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Abstract. The paper presents a method of non-linear analysis of load-carrying capacity and deformations of reinforced
concrete columns subjected to long-term loads. Physical relationships expressing non-linear relations between internal
forces and stresses, strains and stiffness are derived on the basis of the fracture and creep theories for concrete and
using non-linear stress-strain diagrams modified for time effects. Second-order geometrical effects are taken into account
by solving a second-order differential equation for elements subjected to compression and bending. A number of numerical and test results are presented. The technique proposed is verified by comparison of analysis results with extensive experimental data.
Keywords: reinforced concrete columns, physical and geometrical non-linearity, long-term loading, strength, displacements.

1. Introduction

column subjected to appropriately magnified factored
bending moments. Take capacity of the slender column
be equal to the cross-sectional strength of this equivalent short column.
These code approaches are usually presented in a
closed-form analytical form and simple in use but they
are empirical. They operate using integral reinforced
concrete stiffness properties but not the material constitutive laws for real loading history and, therefore, cannot predict the real buckling mode.
Several studies [68] on the analysis of slender reinforced concrete columns have adopted analytical methods, which assume the deflection curve of the column as
a cosine, or sine wave and then solve the governing differential equations. As the load exceeds the elastic limit,
the deflection shape of the column gradually differs from
the approximate deflection curves. Moreover, these approaches are almost impossible when the column is a
part of a complex structure.
Numerical analysis procedures can be simplified
when analytical momentcurvature relationships are
known in advance. Sheikh [9] has performed an analytical overview of such methods for reinforced concrete
columns. Manzelli et al [10] presented an equivalent linear approximation of the non-linear momentcurvature
relationships for cross-sections of columns under shortterm loading. Biaxial bending momentaxial forcecur-

In current practice of reinforced concrete structural
design, the limiting states of strength are investigated
using ultimate equilibrium schemes but distribution of
internal forces and displacements is normally established
using simplified linear models based on assumptions of
small strains and the Hooks law. Such contradiction of
the analysis models is especially evident for rather slender structures where even small strains can cause large
displacements. Reinforced concrete columns are an example of such structures, especially if they are made of
high-strength concretes and have small cross-sections,
large load eccentricities and minimum amounts of reinforcing steel. As a result, this may lead to instability
problems, which can overcome advantages of the highstrength materials.
In columns of real-world buildings, a long-term part
of the load, ie the load sustained for a greater part of
the building service life, is rather high (about 60-80 %).
Therefore, long-term non-linear effects cannot be neglected in design [13]. According to building codes,
for example [4, 5], the strength of columns is usually
evaluated using the following steps:
a) Estimate the endrestraint conditions and calculate the effective length of the column;
b) Where second-order effects cannot be neglected,
convert the given slender column into an equivalent short
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vature diagrams taking into account long-term effects
were presented by Rodriguez-Gutierrez et al [11] for
reinforced, partially and fully prestressed concrete sections. Hsu [12] proposed a classification of analytical
models used for line reinforced concrete members.
If the concrete compressive stress exceeds a half of
the compressive strength, the stressstrain relation becomes strongly non-linear. This is also true in a case of
sustained loading of a reinforced concrete column, where
creep effect is present. Modelling the non-linear material behaviour is substantially important in creep stability analysis when the bifurcation point on the deformation path of a structure must be detected.
There is an extensive theoretical research [13] into
reinforced concrete creep stability, but a few works deal
with non-linear creep effects, for example [1416]. The
problem lies in a lack of comprehensive analytical representation of non-linear creep effects in literature.
One of the ways to predict a non-linear response of
concrete to long-term compression is based on using
rheological models (eg, Mazzotti et al [17]), Barpi et al
[18]). However, if conventional step-by-step integration
methods are used for integration of the Maxwells chain
equations, such as the Eulers method, the Runge-Kutta
methods or predictor-corrector methods, a problem of
reliable determination of the time increment can be
present. The time increment should not exceed the shortest relaxation time in order to avoid numerical instability problems. These approaches enable to take into account variable physical and mechanical properties of
concrete in the fracture process, but here there is a problem associated with determination of a whole range of
dissipative mechanisms in a single rheological element
and, therefore, these approaches are suitable only for a
particular concrete.
An advanced up-to-date approach to the modelling
of material non-linearity of concrete is based on using
stress-strain diagrams modified for long-term effects. This
approach enables to evaluate stress and strain state of
reinforced concrete elements under any level of longterm loading [19].
The solution of the problem is mostly proposed to
be found on the basis of the finite element method which
enables taking into account material and geometric nonlinearity [2022]. Normally, the non-linear physical relations are solved numerically using an incremental step
bystep Newtontype procedure. However, coordination
of loading steps with time step increments, which is dictated by the Volterras equation in order to simulate the
concrete creep, is very time consuming and often requires
computer parallelisation [23]. Therefore, engineers do not
use the non-linear analysis methods in usual design practice. Furthermore, in general case, the problem of analysis of reinforced concrete elements under both short- and
long-term loadings is non-smooth and non-convex and
has multiple solutions, i e several stress and strain states
may correspond to the same load condition [24]. This

can be even if stress-strain relationships used for concrete and reinforcing steel have no descending branches.
Therefore, conventional iterative methods of the Newtons
type are frequently inefficient when solving a set of nonlinear equations for reinforced concrete structures and do
not enable to find all possible solutions of the problems.
Deformational analysis of reinforced concrete columns subjected to long-term loads. The method is developed on the basis of the fracture and creep theories for
concrete and using non-linear stress-strain diagrams modified for time effects. Second-order geometrical effects are
taken into account. The technique proposed is verified
by an extensive comparison of analysis results with experimental data.
2. Physical relationships for reinforced concrete
elements under long-term loading
2.1. Physical model
Consider a beam/column reinforced concrete element
under long-term unsymmetrical bending and tension/compression. Let us assume that shear forces and torsion do
not significantly affect stress state and stiff-ness of the
element cross-sections and can be omitted in non-linear
formulations. In this case, stress and strain state at a crosssection of the element (Fig 1) can be evaluated by the
following system of three non-linear equations:

ϖ(t , t0 )
  ε î (t , t0 )   N 
0
0


B y (t , t0 ) B yz (t , t0 ) × ψ y (t , t0 ) =  M y  (1)
 0
 0
B yz (t , t0 ) Bz (t , t0 )   ψ z (t , t0 )  M z 


[B(å(t , t0 ))]× å(t , t0 ) = S ,

or

(2)

where t is the time being considered; t0 is the time at
initial loading; [B(å (t ,t0 ))] is the stiffness matrix for the
cross-section, its elements are interdependent and given
by:

σ(t )
dA ;
(
ε
A t , t0 )

(3)

σ(t )
(z − zî (t , t0 ))2 dA ;
t
,
t
(
)
ε
0
A

(4)

ϖ(t , t0 ) = ∫
B y (t , t0 ) = ∫
Bz (t , t0 ) =

σ(t )

2
∫ ε(t , t ) (y − yî (t , t0 )) dA ;

A

(5)

0

σ(t )
(y − yî (t , t0 ))(z − zî (t , t0 ))dA ; (6)
(
ε
A t , t0 )

B yz (t , t0 ) = ∫

(

)

å(t , t0 ) = ε î (t , t0 ) ψ y (t , t0 ) ψ z (t , t0 ) T is unknown strain

vector including the current values of axial strain ε î (t ,t0 )
(at the stiffness centre O, Fig 1) and the curvatures
ψ y (t ,t0 ) ,
ψ z (t ,t0 )
about appropriate axes;
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(

S = N My Mz

)T
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2.2. Constitutive laws for materials

is the vector of internal forces

(Fig 1); σ(t ) = (σb (t )∩ σ s (t )) are the normal stresses
acting in the direction of X axis at time t; Y, Z are any

Stress-strain relations for concrete in uniaxial compression have been proposed by many researchers. However, most of the relations deal with a short-term loading and do not address changes in concrete properties
during the loading process. Our proposal to modify constitutive relationship for concrete taking into account
long-term effects is presented below.
For the modification of the stress-strain relationship
for concrete under long-term loading let us consider only
a strict loading regime when the load is applied for a
short time not exceeding 1 h and maintained constant
for a time tt0. In this case, the behaviour of compressed
concrete we can model through modification [19, 25] of
the relation given in prEN 19921 [26]:

orthogonal axes; A ⊇ Ab ∪ As is the cross-sectional area;
subscripts b and s refer to concrete and reinforcing steel
respectively.

σb (εb (t , t0 )) =
 ε (t , t ) 
εb (t , t0 )
−  b 0 
ν bR (t , t0 )εbR (t , t0 )  εbR (t , t0 ) 

 ε (t , t )
1
− 2  b 0
1 + 
(
)
ν
t
,
t
 bR 0
 εbR (t , t0 )

Fig 1. Cross-section and internal forces

σ(t )

yî (t , t0 ) =

A

0

σ(t )
∫ ε(t , t ) dA
0
A

;

(7)

zî (t , t0 ) =

A

0

σ(t )
∫ ε(t , t ) dA
0
A

.

(8)

εbR (t , t0 ) =

ψ z (t , t0 )( y − yî (t , t0 )).

(

)

Rb (t , t0 )
1 + ν bR (t0 ) f c ϕ* (t , t0 ) ; (11)
νbR (t0 )Eb (t0 )

(

Assuming that sections remain plane, the strain
å(t ,t0 ) at a point with coordinates (y, z) is obtained by:

ε(t , t0 ) = ε î (t , t0 ) − ψ y (t , t0 )(z − zî (t , t0 )) −

(10)

R (t , t )
crete respectively; γ b 2 (t , t0 ) = b 0 is the function of
Rb (t0 )
concrete long-term compressive strength.
The peak strain and the coefficient of elasticity of
concrete are computed on the basis of the creep theory
and investigations [25] as follows:

σ(t )

∫ ε(t , t ) zdA

γ b 2 (t , t0 )Rb (t0 ),

where εb (t ,t0 ) is the current concrete strain at time t;
εbR (t ,t0 ) is the peak concrete strain corresponding to
the stress σb (t ) = Rb (t ,t0 ) ; ν bR (t ,t0 ) is the limit coefficient of elasticity at time t; Rb (t0 ) and Rb (t ,t0 ) are the
short-term and long-term compressive strengths of con-

Coordinates of the point O at time t are determined
by the following expressions:

∫ ε(t , t ) ydA

2

)

1 ν bR (t , t0 ) = γ b 2 (t , t0 )1 + ν bR (t0 ) f c ϕ* (t , t0 ) ,

(12)

where Eb (t0 ) is the modulus of elasticity at time t0; fc
is the factor, taking account of non-linear creep deformations; ν bR (t0 ) is the limit coefficient of elasticity at

(9)

time t0; ϕ* (t ,t0 ) is the specific creep coefficient.
The specific creep coefficient is established taking
into account changes of elastic deformations in time, as
follows:

Normal stresses are calculated using arbitrary stressstrain relations for concrete and reinforcing steel (section 2.2). Note that effects of shear forces and torsion
may be taken into account by using stress-strain relationship for concrete modified for these effects.
To compute the integrals presented in above expressions, the Gauss and Simpsons quadrature formulae are
used. This enables avoiding conventional division of the
cross-sectional area into many elementary areas [20, 21].
Assume that if at least one solution of the system
(1) exists, the strength of the cross-section will be assured.

E (t )
ϕ* (t , t0 ) = ϕ(t , t0 ) − b 0 + 1 ,
Eb (t )

(13)

where Eb (t ) is the modulus of elasticity at time t.
The limit coefficient of elasticity at time t0 is given
by

νbR (t0 ) =
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where εbR (t0 ) is the peak concrete strain when the corresponding stress is equal to Rb (t0 ) .
Non-linear effects of concrete creep are taken into
account using relations given in Recommendations [28]:

f c = 1 + vc (η(t , t0 ))4 ,

3. Static analysis
Static analysis of reinforced concrete columns under long-term loading should take into account both
physical and geometrical non-linear effects and be able
to predict the real buckling behaviour. In general case
of geometry and loading, the analysis can be performed
incrementally using the finite element method. In every
step of the analysis, the stiffness of the finite elements is
recomputed using the formulae presented in section 2
that provide relationships between the vector of internal
forces and the stiffness matrix of each element.
In a two-dimensional case, solution of the problem
can be also found by using the approach that takes into
account only second-order geometrical effects [27].
Consider a reinforced concrete line element under
simple bending combined with compression (Fig 2).

(15)

where vc is the factor, taking account of non-linear properties of concrete according to Recommendations [28]
and our proposals regarding to accumulation of the stress
history; η(t , t0 ) = η(t0 )γ b 2 (t , t0 ) is the intensity of longterm loading; η(t0 ) is the intensity of short-term loading.
Compressed concrete fails due to crack formation
and prolongation caused by tensile stresses in the orthogonal direction. The fracture energies G f (t0 ) ,
G f (t ,t0 ) and fracture process zone lengths l p (t0 ) ,

l p (t ,t0 ) describe the failure of concrete integrally.

In [29], it was found that l p (t0 ) ≈ l p (t ,t0 ) . Using
the fracture theory, the function of the long-term compressive strength of concrete is evaluated through solving the following sixth-order equation [25]:
γ b 2 (t , t0 ) =

(

f g (t )β*cc (t )2

1 + ν bR (t0 )ϕ* (t , t0 )1 + vc (θ(t , t0 ) − ω(t , t0 ))2 β*cc (t )4

)

,(16)

where:

θ(t , t0 ) =

ω(t , t0 ) =

)(vc νbR (t0 )ϕ (t , t0 ))
6vc ν bR (t0 )ϕ* (t , t0 )β*cc (t )2

3 λ(t , t

0

(
3 λ(t , t )(v ν

Fig 2. RC element under simple bending and compression

2

*

,

(17)
Differential equation for such elements is as follows:

)

2 1 + ν bR (t0 )ϕ* (t , t0 )

0

( )ϕ (

c bR t0

*

))

2
t , t0 β*cc

(

(t )

ψ≈

, (18)

2

)

λ(t , t0 ) = 108 f g (t )β*cc (t )2 +
21

(

)(

dx 2

= −M / B ,

(21)

where ψ is the curvature of the element longitudinal axis;
exact expression for the curvature is substituted here for
an approximate one taking into account only second-order geometrical effects:

ϑ(t , t0 ) = νbR (t0 )ϕ* (t , t0 )12 + 27vc f g (t )2 β*cc (t )4 , (19)

M = M q + M N = M q + N (v − v0 );

)

4 + ϑ(t , t0 ) + 4 ν bR (t0 )ϕ* (t , t0 ) 3 + ν bR (t0 )ϕ* (t , t0 ) .
vc ν bR (t0 )ϕ* (t , t0 )
2

d 2v

(22)

Mq is the bending moment produced by the lateral loading only; MN is the bending moment produced by the
compressive axial force N, computed relatively to the
stiffness centre of the considered section (position of the
stiffness centre varies along the element length forming
a curved physical axis); v and v0 are the vertical displacements at sections with coordinates x and 0 respectively; B is the bending stiffness computed by solving
the system of non-linear equations (1).
Referring to Eq (22), Eq (21) can be rewritten as
follows:

(20)

coefficient
taken
into
account
the
hydration
of
(t )
cement paste given in [25].
In [25], relationship (16) was compared with experimental data. The statistical analysis showed a good
correspondence between the analysis and test results for
concretes of various strengths.
Reinforcing steel at normal temperatures is not subject to any creep effects. Therefore the same stress-strain
relation that may be defined by an arbitrary function can
model both long-term and short-term steel behaviour.

β*cc

d 2v
dx
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+

Mq N
N
v=−
+ v0 ;
B
B
B

(23)
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d 2v
dx

2

+ k 2v = −k 2

Mq
N

+ k 2v0 ,

(24)

where k 2 = N .
B
This linear inhomogeneous second-order differential
equation with variable multipliers can be solved for given
boundary conditions by numerical methods using special
computer programmes. Note that in this case it is possible to use exact equation for the element axis curvature instead of approximate equation (21).
In order to find a solution of Eq (24), we substitute
variable stiffness B(x) for piecewise stiffness that is uniform along i-th segments of the lengths ai, i ∈1 : n ; the
number of segments n may be sufficiently large to attain
the accuracy required.
The load applied to the element resulted in concentrated lateral Fi and axial Pi loads and moments Li applied to the edges of i-th segments and in uniformly distributed load qi on i-th segments (the load qi is applied
along the entire length of i-th segment). In addition, on
the edges of i-th segments the skips of rotation ∆ϕi and
translation ∆vi displacements are possible (Fig 3). The
skips of displacements enable to model position of the
element physical axis that changes during the loading.
After introduction of a dimensionless variable ξ = kx
and taking into consideration that

dn

dx n
is rewritten in the following form:
d 2v
dξ

2

+v = −

Mq
N

= kn

dn
dξ n

Fig 3. Elementary segments of the element: boundary conditions, loads and displacements

by the known differential relationships as follows:

dM i
d 2vi ,
dvi ,
.
Qi ( xi ) =
M i ( xi ) = − Bi
2
dxi
dxi
dxi
So, using Eq (26) it is possible to analyse any line
elements. Analysis of reinforced concrete columns under
long-term loading is reduced to solving equation (26)
subject to non-linear physical relationships (1). This
analysis is iterative, the values of the bending stiffness B
are iterated for all segments into which the column has
been divided.
In such a way, it is also possible to analyse elements under biaxial bending where principal axes of segments have different angles of inclination, ie deformations happen in different planes. Hence, computation of
displacement and force components has to be performed
separately for every segment, with a sequential transition from the global to local axes and back by known
geometrical formulae.
ϕi ( xi ) =

, Eq (24)

+ v0 .

(25)

Solution of Eq (25) can be written as a recurrence
expression for lateral displacement on the edge of i-th
segment, as follows:

4. Numerical procedure
Equation (26) subject to non-linear physical relations can be solved only iteratively. Research [24] showed
that such problems are non-smooth and have multiplied
solutions even if the stress-strain diagrams have no descending branches, ie several stress and strain states may
correspond to the same load condition depending on the
loading history. In such cases, conventional iterative
Newton-type methods used for solving systems of nonlinear equations can frequently be unsuccessful and do
not enable to find all solutions of the problem.
The governing relations for a n-times indeterminate
reinforced concrete structure are given by a system of n
non-linear equations, ie:

 sin ξ 
vi (ξi ) = (v + ∆v)i −1 + (ϕ + ∆ϕ)i −1
 −
 k i
 1 − cos ξ 
− (M + L + N∆v )i −1
 −
 N i
2

 1 − cos ξ − ξ
 ξ − sin ξ 
2
− (Q − F )i −1
 − qi 
 kN i
k 2N



Ni
2
where ξi = ki xi ; ki = B ;
i
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 , (26)


i

N i = (N + P )i −1 ; ∆v0 = 0,

f (q, S) = 0

(27)

or are represented by an optimization problem as follows:

∆ϕ0 = 0; v0, ϕ0, M0, Q0 are initial parameters.
Initial parameters and skips are computed from the
given support conditions as well as from conditions on
the segment boundaries.
Rotations ji, bending moments Mi and shear forces
Qi are expressed in terms of lateral displacements vi

f 0 (q, S) → min .

(28)

They include a n-dimensional vector of unknown
strains or displacements q ∈ R n and the corresponding
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to be extremums. Out-breeding is aimed to the prevention of a fast convergence of the algorithm to already
found solutions making the algorithm to scan new, unexplored areas.
The method and the algorithm described above are
implemented in a computer programme written in Visual
Basic programming language as a macro for MS Excel.

given vector of forces or loads S ∈ R n . These relations
contain non-convex (non-monotonic) and non-smooth
functions f( • ) ∈ R n or f 0( • ) ∈ R n .
The methods for solving such problems should provide finding of all possible solutions. If the system has a
potential, the global extremum should be searched among
all local extrema of the extremal function f0(). In this
study, two approaches are proposed for solving non-linear problems (27) and (28). Firstly, by using an ordered
search algorithm as proposed by Alyavdin and Simbirkin
[24] and, secondly, by using a genetic algorithm [30] for
solving the problem of non-linear programming (28) that
can present the problem (27) too. For example, the system of equations (2) may be rewritten in the forms of
(27) and (28) respectively as follows:

f (q, S ) = [B(å (t , t0 ))]× å(t , t0 ) − S = 0 ;
3

∑ f i2 (q, S) → min .

i =1

5. Experimental verification of the method
Experimental verification of the method proposed
above we will perform through a comparison of analysis
and test values of load-carrying capacity and lateral deflections of reinforced concrete columns. In the first case,
it is interesting to obtain a verification of stress-strain
relation (10) and equation (16) proposed for consideration of the long-term effects using theoretical assumptions regarding the concrete fracture. In the second case,
we will examine an agreement between calculated and
measured increase of lateral displacements at time. In
such a way, the proposed models of reinforced concrete
elements will be approved for full range of long-term
loading.
The analysis carried out for the experimental verification is based on the following assumptions:
1. Behaviour of concrete in long-term compression
is modelled by using modified stress-strain relation (10)
taking into account relation (16);
2. Descending branch of the stress-strain relationship for concrete is defined by function (10) where the
concrete ultimate strain and the corresponding stress are
approximately assumed to be εbu (t , t0 ) ≈ 1,9εbR (t , t0 ) and
Rbu (t , t0 ) ≈ 0,85Rb (t , t0 ) respectively;
3. Concrete tensile strength is ignored when determining the ultimate cross-section capacity;
4. No slip takes place between concrete and reinforcement;
5. For soft reinforcing steel, a diagram with yield
plateau and non-linear strain hardening up to the peak
stress equal to the ultimate strength is used, for reinforcing steel without yield plateau a non-linear branch of the
diagram is defined by a quadratic function.
In experimental investigations performed by
Drysdale et al [32], reinforced concrete columns were
tested for long-term compression combined with simple
bending. The columns of series D had an eccentricity of
the axial force that accepted to be uniform along the
column height and equal to 25.4 mm. The cylinder concrete compressive strength was about 30 MPa. The tests
showed that fracture of columns occurred 14 to 245 days
after the load had been applied and the long-term capacity was 122 to 136 kN. The short-term ultimate load of
the columns was approximately equal to 182 kN. The
rest data are taken from [32]. Comparative graphs for
calculated by using the proposed method, design code
SNiP [4] and test [32] values of the ultimate load Pu
are shown in Fig 4.

(29)
(30)

In solving optimization problem (30) by using a
genetic algorithm, the vector of unknowns q is represented by a single chromosome, ie a binary chain containing values of unknowns in the binary number system. The length of this chain is dependent on the number of unknowns n and required accuracy. The algorithm
deals simultaneously with a number of these chromosomes called population. Search of a solution of the
optimization problem (30) consists in creating the fittest chromosome (individual) through modelling the
processes of Darwinian evolution  mating, mutation and
natural selection [30].
In order to make a genetic algorithm more efficient,
an implementation technique taking account of peculiarities of the considered problems is developed. This technique is based on the results of Batistchev and Isaev
[31] and is as follows. Selection of chromosomes is performed by using a method of supplanting. The selection
based on this method is of a bicriterion nature, ie an
individual becomes a member of a new generation not
only through analysing its fitness but also considering if
there is an individual with the same chromosome set in
the generated population. In this way, two purposes are
achieved: the best solutions having different chromosome
sets are not lost and a genetic diversity is always maintained in the population. Supplanting creates here a new
population rather from dissimilar individuals than individuals close to the current best solution.
Choosing parents for reproduction is performed using also two opposite methods  in-breeding and outbreeding. In-breeding chooses the first individual of a
couple at random and the second individual will be that
the closest to the first one. On the contrary, out-breeding creates couples from the most dissimilar individuals.
In-breeding makes the search concentrated at local areas
of a search space that leads to partitioning of the space
into separated local groups around the places suspected

72

V. Simbirkin, R. Balevièius / JOURNAL OF CIVIL ENGINEERING AND MANAGEMENT  2004, Vol X, No 1, 6775

seen that Eurocode 2 [26] overestimates the creep deformations of the high-strength concrete.
In experimental investigations [33], after six months
of unvaried loading it was decided to finish the sustained
loading and subject the column to an increasing shortterm load up to the failure to determine the residual
strength. The column had not been unloaded before the
increasing load was applied. The total ultimate failure
load was equal to 1367 kN, and the maximum lateral
deflection to 57 mm. Theoretically, using the proposed
method we obtained almost the same values: the column
starts to buckle under the load of 1365 kN at the maximum deflection equal to 58 mm.
Goyal et al [35] described experimental results of
pinended eccentrically loaded columns subjected to
sustained load for a period of 6 months and then to an
increasing load under short-term loading conditions up
to the failure. The columns had a cross-section of 76x76
mm and were 1828 mm (series A and I), 1219 mm (series P) high. Concrete cylinder compressive strengths
were ranging between 26 and 33 MPa, and the load eccentricities were 13 to 38 mm. The rest data are taken
from [35].
Fig 6 presents axial compressive load versus lateral
deflection diagrams obtained for full loading history by
experiments [35] and theoretically by using the method
proposed. As can be seen, deflections calculated by using the proposed technique are close enough to the measured ones.

Pu , kN

250
200
150
Specimen D-1-C
Specimen D-1-D
Specimen D-2-A
Specimen D-2-B
Proposed method
SNiP

100
50
0
0

50

100

150

200

250

300

t – t0 , days
Fig 4. Calculated and experimental values of the ultimate
failure load Pu for RC columns

The results obtained by using the proposed method
are in a good agreement with the experimental values of
the load-carrying capacities. When using the code SNiP
[4] the ultimate short-term and long-term loads were
computed only after predictor-corrector calculations. The
short-term ultimate failure load of columns calculated by
using the code [4] is 190 kN. The long-term ultimate
load is 145 kN. The kind of the dashed line shown in
Fig 4 cannot be obtained by calculations according to
SNiP [4], since this code does not define the time-depending alteration of the unit creep characteristics, such
as specific creep or creep coefficients.
Tests studying the structural behaviour of slender
high-strength and normal-strength reinforced concrete
columns subjected to sustained loading were carried out
by Claeson et al [33, 34]. The columns had a quadratic
cross-section of 200x200 mm and were 4 m high. Concrete compressive strengths were 35 MPa (column N201)
and 92 MPa (column H201), load eccentricity was equal
to 20 mm. The rest data are taken from [32].
Fig 5 presents diagrams comparing theoretical and
experimental [33] values of long-term lateral deflections
of the high-strength concrete column H201. As can be
seen, the deflections calculated by using the method proposed are very close to the measured ones. It is also
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Mickleborough et al [36] measured long-term deflections of reinforced concrete columns which had concrete strength ranging between 27 and 39 MPa. The results presented in [36] cover duration of experiments of
40 days. Test types A, B, and C involved columns with
a cross-section of 150x150 mm and a span length 6 m.
Eccentricities of the compressive load were ranging between 15 and 60 mm. The rest data are taken from [36].
Fig 7 presents curves comparing theoretical and
experimental [36] values of lateral deflections of reinforced concrete columns under long-term loading. As can
be seen, the deflections calculated by using the method
proposed are also close enough to the measured ones.
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Fig 6. Long-term experimental and calculated lateral
deflections vs compressive load diagrams
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Fig 5. Long-term measured and calculated maximum
lateral deflections of high-strength RC column
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6. Conclusions and recommendations

Deflection, mm

The results obtained in the present study may be
generally summarised as follows:
1. Non-linear response of reinforced concrete columns to long-term loads can be modelled on the basis
of the concrete creep and fracture theories using concrete stress-strain relations modified for long-term effects.
The method proposed in this paper enables to take into
account second-order geometric effects, as well as nonlinear material properties, cracking, and both linear and
non-linear creep effects and to predict strength and deformations of reinforced concrete elements throughout the
loading process up to failure.
2. A computation technique based on a genetic algorithm provides avoiding difficulties associated with
non-smoothness, non-convexity and presence of multiple
solutions of the system of equations modelling non-linear response of reinforced concrete elements to long-term
loads.
3. The method proposed is found to be of an adequate accuracy by a statistical analysis of calculated and
experimental data and can be used for analysis of reinforced concrete columns subjected to long-term loads.
4. The difficulties of analysis and the differences
between test and analysis results for slender reinforced
columns under long-term loading may be caused by a
hard control and rough prediction of the concrete tensile
strength that has a great influence on the load-carrying
capacity of the columns failed immediately after the crack
formation.

t, days

Fig 7. Long-term experimental and calculated lateral
deflections of RC columns

Measured displacements, mm

An agreement between the calculated and measured
values of long-term lateral deflections of RC columns
has been also estimated statistically (Fig 8).

References

Calculated displacements, mm

Fig 8. Adequacy of long-term experimental and calculated
lateral displacements of RC columns

The ratios κ = vcal / vexp are calculated for all time
moments for which the authors of the experimental research [3336] have presented the test results, standard
deviations and coefficient of variation are also computed.
The statistical analysis deals with the sample of 116
points obtained for 22 test specimens. It has been found
that long-term deflections calculated by the method proposed differ from the experimental values on average by
8 % with variation coefficient of 21 %. This may be
treated as a rather good agreement between analysis and
test results.
Here we can notice that a great part of the considered slender columns buckled immediately after formation of a crack. Therefore, the load-carrying capacity of
such columns is determined by the cracking moment and,
hence, strongly depends on the concrete tensile strength.
However, the latter value is frequently hardly controlled
and even indeterminate, especially under long-term loading conditions. This fact partly explains the differences
between calculated and experimental results.
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