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Abstract. Up to now in many works a construction on elastic foundation was modelled by the Winkler's hypothesis. In
this paper the flexible plate-foundation system is investigated as an interaction of separate elastic bodies, which lie on
the contact surface. Such a problem formulation allowed to make more exact the stress and strain distribution in the
construction and the contact surface, to estimate the dead weight of the foundation. The presented numerical examples
are realised using computer programme COSMOS/M. The obtained results show evidently the expediency of the new
method application in practice.
Keywords: deformable foundation, variational formulations, finite element method.

1. Introduction

The solution of construction on elastic foundation
can be formulated as a contact problem applying also
the Winkler's hypothesis [1, 2, 3]. But solving the problem in this way will result in many shortages. It is necessary to point out some of them: it is imposible to
estimate an influence of foundation settlements on the
distribution of bending strains in case of a flexible plate
(with evenly distributed loading) on deformable foundation analysis. Applying the Winkler's hypothesis we can
get only a common settlement of flexible plate foundation without any bending strains. It is also impossible to
estimate stress-strain distribution in the foundation depth,
since in such problems the stress-strain state can be determined only in a contact surface between substracture
and foundation. These contact problem solution shortages can be partialy eliminated using the elastic theory
methods. However, only the elastic theory equations describing three-dimensional body stress-strain state do not
fully reflect a real interaction between the construction
and deformable foundation. Not only the construction but
also the foundation are adopted as three-D bodies of finite dimensions. The settlements of the lower foundation
surface are strictly limited, therefore the foundation does
not correspond to the model of elastic halfspace.
The aim of this work is to define in a more exact
way the stress-strain state by estimating not only ben1
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ding strains of a continuous construction, but also deformable foundation dead weight. The flexible platefoundation system is investigated in elastic state as an
interaction of separate bodies. Such a formulation allows
to go over from the contact problems solution to a synthesis of the elastic theory and these problems. General
mathematical models are formulated here. They estimate
the distribution of stresses and strains not only in the
construction and contact surface, but also in the depth
and width of the foundation. Mathematical models in this
paper are realised using computer programme COSMOS/
M. Flexible plate stress-strain state is determined describing the flexible plate-foundation system by elements
with different physical mechanical indices.
2. Main equations
Let's consider the stress-strain state of a system of
two bodies (a plate and a deformable foundation). The
system's construction volume is Vk and the foundation
volume is VP (Fig 1). The system surfaces are
S = Sr uS P u Su , here Su is the contact surface between the construction and foundation, S P is border surfaces of the foundation. The system is affected by external loads described by vector function q(x) E Sf., and
vectors functions of the dead weight gdxJ E Vk ,

gP(x) E vP.
Intensities and directions of the loading and dead
weight are known. Stress-strain state of the construction
is described by Vectors functions Ok (x) E Vk, Ek(x) E Vk,
uk(x) E vk. Stress-strain state of the deformable foundation is described by Stress vector function 0 P (X) E Vp ,
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Here [DJ, [DP] are flexibility matrices of physical equations for the construction and foundation respectively,
which depend on modulus of elasticity £, £ 0 and Poisson's ratios v, v 0 :
Boundary conditions (3) must be satisfied at the
foundation border surface S P :

[D]pp(x) +s(x) =0 ESP,

(4)

Here [D) is the foundation flexibility matrix, the diagonal elements of which are inversely proportional to stiffness ratio C.

3. Full equation system to define the actual stressstrain state
Static equilibrium, geometrical and physical equations and boundary conditions ( 1)-{ 4) form a full system of equations for flexible plate and foundation. This
system describes elastic stress-strain state of the construction and foundation. We can eliminate strains £k (x ),
tp(x) and stresses p(x) from (1)-(4) equations:

Fig 1. Flexible plate-foundation system

strain vector function tp(x)E VP and settlement vector
function s(x)E VP.
Statically admissible stress vectors functions o k (x),
o P (x) are described by static equations and static boundary conditions:

-[A]ok(x) = gk(x)

E Vk,

-[A]op(x) = gp(x)

E vp.

[N]ok (x) = q(x)

ES1 ,

[N]ok (x)- p(x)= 0

E Su,

[N]o P (x)- p(x)= 0

E Su,

p(x) ~ 0

E Su,

(1)

[N]op(x)- pp(x)= 0 ESP.
Here p(x) is the function of stresses in the contact surface Su; Pp(x) is the function of reaction pressures in
the contact surface of the foundation S P .
Kinematically admissible displacement and strain
vectors functions uk(x), s(x), Ek(x), EP(x) in the construction-foundation system are described by geometrical
equations:

[At uk(x)- tk(x)=O
[At s(x)- £P (x) = 0

(2)

uk (x) = s(x)
The connection between stress vectors functions

ok(x), op(x) and strain vectors functions tk(x), tp(x)
of the construction-foundation system we describe by physical equations. These equations will be formulated for
construction and elastic foundation:

(3)

-[A]ok(x)=gk(x)

E

Vk,

(5)

-[A]op(x)=gp(x)

EVP,

(6)

[Ddok(x)-[Afuk(x)=O

EVk,

(7)

[DP)op(x)-(Afs(x)=O

EVp,

(8)

[D]pp(x)+ s(x)=O

ESP'

(9)

[N]odx)= q(x)

ESJ, (10)

[N)ok(x)- [N]o p(x)= 0

ESu, (11)

uk(x)-s(x)=O

ESu, (12)

p(x)~ 0

E

Su. (13)

The stress-strain state of flexible plate and elastic
foundation in this mathematical model is described by:
• static equilibrium equations for the construction (5)
and foundation (6);
• geometrical equations for the construction (7) and
foundation (8);
• boundary conditions (9) of the foundation surface
Sp;

• static boundary conditions (10) of the construction
surface sf;
• static and kinematic compatibility conditions (11 ),
(12) of the construction and foundation contact surface Su;
• condition (13) limiting the sign of the reaction pressures of the foundation.

4. Variational formulations of the problem
Usually one or another kind of variational formulations is used to solve the elastic theory problems by finite element method. Direct solution of the system of
equations (5)-(13) is too complicated. Some variational
formulations of such a problem can be produced using
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total complementary energy (Castigliano's) principle [4,
5]:
Of all statically possible stresses fields, the one that
total complementary energy of system is minimal is
the true one.
Total complementary energy of the system is:

and statically possible fields of stresses are described by
the system of equations (1). Therefore, by Castig1iano's
principle we can get such a static variational formulation of the problem:

The conditions of this problem describe a lot of kinematically admissible displacement fields of the construction and settlement fields of the foundation. The objective function multiplied by -1 expresses the total potential energy of the deformable system. Therefore the
extreme problem ( 16)-( 17) expresses Langrangian principle:
Of all kinematically possible displacement fields, the
one that total potential energy of deformable system is minimal is the true one.
This mathematical model allows to determine stresses and displacements of the system directly, but it is
not convenient, because it includes many unknowns. We
can simplify it by eliminating stress functions. From the
equation system ( 17) we derive:
1

ak(x)= [nkr [Af uk(x) E
ap(x)=[DpJ 1[Afs(x)
1

Pp(x)=-[Df s(x)
+.!.

fp~(x)[D]pp(x)dSP~min

(14)

2s p

when

-[A]ak (x) = gk (x)

E Vk,

-[A]a p(x) = gp(x)

E vp.

[N]ak (x) = q(x)

ESf,

[N]ak(x)- p(x)=O

E Su,

[N]cr P (x)- p(x)= 0

E Su,

p(x) ~ 0

E Su,

[N]ap(x)- Pp(x)=O

E sp.

sp.
Using Lagrangian multiplier method we can make a
dual formulation of the problem:

1
- - fp~(x)[D]pp(x)dSP+ Jui(x)gk(x)dVk+
2 sP
vk

+ Jsr(x)gp(x)dVP + Jui(x)qk(x)dS1 ~max (16)
when

s1

vk,}

E Vp,

(18)

ESP.

Putting these expressions of stress functions into objective function (16) such a kinematic formulation of the
problem is derived:

(15)

This formulation allows to determine the distribution of
stresses in the volume of the construction, foundation
and reaction pressures Pp(x) in the foundation surface

vP
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_.!. J ST (x)[Df1 s(x)dS

p

2 sP

+ J ur (x) gk (x)dVk +

(19)

vk

+ Jsr(x)gp(x)dVP+ Jui(x)qk(x)dS 1 ~max
vP

s1

when
uk(x)- s(x)~ 0

E S".

(20)

The unknowns of this problem are only kinematic
values: displacements of the construction uk(x) and settlements of the foundation s(x).
The second mathematical model ( 19)-(20) is easier
than the first one to realise by the finite element method. Moreover, we can use many widespread computer
programs for such problems. Using them, the problem
(19)-(20) can be solved by iterative method, ie by changing the equation (20) into the equation
uk(x)-s(x)=O

ESu.

(21)

If after one iteration in some construction and foundation contact zones tension stresses are derived, then in
the next iteration the problem is formulated without contact conditions (21) in these zones.
We solve the flexible plate-foundation system by
finite element method using geometrically compatible finite elements and taking principal unknowns in the finite
elements nodes.
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Displacement approximative functions are set for
j-th finite element of plate and foundation:

uk1(x) = lHki (x)juk1 ; s 1 (x) =

lH Pi(x)~

= F*,
(KP )s = FP,
[Kk ]uk

1,

here u*i' s i are displacements vectors of j-th finite element nodes of plate and foundation.
Estimating these functions for finite element model,
( 19) a functional can be expressed:
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(23)

[Ak](uk -s)=O.
The vector s of foundation settlements can be divided

r,

into two parts s = {sk ,s p
here sk is the displacements
of finite elements nodes in the surface sll ; s p is the
displacements of foundation elements nodes that do not
belong to the contact surface. Then, using contact conditions, we can eliminate displacements s k from (23) equation system and get traditional finite elements equation:

[K]u=F,

sPY

here u = {u k,
is the vector of plate foundation finite elements nodes displacements; F is the vector of discrete model nodal forces, derived combining the vectors
of nodal forces vectors Fk and FP . Then nodal displacements

+I JuUHk (x)]T
,=ls 1

1

qk (x)dS ;
1
1

here nk, nP are the number of finite elements of the plate and the foundation respectively; n, is boundary elements number of the foundation in the surface S P. Expressing this functional by global discrete model displacements u k, s , estimating the connections of them with
finite element displacements, expressing stationary conditions of the functional and displacements compatibility
equations (21) in the plate-foundation contact surface we
derive such a system of equations:

= [Kf 1F,

u

= F,

and finite elements stresses of the system
-I
]
crki(x)=[Dk]
[A] T [Hk/x)uki•
.
.
.

cr Pi (x) = (D

,J1[A f. (H Pi (x))s i.

5. Numerical example
The efficiency of the presented method will be illustrated by two solutions of analysis problem of deformable foundation. The foundation of discrete model in
the first numerical case (Fig 2) is estimated as a volu-

Fig 2. Finite clements and loading of plate--foundation system
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metric body of parallelepiped rectangle shape that is
bounded from below and sides by finite thickness layers
modelled by the Winkler's hypothesis with stiffness ratio C 1. The foundation is continuous, ie has the same
physical mechanical indices. In the discrete model of the
second problem the entire foundation is estimated as a
finite thickness layer deformed according to the Winkler's hypothesis with stiffness ratio C2• The rest data
are the same for both cases.
Flexible plate: length 8 m, width 4.5 m, thickness
0.4 m, density 2100 kg!m 3 , modulus of elasticity
7000000 kPa, Poisson's ratio 0.2, discretization 4-node
tetrahedron solid finite element type, loading constant uniformly distributed load 90 kN!m 2 acts on the top surface
of the plate.
Foundation: length 17 m, width 13.5 m, height
4.5 m, density of the soil 1600 kg!m 3 , modulus of elasticity 40000 kPa, Poisson's ratio 0.3, discretization 4-node tetrahedron solid finite element type, foundation
stiffness ratio:
for the first discrete model
40000
(1-0.3) 2 ·6.75

=12094kPa/m·
,

for the second discrete model

C2--

40000

Eo
2
(1-Vo) Hla2

(l-0.3) 2 ·(4.5+6.75)

= 7256kPa/m·
,

here E 0 is the modulus of elasticity of the soil; v 0 is
Poisson's ratio of the soil; Hlal' H 1a2 are deformable layer thickness of the foundation for the first and second
discrete model respectively.
Deformable layer thickness of the foundation for the
first problem is equal to the half width of the foundation
as a volumetric body H 1a 1=13.512=6.75 m. In the second
problem, the lower bound of deformable layer is at the
same level as in the first problem, therefore

H 102 =4.5+6.75=11.25 m. COSMOS/M computer programme [6] is used to solve these problems.
The obtained results (Fig 3) show that the foundation settlement in the first case corresponds to the real
surface of the construction deflection. Meanwhile, in the
second case all the settlements of the foundation are the
same, ie a plane corresponds to the deformable surface
of the flexible plate. The maximum settlement of the
foundation in the first case is by 29% less than in the
second discrete model.

6. Conclusions
1. The presented problem of construction on elastic
foundation, or the problem of an interaction between flexible plate and foundation evidently shows that it is reasonable to go over from a contact solving such a type
problem to estimating the stress-strain state by the elastic theory method.
2. Formulated mathematical models estimate not
only a common stress-strain state of the constructionfoundation system, but also reflect the actual distribution of bending strains in the flexible plate.
3. The obtained results (the first case) reveal possibilities to estimate not only the distribution of stresses
and displacements in the construction, but also the distribution of settlements and reaction pressures in the
width, length and depth of the foundation.
4. The presented method allows to estimate more
exactly the influence of dead weight on stress and strain
distribution not only in the construction but also in the
soil foundation.
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