during the whole
process of loading even up to the loss of their load-bearing capacity has been carried out by using the numerical
methods. Simultaneously, results on the stress state
changes of definite components (concrete, steel reinforcements, layers of carbon fibre reinforced plastic) and
development of critical situations (failure, yielding) at
any point of cross-section have been obtained.
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2. Calculation method of displacements
A laminated medium model [8] with different geometrical and mechanical properties of layers are used for
determining the deflections of strengthened reinforced
concrete beams.
Laminated medium mechanics enables to obtain the
stress-deformation relationships of each layer for the
given external loading, as well as micro deformations of
the whole laminated element within the limits of initial
assumptions. During the loading, even in the event of
originally symmetric structure, reinforced concrete beam
structure changes to asymmetric one due to the crack
formation and non-linear deformation properties of the
concrete. Consequently, the position of neutral axis is
changed and redistribution of stresses along the beam
height occurs. The article [9] illustrates that maximum
deflections of reinforced concrete beams practically are
caused by bending moments. Application of the hypothesis of flat cross-section methodology is well
grounded for determining the stress state conditions of
separate layers for sufficiently long beams (h/l < 1/10).
In accordance with the hypothesis, axial stresses are divided along the layers according to Eq
Vi Ei yi  ~
(1)
y M D.
Values of normal stresses in the axial direction of
the beam, determined by Eq (1), are constant in each
i-layer, and their division along the beam height is discreet. If the number of layers is increased, changes of
stresses acquire an increasingly monotonous character.
Notations used in the Eq (1): Ei  deformative constant of i-layer (within the limits of elastic deformations
it is the module of elasticity of the current layer), yi 
position of i-layer, M  bending moment in the respective cross-section. Parameter D takes into account the
geometry, deformative properties of separate layers and
the position of the neutral axis of a beam ý

~
y

¦ bi Ei ( yi2  yi21 ) .
2¦ bi Ei hi

(2)

It is important to consider the modification of neutral axis position during the loading, and thereby parameter ý is functionally submitted to the bending moment
value. Thus, the division of stresses at a fixed crosssection along the beams height at different bending moment values is different both by quantity and character.
It is based on non-linear deformative properties of the
concrete at large stresses and cracking of separate layers
when stresses reach the tensile strength. Application of
the Eq (1) is highly limited because it refers to the distribution of linear stresses in the cross-section of the
beam, which is fixed at the best up to the moment of the
initial crack formation at the maximum tensile zone of
the beam.
Value of the bending moment bound with the emergence of the initial cracking of the concrete can be determined by the relationship

Fig 1. Division of the cross-sectional area of the beam
into layers (a) and distribution of axial stresses at initial
stage of loading before crack (b) development

M cr

D  ft .
Ec h  ~
y

(3)

The position of the neutral axis ý at the moment of
the initial cracking is determined by the relationship (2).
Depiction of the distribution of axial stresses across
the components of the beam (Fig 1b) complies with the
schematic illustration of the division of the cross-sectional area of the beam into layers (Fig 1a). Stress in the
steel bars and carbon layer during the initial cracking is
determined by corresponding equations
V st
V FRP

Est f t yst  ~
y

,
~
Ec
h y
EFRP f t §
t
·
¨1 
¸,
Ec © 2 h  ~
y ¹

(4)

where Est , Ec , E FRP  Young's modulus for steel, concrete and composite material, f t  concrete tensile
strength.
The stress deformation curve of the stretched concrete is assumed linear. Development of cracks to the
centre of the beam brings to a case due to which an
increasingly large part of the concrete beam cross-section is not able to bear tensile stresses. For that part it
can be assumed that V = 0. As a result, by increasing
the stresses in the compressed section of the concrete, in
steel bars and carbon layers, redistribution of stresses in
the cross-section of the beam occurs. It is generally
known by concrete mechanics that the stress  deformation curve in compression is typically highly non-linear
[10]. We have taken it into account in the proposed calculation model by using the deformative parameter, which
changes depending on the stress, instead of the concrete
module of elasticity. Using the experimentally defined
concrete V  H curves, changes of the deformative pa~
rameter E 'V / 'H are constructed depending on V
diagram. The obtained curved line is approximated by
~
the relationship E Ec 1  V n , where E is the module
of elasticity.
Bending stiffness of the laminated structure is determined by the relationship
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and is submitted to the loading degree. By increasing
the bending moment value, most of the stretched concrete layers do not bear the tensile stresses. It has been
taken into account in the calculation model by assuming that the deformative constant of the relevant layer
equals zero.
3. Results of the calculations and experimental justification
The proposed calculation methodology was implemented by the computing software and it has been
applied in the calculations of two types of reinforced
concrete beams [11].
Cross-section dimensions of the first type beams
are 200 x 200 mm where four Ø 14 mm steel bars are
contained. Mechanical properties of the components provide reference for:
steel  module of elasticity Est = 200 GPa, yielding
stress fy = 540 MPa;
carbon plate  EFRP = 167 GPa; tensile strength
fFRP = 2900 MPa, width b c = 50 mm, thickness
tc = 1,3 mm;
concrete  Ec = 25 GPa; tensile strength ft = 2,6 MPa,
compression strength fc = 33 MPa (85 % from the
strength of cubes), parameters of deformative properties a = 2,73 · 105 (MPa)3 , n = 3.
Cross-section dimensions of the second type beams
are 300 x 400 mm. They contain five Ø 13 mm steel
bars, three of which located in the stretched zone of the
beam, but two of them in the compressed one. Unidirectional carbon layers were used for reinforcing these
beams. Mechanical properties of the components for:
steel  Est = 200 GPa, Rf = 340 MPa;
carbon plastic  EFRP = 400 GPa; fFRP = 3000 MPa,
width bFRP = 300 mm, thickness t = 0,17 mm;
concrete  Ec = 25 GPa; ft = 2,6 MPa, fc = 33 MPa
(85 % from the strength of cubes), parameters of
deformative properties a =  2,73 · 10 5 (MPa)3,
n = 3.
Changes of the bending stiffness for several reinforced concrete beam structures by increasing the bending moment have been illustrated in Fig 2 in compliance
with the relationship (5).
Curve 1 refers to the first type of beams without
carbon reinforcement. Curve 2 describes changes of the
bending stiffness for reinforced concrete beams to which
three parallel carbon plastic sheets with width 50 mm
and thickness t = 1,3 mm have been attached to the
stretched zone, whereas curve 3 concerns the case when
thickness of the carbon sheet is twice as large, ie,
t = 2,6 mm.
Changes of the bending stiffness for the second type
beams are illustrated in curves 46, the width of the car-

Fig 2. Changes of the bending stiffness in dependence of
bending moment for two tipes of beams (description of
the curves in text)

bon reinforcement coincides with that of the beam, but
the thickness of a layer equals 0,17 mm. Curve 4 refers
to the second type of beams without carbon reinforcement. Curve 5 corresponds to the beam reinforced by a
single carbon layer, while curve 6  to the beam with
thrice thicker carbon layer. The curves obtained lead up
to the conclusion that the carbon type reinforcement has
an impact on the bending stiffness of the beam and hence
also on deformability. The curves are notable by three
loading stages. The first applies to the stage of linear
deformability (practically unchageable bending stiffness).
That is the initial stage of loading up to the moment of
crack emergence in the tensile zone. The stage is relatively small and concerning real loadings insignificant.
The second stage applies to the development of
cracks and redistribution of stresses across the components. Here the bending stiffness of the beam considerably changes and these changes must be regarded in the
loaded bent elements, because the range of changes of
the bending moments is nearly approaching the real loadings of structures. The third stage is peculiar by rising
of stresses without relevant redistribution of them in the
components. The final result of this stage is the loss of
the load bearing capacity of a separate component, which
may be the failure of the compressed concrete zone, the
beginning of the steel bar yielding or tensile failure of
carbon layers. The fourth loading stage of the beam
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develops in case of the steel bar yielding and then excessive loading of carbon layers and deformability of the
beam occur. Due to the steel bar yielding delamination
of the attached carbon layers is observed, which causes
the loss of load bearing capacity of the beam.
Results of the calculations show that the impact of
an increased number of carbon layers on the concrete
crack formation is insignificant.
It must be taken into account that in cases of real
loading different values of the bending moments act in
different cross-sections of beams. However, deflections
in these cross-sections shall be proportional not only to
the bending moment value, they shall also be dependent
on the changes caused by the bending moment in the
beams structure and deformability features of the concrete
(non-linearity).
By application of the proposed methodology maximum deflection curves of beams in case of four-point
bending have been determined. Span of the first type
beams was l = 2 m, that of the second type beams
l = 2,5 m.
The obtained results are illustrated in Fig 3 as continuous lines. Experimental results [11] in case of repeated loading are represented in Fig 3 as dashed lines.
The curves are typical by extreme non-linearity and they
mark out characteristic loading stages. Maximum deflec-

Fig 3. Mid-span deflection of two types of beams (parameters of curves 1  6 the same as in Fig 2)

tions calculated by means of the presented method perfectly correspond to those established by the European
codes. The same applies to the experimentally achieved
results.
4. Application of strengthening methods for bridge
beams of canal Varkalju
The presented strengthening methods of bent reinforced concrete elements have been used for 20 years
exploited reinforced concrete bridge beams across canal
Varkalju on Yurmala ringroad in Riga district, Latvia. It
should be observed that the bridge load-bearing structures are in good technical condition. The bridge length
is 68 m, divided into 18+24+18 m spans. The supporting structure is developed by massive reinforced concrete girder supported by two reinforced concrete piles
driven up to dolomite bedrock. Span structure is made
of prestressed prefabricated reinforced concrete beams
according to the standard design.
If conformity of the existing structure is compared
to European Standard LVS ENV 1991:2000 requirements,
conclusion can be drawn that load-bearing capacity of
prestressed beams of canal Varkalju bridge is within the
limits of 67 to 75 % out of European Standard loads.
The performed calculations show that bridge beams are
designed extremely economically basing on the design
loads of building regulations effective in the 1980s in
Latvia. If the bridge is not strengthened, it is not able to
provide the conformity to European Standard loads.
Unlike the span structures, the bridge supporting ones
possess an adequate load-bearing capacity reserve, so that
they can take up both the loads of strengthened and traffic structures in conformity with European Standard LVS
ENV 1991:2000 requirements without any additional
strengthening operations. Thus the requirement for
strengthening the separate bent elements of structures has
become a topical problem, which could be solved by
glueing carbon plastic tapes to the tension zone of the
structure. Strengthening of structures provides the following sequence of operations:
 The existing bituminous concrete covering, dampproofing and cement mortar levelling layer are dismantled. Since the load-bearing capacity of bridge
beam shelves is not sufficient, an additional 150 mm
thick reinforced concrete slab (Fig 4a)  a roadway slab thickening  is provided.
 Bridge beams are strengthened by glueing carbon
plastic tapes underneath. The amount of these tapes
is defined according to the presented calculation
scheme. As a result, load-bearing capacity of beam
bending is increased.
 Investigation of the oblique cross-sections prove that
strengthening of beam walls at the supports is required. It is envisaged to thicken them with reinforced concrete and carbon plastic stickers at the
ends of beams. Carbon plastic stickers provide both
the strengthening of oblique cross-sections at the
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Fig 4. Cross-section of strengthened beam (a) and distribution of stresses in unstrengthened (b) and strengthened beam (c)

ends of beams and also bring under control the
delamination of beam strengthening tapes at their
ends, thus preventing premature loss of load-bearing capacity of beams.
Up to now a cross-section of the operative reinforced
concrete beams can take up the bending moment
4,28 MNm. Since the required bending moment to be
carried by bridge beams is 7 MNm, it results in the
development of 63 % of overloading in the beams.
Consequently, due to the strengthening the increase of
permissible bending moment 2,72 MNm shall be obtained.
According to the presented methods, distribution
of the obtained stresses in operative beams is shown in
Fig 4b. Description of stresses correspond to the loads
caused by the bending moment 4,28 MNm. The figure
illustrates that tension stresses in steel reinforcements,
corresponding to critical bending moment value, have
reached the point of steel yielding 980 MPa.
Distribution of stresses after 20 year long exploitation with carbon plastic tapes strengthening of beams is
shown in Fig 4c. Results are obtained for loads which
produce the bending moment 7 MNm. Under this critical bending moment value stresses in steel reinforcement
reach the point of yielding. Stresses in carbon plastic
layers do not exceed 72 % out of the permissible stress
1,68 GPa.
As we see in the diagram, cracks have developed in
the concrete tension zone, and tension forces are carried
only by the reinforcement and carbon plastic strengthening. Diagram of stresses of the compressed zone has taken
the shape of a curved line. However, it is obvious that
the concrete of the compressed zone is far from failure,
therefore the beam can be possibly strengthened by increasing the strengthening volume in the tension zone of
the beam.
Calculation model of layered structure [12] has been
used for determining beam's bending stiffness D. The
results obtained for unstrengthened beams and those
strengthened with carbon plastic tapes are depicted as

Fig 5. Dependence of bending stiffness of unstrengthened
(1) and strengthened (2) beam

curves in Fig 5. The curves are typical broken lines
with three characteristic stages: stage of linear deformation (up to the first cracks), crack opening stage and stage
of deformation up to the loss of load-bearing capacity
(yielding of tension reinforcement). The bending stiffness of strengthened beam is nearly twice higher than of
the unstrengthened beam.
In case of Varkalju bridge beams the relative height
of concrete compressed zone is 0,0996, which is considerably smaller than limiting value 0,51 defined by building regulations. So it is possible to strenghten these beams
by additional concreting in concrete compressed zone.
5. Conclusions
By using the layered structure model a numerical
calculation method has been developed for forecasting
reinforced concrete beam bending stiffness. The method
allows to evaluate the non-linear deformative features of
concrete and the crack formation mechanism, extra reinforcement of beams by sheets and plates attached to the
beams surface. An advantage of this method is the ability of the proposed model to estimate deflections of reinforced concrete beams for all stages up to disintegra-
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tion. The calculation results comply well with the experimentally obtained results both as to the character and
numerical values.
If it is required to strengthen the bent reinforced
concrete elements, which include strengthening safety of
the compressed zone (they are relatively poorly reinforced), an effective strengthening method is glueing
carbon plastic tapes in the tension zone of elements.
The performed calculations demonstrated that eight
carbon plastic tapes are enough to increase the load-bearing capacity of a 20-year operative beam by 63 % on
presumption that beam load-bearing capacity is defined
by the beginning of yielding of tension steel reinforcements. In case of Varkaïu bridge beams the strength
safety of carbon plastic layer is 28 %. The calculations
showed that due to the strengthening of operative beam
with eight carbon plastic tapes its bending strength to
crack resistance increases by 57 %, while in the range of
real operative loads  by 88 % (>0,12 M ).
Application of carbon plastic layers for beam
strengthening open wide possibilities in the increase of
bending strength of operative beams as well as of their
load-bearing capacity and in the planning of safety of
load-bearing capacity.
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GELÞBETONINIØ SIJØ LAIKOMOSIOS GALIOS PADIDINIMAS TAIKANT DISPERSIÐKAI ARMUOTUS
PLASTIKO LAKÐTUS
F. Bulavs, I. Radinsh, N. Tirans
Santrauka
Anglies pluoðtu armuoti plastiko lakðtai yra daþniausiai naudojama medþiaga ilgà laikà eksploatuojamiems kreivos formos
elementams. Ði medþiaga padidina elemento standumà, keièiasi plyðiø vystymosi procesas. Sprendþiant ðià problemà
taikytas sluoksniuotøjø medþiagø modelis, kuriame kai kurie sluoksniai (tai priklauso nuo apkrovimo lygio) gali pasiþymëti
skirtingomis mechaninëmis savybëmis. Praktiniai skaièiavimai atlikti taikant skaitinius metodus, kurie leidþia ávertinti
betono pleiðëjimà bei netiesines deformacijas. Pateikta sustiprintosios sijos analizë nukrovimo ir apkrovimo sàlygomis.
Atlikta 2 m ilgio gelþbetoninës sijos, sustiprintos anglies pluoðtu armuoto plastiko lakðtais, analizë.
Raktaþodþiai: sija, álinkis, gelþbetonis, skaièiavimo metodai, anglies lakðtai, plyðiø vystymasis, tiltas.
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