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Abstract. This paper presents an analysis of semi-rigid beam-to-column connections in which the beam is connected to
column not at 90 degrees angle. Beam-to-column bolted end-plate connections that are subjected to pure bending were
modelled by three-dimensional finite elements. Numerical modelling of connection covers the geometrical and material
non-linearities as well as contact and separation between various components of connection. Moment-rotation M-<I>
curves for modelled connections using numerical results are made and stress distribution in connection components is
presented. The study shows a significant influence of inclination of beam and quantity and location of bolts on the joint
rigidity.
Keywords: steel structures, semi-rigid joints, beam-to-column connections, moment-rotation curve, finite element method,
numerical tests.

1. Introduction

Beam-to-column connections are usually divided into
rigid or hinged connections. In the last decade the concept and practical application of semi-rigid joints has
been increasingly used [1-5]. Depending on rigidity, the
codes on design of steel structures EC 3 [6, 7] classify
the connections into rigid, semi-rigid and hinged. The
origination of such type of joints was stipulated by a
need to specify the real behaviour of structures as accurately as possible. The more accurate knowledge of the
behaviour of a structure allows the higher possibilities
to reach the economical effect [8]. It is easier to install
semi-rigid connections than the rigid ones, because the
former need fewer stiffeners and bolts. The elements
joined by semi-rigid connections may be of smaller crosssection than the hinged ones, because semi-rigid connections decrease the displacement of element if compared
to hinged connection [9].
The variety of beam-to-column connections is very
wide. Up till now all studies were carried out for beamto-column connections when the beam and the column
make right angle. There are many connections where the
beam is connected to the column not at right angle. Such
type of connections has not been widely analysed and
their rigidity characteristics not studied. It is not clear
how the angle of beam inclination influences the rigidity
of connection. No methodology has been developed for
establishing the rigidity of such connections.

The behaviour of a semi-rigid connection is described by moment-rotation M-<1> curve of the joint
[2-7, 10]. Other forces acting in the joint do not have
such significant effect on the joint rigidity and usually
are not evaluated in calculations. Various methods may
be used for establishment of M-<1> curves of semi-rigid
joints: empirical, analytical, mechanical, numerical and
experimental tests [11].
Numerical approach is generally based on using the
finite element method. This method is applied for studying the behaviour of various types of connections [1216]. It can be used for evaluation of real behaviour of
joint, such as interaction phenomena between different
components of joint, the physical non-linearity of the material and the geometric non-linearity of the joint.
This paper presents the investigation results of analysis of semi-rigid not right angle beam-to-column bolted
connections. The main focus is made on estimation of
beam inclination, quantity and location of bolts on the
rigidity and strength of the analysed type of connections.
The analysis of connections is performed by finite element method.
2. Description of the objects

Beam-to-column connections shown in Fig 1 were
analysed. Nine semi-rigid connections made of a beam
bolted to a column were modelled. The beam and the
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Fig 1. Beam-to-column connections details (mm): a) general view; b) section A-A; c) section B-B of connections AlO, A20,
A30; d) section B-B of connections BlO, B20, B30; e) section B-B of connections ClO, C20, C30

level contour make a 10° angle (connections AlO, BlO,
C 10), 20° angle (connections A20, B20, C20) or 30°
angle (connections A30, B30, C30). Six connections
(AlO, A20, A30, BlO, B20, B30) were with four bolts
and three ones (ClO, C20, C30) with six bolts. Difference between connections A 10, A20, A30 and B 10, B20,
B30 is in position of bolts.

The bending moment added at outside cross-section
of the beam in clockwise direction, which is replaced by
uniformly distributed load p (Fig 2) and varies from zero
to ultimate value. The ultimate value of bending moment,
which can be added to connection, means the strength
limit of semi-rigid joint.
Steel of the column, beam and end plates for all
connections is S275 with yield limit 275 MPa. Bolt class
is 10.9 with yield limit of bolt material 900 MPa. Modulus of elasticity for all elements is 2,1 Ox 10 11 Pa.
3. Modelling technique of connections by finite element method

Fig 2. Loading and supporting scheme for all tested connections

Modelling of beam-to-column bolted connection is
deeply complex problem because it involves geometrical
and material non-linearities, contact problem between
components of connection as well as selection of suitable finite elements type for discretisation connection
components.
The numerical tests were carried out by using the
finite element code ,Cosmos/M" [17]. A three-dimen-

294

K. Urbonas, A. Daniiinas I JOURNAL OF CIVIL ENGINEERING AND MANAGEMENT- 2003, Vol IX. No 4, 292-296

sional finite element model was generated to represent
the joint behaviour.
End plates of connections were modelled by
TETRA4 4-node three-dimensional tetrahedral solid elements. These elements together with node-to-surface GAP
elements can be used for description of contact problem.
Beam and column webs and flanges, bolts, screws
and washers were modelled by using SOLID 8-node
isoparametric three-dimensional solid elements. Three
degrees of freedom are considered per node. Preloading
of bolts was not evaluated.
The contact and separation problem between the end
plates of the beam and the column is estimated in the
numerical tests. The modelling of tree-dimensional contact problem is achieved through the use of node-to-surface GAP elements. Describing node-to-surface GAP
elements, one surface of the body is marked by nodes of
finite elements that cannot "adhere" or "cross" the indicated surface of another body. The initial gap distance
between contacting bodies does not need to be specified
by the user. All non-linear effects can be accounted for
in the contact problems solution.
The welds strength between I sections of column
and beam with end plates are assumed to be not less
than parent metal and had no effect on the connection
strength and stiffness. This allowed to simplify the modelling and accept directly agglutinate the beam and the
column to the end plates.
The material of all types of finite elements is accepted as elastic-perfectly-plastic according to the codes
on design of steel structures EC 3 [4]. The plasticity
model is based on the von Mises yielding criteria.
To reduce the computational effort, only half of each
connection was modelled, taking advantage of symmetry
in the vertical plane along the column and beam axis.
The displacements in symmetry plane in the direction perpendicular to the symmetry plane and displacements of the bottom cross-section of the column in all
directions were restrained to ensure real behaviour and
symmetry of the connection.
4. Numerical tests of not right angle bolted end plates
beam-to-column connections
The testing of finite element mesh density for accuracy of results was performed for connection C 10. Practically acceptable results were achieved for finite element mesh with 6119 nodes, 2710 elements (Fig 3). This
density of mesh was used for all other investigated connections.
Stress-strain states of connections when bending moment varies from zero to ultimate value were obtained
by numerical tests. In connections AlO, A20, A30 and
B 10, B20, B30 yield stresses are reached only in the
bolts because they are too weak to transfer such forces
so that plastic zones could occur in other parts of connections. In C 10, C20, C30 yield stresses are reached in

Fig 3. Three-dimensional finite element mesh of beam-tocolumn connection ClO

bolts and elements that are in the tensional area of connections. Deformed model C30 and von Mises stresses
distribution for bending moment, which equals 50 %,
75% and 100% of ultimate bending moment, are shown
in Fig 4. Stresses are expressed in kPa. Palette of the
colours and stresses values are the same for all pictures
in this Figure.
Moment-rotation M-<1> curves for all investigated
connections are shown in Fig 5. The connection rotations were obtained as the difference of rotations of the
middle lines of the beam and column elements {18]. It
can be stated by the shown curves that the inclination of
beam has significant influence on the rigidity of this
connection type. The smaller is the degree of the beam
with the level contour, the more rigid is the connection,
and vice versa.
Both the amount of bolts and their position in the
tension area of the connection influence the rigidity of
connections. M-<1> curves (Fig 5) show that the connection, having more bolts in tensional area, is more rigid
than the same connection, having fewer bolts; and the
connection with bolts moved futiher from the centre is
more rigid than the same connection with bolts closer to
the centre.
Moment-rotation M-<1> curves vary close to linearly
and stresses in connections do not reach the yield limit,
when the connections are affected by relatively small
bending moments. The increase of rotation becomes more
intensive when yield stresses occur and the plastic zones
expand. For model C30 it is clearly seen in Figs 4 and
5. In connections, where not only bolts yield, the M<1> curves bend more flowingly than in models, where
only bolts yield.
According to EC 3 beam-to-column connections,
where the columns are not more rigid than beams for
more than ten times, are treated as rigid if
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Fig 5. Moment-rotation M-<f> curves of beam-to-column
connections and theoretical rigidity of connections according to EC 3: a) connections AIO, A20, A30; b) connections B I 0, B20, B30; c) connections C 10, C20, C30
Fig 4. Deformed shape and von Mises stress distribution
of connection C30: bending moment value equals 50 %
(a), 75% (b), 100% (c) of ultimate bending moment
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stiffness; E - steel elasticity modulus; Ib - beam section second moment; Lb - beam length. Connections
that do not fall into the group of rigid and hinged connections are classified as semi-rigid [3, 4]. Fig 5 shows
theoretical limits of rigid and semi-rigid and semi-rigid
and hinged connections according to code EC 3 [3], when
the beam is 6 or 12 m long. The marking "Rigid 6m"
means the limit between rigid joints and semi-rigid joints
according to EC 3 when the beam length is 6 m. The
marking "Hinge 6m" means the limit between semi-rigid
joints according to EC 3 when the beam length is 6 m.
The marking ,Hinge 6m" means the limit between semirigid joints and hinged joints according to EC 3, when
the beam length is 6 m. Analogous is the marking of
limits when the beam length is 12 m. Fig 5 shows that
investigated connections according EC 3 falls in the group
of semi-rigid joints.

4. Conclusions
The obtained moment-rotation M-<P curves of numerical tests of beam-to-column connections indicate that
the magnitude of angle between beam axis and the level
contour has significant influence on the connection rigidity. The smaller is the angle of the beam and the level
contour, the more rigid is the connection. This should
be estimated in M-<P curves obtained by analytical procedures.
The accepted model of beam-to-column connection
numerical analysis by finite element method, including
material and geometrical non-linearities and the contact
and separation between connection components, permits
to model real behaviour of beam-to-column connections.
The presented numerical procedure of making M-<P
curves of joints on numerical tests results by using finite
elements method can be applied as an effective method
for evaluating the accuracy of M-<P curves obtained by
other methods.
The results of numerical tests indicate that all the
analysed not right angle beam-to-column connections fall
under the heading of semi-rigid joints according to EC 3.
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