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PO.Jih YCJIOBU:H KYHA-TAKKEPA B ci>OPMYJIU:POBKE YPABHEHU:H TEOPHH 
YllPYrOCTU: B HADP~DKEHIDIX 

3. XpanTOBH'I, 10. ATKO'Ironac 

BWlbHIOCCKuu mexHu'lecKuu yHu6epcumem ww. TeowwuHaca 

1. Bseaenue 

Pemeuue Jaaaqu Teopuu yrrpyrocTu B uarrp»:>KeHIDIX 

CB»3aHO C orrpe)leJieHHeM meCTH KOMI10HeHTOB BeKTOpa 

uarrpn:>Keuuif H3 .ues»TH ypasueuuif (pasuosecun u 

uepa3pbiBHOCTH) [1-3]. HerrocpeacTseuuoe uuTerpupo

sauue cucTeMhi .ueB»TH ilHipl}lepeHI.UfaJihHhiX ypasueuuif 

B qacTHbiX I1pOH3BO)lHbiX OTHOCHTeJibHO IlleCTH HeH3-

BeCTHbiX l}lyHKUHH Harrp»:>Keuuif JaTPYilHHTeJibHO. ITo:no

MY )lJI» perneHn» Kpaesoif 3a)laqu Teopuu yrrpyrocTu s 

Harrpn:>Keuunx rrpHMeH»eTc» sapuauuoHHbiH MeTOil 

KacTHJib»HO [4-6]. B cepe)luue XX seKa CaycsennoM u 

KmoiiiHHKOBbiM [4, 7] 6biJIO .QOKa3aHO, 'ITO 11pHMeHeHUe 

MeTO)la KacTHJih»HO rrpHBO)lHT K aBTOMaTuqecKOMY 

Bbii10JIHeHillO BCeX IlleCTH ypaBHeHHH COBMeCTHOCTH 

.uel}lopMaUHH. 0)lHaKO BOI1p0C 0 'IHCJie He3aBHCHMbiX 

ypaBHeHHH COBMeCTHOCTH rrpu 3TOM He HCCJie)lOBaJIC». 

OcTasanocb He»CHhiM, co.uep:>KHT nu rrocTauosKa 3a)laqu 

Teopuu yrrpyrocTu B Harrp»:>KeHH»X rrepeorrpe.ueneu~ 

CHCTeMY ypaBHeHHH. TOJibKO B pa6oTaX [5, 8] H .upyrux C 

ucrroJib30BaHneM sapnal.UfOHHoro ypasueHn» KacTHJih»

HO 110Ka3aHO, 'ITO He3aBHCHMbiX ypaBHeHHH COBMeCT

HOCTH .uel}lopMal.Ufif scero TP"· a ue rnecTb (rrpu rrpeo6-

pa3oBaHHOM BH.lle KpaeBbiX ycnosuif). O.uuaKo ucqep-

11hiBaJOIUHM o6pa30M ypaBHeHU» MeTO)la CHJI (ypaBHeHn» 

COBMeCTHOCTH B Harrp»:>KeHH»X) B yrrOM»syTbiX pa6oTaX 

He HCCJie.QOBaJIHCb. 

B uaCTo»meif pa6oTe sorrpoc o qucne He3aBHCHMhiX 

ypaBHeHHH COBMeCTHOCTH .uel}lopMaUHH Harrp»MYJO He 

paccMaTPHBaeTC». AsTopaMu )lJI» rrocTPOeHn» MaTeMaTH

qecKoif MO)leJIH Ja.uaqu Teopuu yrrpyrocTH B Harrp»:>Ke

HH»X (ypaBHeHHH MeTO)la CHJI) HCI10Jlb3yeTC» Teopn» 

MaTeMaTuqecKOrO rrporpaMMHpOBaHU» B I}JyHKUHOHaJib

HOM rrpocTPaHCTBe. Ha ocHose rrpuHuurra KacTHJih»Ho 

(11pHHUHI1a MHHHMyMa )l0110JIHHTeJibHOH 3HepmH) CTPO

HTC» 3KCTPeMaJibHa» 3a)laqa )lJI» orrpe)leJieHn» )leHCTBH

TeJibHbiX Harrp»:>KeHHH [3, 9, 10]. fiOKa3aHO, 'ITO ycJIOBH» 

KyHa-TaKKepa [ 10, 11] )lJI» omuMaJibuoro perneHn» 

3TOH 3a)la'IH H »BJIIDOTC» ypaBHeHU»MH COBMeCTHOCTH 

)lel}lopMauuif yrrpyroro TeJia (KOHKpeTHbiH BH.ll ycJIOBHH 

Kyua-TaKKepa 3asucnT OT l}lopMbi JasucnMocTeii, orrpe

)leJIIDOIUHX CTaTuqecKH B03MO:>KHbiH BeKTop Harrp»

:>KeHHH). B OTJiuque oT pa6oT ilpyrux asTopos 3.UeCb 

CTaTuqecKH B03MO:>KHbiH BeKTOp CTPOHTC» C I1pHBJie

qeuneM l}lyHKI.UfH uarrpn:>KeHuif q> • B HaCTO»IUeM Hccne

ilOBauuu )lJI» )l0Ka3aTeJibCTB H paccy:>K)leHHH He rrpHB

JieKaJiaCb 3a)laqa MaTeMaTuqecKoro rrporpaMMnposaHn», 

)lBOHCTBeHHa» K HCXO)lHOH 3KCTPeMaJibHOH 3a)la'le. 

OrosopHM rrpHHI.Ufl1hi H3JIO:>Keuun MaTepHana s 

rrpe)lCTaBJI»eMoif pa6oTe. Bo BTopoM pa3aene paccMaT

pHBaiOTC» ycnosun Kyua-TaKKepa )lJI» 3a)la'IH MaTeMa

TuqecKoro rrporpaMMHpOBaHH» I1pH HaJIM:qHH orpaHH

qeuuif B Ka'leCTBe KaK paseHCTB, TaK u uepaseHCTB. B 

TPeTbeM pa3)leJie rrpHBOilHTC» MaTeMaTuqecKa» MO)leJib 

Jaaaqu orrpe)leJieHn» .ueifcTBHTeJibHoro uarrp»:>Keuuoro 

COCTO»HH» yrrpyroro TeJia, 3a'laCTYJO Ha3biBaeMa» 

3aOa'leu aHaJlU3a. Pa3pa6oTKe MeTOilHKH rrpHMeHeHn» 

ycJiosuif Kyua-TaKKepa OTBO.u»TC» qeTsepTbiH (11JIOCKa» 

Ja.uaqa Teopuu yrrpyrocTn) u rr»TbiH (TPeXMepHa» 

3a)laqa) pa3aeJibi. 

2. YCJIOBHH Kyua-TaKKepa B 3a.Qa'lax 

M8TeM8TH'IeCKOfO nporpaMMHp088HHH 

PaccMaTPHBaeTc» 3a)laqa MHHHMHJal.UfH HeKoTopoii 

l}lyHKUHH ~ I1pH HaJIM:qHH orpauuqeHHH B I}JOpMe KaK 

paBeHCTB, TaK H HepaBeHCTB: 

HaHTH 

min~(x) (1) 

rrpu ycnosunx 

g,(x)~O. i=l,2, ... ,m (2) 

h,(x)=O, i=l,2, ... ,/. (3) 
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Y cnoBIDI KyHa-TaKKepa [ 10, 11] CBH3aHbi c onm

ManhHhiM pemeHUeM HCXO.UHOH 3a,Ua'IH x* (1)-(3). ,[VIH 

BhinyKllhiX Q>yHKII.Hil ycnosHH KyHa-TaKKepa HBllHIOTCH 

ycnOBHHMH rno6anhHOfO pemeHUH HCXO,UHOH 3a,Ua'IU If 

rnaCHT: x* HBAAeTCH OllTHMallhHhlM pemeHHeM HCXO,UHOH 

Ja.ua'ln, ecnn MOJKHO Hai!Tn TaKne qncna 

\ ( i = 1, 2 , ... , m ) , U, ( i = 1, 2 , ... , /) , npn KOTOphiX 

V' <ffi""(x*) + V'gr (x*) A+ V'hr (x*) u = 0, 

1/g(x*)=O, 

A. ~0. 

(4) 

(5) 

(6) 

3aBHCHMOCTh (4) 0603Ha'laeT, 'ITO MH OllTHMallhHOfO 

pemeHHH 3a)J:a'lu (1)-(3) rpa.uneHT Q>yHKII.HH uenn 

V' <ffi"" (X*) HBAAeTCH llHHeHHOH KOM6UHaii.HeH rpa.uneH-

TOB orpaHH'leHnfl. (eM. puc. Mli.USyxMepHofl. Ja.uaqn): 

m I 

V'<ffi""(x*) = -LV'g1(x*)\- LV'h1(x*)u1 • 
i=l 1=1 

CocTasnHIOmne BeKTopos A. u u l!BllHIOTCH MHOJKH

TeAAMH JiarpaiDKa, a paseHCTBa A.1 g1 (x*) = 0, A., ~ 0, 

i = 1, 2, ... , m - ycnoBHHMH o .uononHHIOmefl. HeJKecT

KocTn. 

K unmoCTpauuu ycnosuii KyHa-TaKKepa 

Illustration for Kuhn-Tucker conditions 

Ecnn onTHManhHOe peweHue ucxo.uHofl. Ja.Ua'IH x * 

HeH3BeCTHO, ero MOJKHO onpe.uenHTh H3 CHCTeMhl, COCTO

HIUeH H3 ycnosnfl. KyHa-TaKKepa (4)-(6) H orpaHH'leHHH 

(2)-(3) HCXO)J:HOH 3a,Ua'IH (1)-(3): 

g(x) ~ 0, 

h(x) = 0, 

V' <ffi""(x) + V'g r (x) A+ V'hr (x) u = 0 , 

Arg(x)=O, 

A~O. 

(7) 
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B Teopnn ynpyrocTH (nnaCTH'IHOCTH) JaBHCHMOCTH 

(7) Ha3hiBaiOTCH llOllHOH CHCTeMOH ypaBHeHHH Teopnu 

ynpyrocm unu ypaBHeHHHMH 3H.nepa-JiarpaHJKa. 

3. 3KCTpeM3JibH3H 33J1:3'13 onpeJ1:eJieHHH 

J1:eHCTBHTeJibHbiX uanpHiKeHHH 

B paMKax JJ:onymeHnil nnHei1Hoi1 Teopnu ynpyrocTu 

paccMarpHBaeTCH orpaHH'leHHOe nosepxHOCThiO A Teno 

o6beMoM V . CooTHoweHHH reoMerpH'IecKn nnHeHHOH 

MeXaHHKH OCHOBaHbi Ha npe.unonoJKeHHH 0 MallOCTH 

nepeMemeHnfi no cpaBHeHHIO c nnHeHHhiMn pa3MepaMn 

.ueljJopMnpyeMoro Tena. Ha qacn:1 nosepxHOCTH TaKoro 

u.ueanhHO ynpyroro Tena At 3aJ1:aHa nosepxHOCTHaH Ha

rpy3Ka q , a Ha nosepXHOCTH Au - nepeMemeHHH u=O 

(npHHUMaeTCH, 'ITO 06beMHbie CHllhl OTCYTCTBYJOT). ,l(e

ljJopMHpOBaHHOe COCTOliHHe ynpyroro Tena xapaKTe

pu3yeTCH BeKTopaMH nepeMeiUeHHH U = { U I, U 2 , U 3 } T 

If .ueljJopMaii.HH E = { £ 11 , £ 22 , £ 33 , £ 12 ' £ 13 ' £ 23 y , 
HanpHJKeHHOe COCTOliHHe - IIIeCTHMepHbiM BeKTOpOM 

HanpHJKeHnil: cs = {a 11 , a 22 , a 33 , a 12 , a 13 , a 23 Y. CTa-

TH'leCKH B03MOJKHbie HanpHJKeHHl! G Y.UOBlleTBOpHIOT 

ypaBHeHUHM paBHOBeCUH B 06beMe Tena V H CTaTH

'leCKHM rpaHH'IHhiM ycnOBIDIM Ha ero nosepxHOCTH At : 

[o:Y]cs =0 E V, (8) 

[N]cs=q EA1 . (9) 

3.uech [o:Y] - JJ:HijJijJepeHII.HanhHhiH onepamp ypasHemlli 

pasHosecUH, [ N] - anre6paH'IeCKall MarpHII.a CTaTH'leCKHX 

rpaHH'IHbiX ycnosnfl.. 3HaK E YKaJhiBaeT Ha o6naCTn 

onpe.ueneHHll KOOp)J:HHaT, BXOJ1:HIUHX B ,UaHHOe ypaBHeHHe. 

PaccMarpHBaeTcll O.UHOCBH3Hall o6nacTh. ,l(eljJopMa

uun l!BllHIOTCH HenpepblBHbiMH ljJyHKII.HHMH HapH.uy CO 

CBOHMH nepBhiMH H BTOphiMH npOH3BO.UHbiMH. TI03TOMY 

nepeMeiUeHUH )J:OllJKHhl 6b!Th HenpepblBHhiMH ljJyHKII.H

HMH KnaCCa C 3 : reoMerpH'IeCKHe 3aBHCHMOCTH ,UllH H.Ue

allhHO ynpyroro Tena npe.ucTasnHIOTCH ypaBHeHHHMH 

Komn t = (o:Y Y u E V . B 1864 ro.uy CeH-BeHaHoM 

6hillH nonyqeHhl ypaBHeHUH COBMeCTHOCTH (CnllOIII

HOCTH) .ueljJopMaii.Hfi JJ:AA ynpyroro Tena - :no msecTHall 

CHCTeMa H3 IIIeCTH .UHijJijJepeHUHallhHhiX ypaBHeHHH 

[1-3]: 

[01/ ]tl - [d¥2 ]t2 = 0, 

-2 [o:YJtl + [o:YJt2 = 0 

(a) l s o6beMe (6) 

3.UeCh El = { € II ' € 22 , € 33} T ' Ez = { € 12 ' € 13 '€ 23} T ' 

(10) 



a2 a2 
-- --
ax~ ax; 
a2 a2 
--
ax; ax; 

a2 a2 
--
ax; ax~ 

a2 
---ax1ax2 

a2 
---ax1ax3 

a2 
---ax2ax3 

a2 a2 a2 
-- --- ---
ax1ax3 ax1ax2 ax; 

a2 a2 az 
--- --- ---
ax2ax3 ax~ ax1ax2 

a2 a2 a2 
--- --- ---

ax; ax2ax3 ax!ax3 

a2 
---
ax2ax3 

a2 
---
ax!ax3 

a2 
---ax1ax2 

YpaBHeHIDI (10) MO)KHO 3aOHCaTb TaiOKe B BH,ll,e: 

[Pli]E =0, 

r.ll.e 

<l>HJWieCKHH CMbiCJI COOTHOilleHHH (10) TaKOB: TeJIO, 

6hiBlUee COJIOillHbiM ,li,O ,ll,eQlOpMaUJIH, OCTaeTCH COJIOIII

Hb!M nocne .ll.ecjlopMaUHH, ecJIH Y.li.OBJieToopmoTCH 9cno

BIDI {I 0). 0TCIO,ll,a eiiie O,li,HO HaJBaHHe paBeHCTB (l 0) -

ypaoHeHIDI Hepa3pb16Hocmu HJIH cnnoumocmu oerjJop

Ma!JUU. CneeyeT OTMeTHTb, qTO ypaBHeHIDI COBMeCT

HOCTH He HaJiaraiOT HHKaKHX orpaHWJ:eHHH Ha nepeMe

lUeHHH, KpOMe Henpepb!BHOCTH HX CaMHX H HX qacTHbiX 

npoH3BO.li.HhiX. YpaoHeHHH HepaJpbiBHOCTH HBJIHIOTCH 

TO)K,ll,eCTBaMH OTHOCHTeJibHO nepeMeiUeHHH. 3HepreTH-
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qeCKHH CMbiCJI 3aKJIIOqaeTCH B CJieJzyiOIUeM: C06JIIO,ll,eHHe 

Hepa3pb!BHOCTH ,ll,eQlOpMaUHH COOTBeTCTByeT B ynpyroM 

TeJie MHHHMaJibHOMY 3HaqeHHIO HaKaOJIHBaeMOH H,ll,eaJib

HO ynpyrHM TeJIOM OOTeHUHaJibHOH 3HeprHH ,ll,ecjlopMa

UHH [2-6]. B HeCKOJibKO HHOH, HO 6JIH3KOH no H,ll,ee 

cjlopMe, yKaJaHHbiH MHHHMaJIHCTCKHH npHHUHll H ero 

TO)K,ll,eCTBeHHOCTb ypaBHeHHHM Hepa3pb!BHOCTH ,ll,eQlOp

MaUHH coxpaHHeTCH H B cnyqae OJiaCTWieCKHX ,ll,ecjlop

MaUHii. 

YpaoHeHIDI CeH-BeHaHa (10) HrpaiOT peillaiOJUYIO 

pOJib npH llOCTPOeHHH MaTeMaTWieCKOH MO,ll,eJIH KpaeBOH 

3a,ll,aqH TeOpHH ynpyrOCTH B HanpH)KeHHHX: 

[cd]o = 0, 

[&'1][D1]o1- [cd2][D 2]o2 = 0, 

-2[&'4 ][D1]o1 +[&'3 ][DzJo2 =0 

npH rpaHWIHbiX ycJIOBHHX 

[N]o=q Ha ~' u=O Ha A,. 

(a) 

(6) 

(B) 
( 11) 

3.ll.eCb [D 1], [DzJ - no.li.MaTPHUbi MaTPHUbi no,ll,aT

JIHBOCTH [D] o6o6meHHoro 3aKOHa fyKa & = [D] a, 

cr 1 = { cr 11 , cr 22 , cr 33 f , cr 2 = { cr 12 , cr 13 , cr 23 f . lllecTb 

ypaBHeHHH ( 11 6) - (11 B) ,li,JIH TeJia 06beMOM V 
npe,li,CTaBJIIDOT C060H HJBeCTHbie ypaBHeHIDI Hepa3pb!B

HOCTH B cjlopMe J>eJibTPaMH [3-5], BbiBe,ll,eHHble HM B 

1892 roey: 

(12) 

3.ll.eCh V 2 
- onepaTop JlaOJiaca, v - KOJcjlcjluuueHT 

IlyaccoHa. 

MaTeMaTWieCKaH MO,ll,eJib 3a,ll,aqH onpe,ll,eJieHHH ,ll,eH

CTBHTeJibHOro HanpH)KeHHOrO COCTOHHIDI H,ll,eaJibHO ynpy

roro TeJia CTPOHTCH Ha OCHOBe npHHUHna MHHHMYMa ,li,O

OOJIHHTeJibHOH 3Hepruu (npHHUHn KacTHJibHHo): 

e ynpyzoM oepopMupyeMoM meJ/e u3 ecex cmamu

'lecKu 603MO:JICHblX HanpR:JICeHUU iJeucmeume.nbHblM 

HanpJl:JICeHUJlM Om6e'laem MUHUMYM OOnOJIHUme.nb

HOU 3Hepzuu. 

113 3TOro npHHUHna BbiTeKaeT CJieJzyiOIUaH 3KCTPe

MaJibHaH Ja,ll,aqa: 

HaRTH 

(13) 



llplf yCJIOBIDIX 

-[01]a =0 E V, (14) 

(N]a =q E A1 . (15) 

,[{rrH H.llea.JihHO ynpyroro Tena .llOIIOJIHHTeJihHaH :meprHH 

)le«t>opMHpOBaHHH If IIOTeHUHa.JibHaH :meprHH qHCJieHHO 

pasHhi Me)l(ey co6oii. Bcne)lCTBHe rroJIO)I(HTeJihHOii 

onpe)leJieHHOCTH MaTpHUhl [D] «<>YHKUHH # (a) 

rrpe.llCTaBJIHeTCH IIOJIO)I(IfTeJihHO onpe)leJieHHOH KBa)lpa

TifqHOH «t>opMOH, If 3a)laqa aHaJIH3a HanpH)I(eHHOro 

COCTOHHHH TeJia B CTaTuqecKOH «<>OPMYJIHpOBKe (13)-(15) 

HMeeT e)lHHCTBeHHOe pemeHHe a*. 

YcnosHH KyHa-TaKKepa .lliDI 3a)laqu aHa.JIH3a 

(13)-(15) B «<>YHKUHOHa.JihHOM llpOCTpaHCTBe .llJIH 

o6nacTeii V H A CBO.llHTCH JIHllih K 3aBHCHMOCTHM ( 4 ), 

6epyiUHM Haqa.rro H3 «<>YHKUHH JlarpaH)I(a: 

(16) 
+ JuT(q-[N]a )d.A. 

At 

CucrroJih30BaHueM«t>opMYJihlfaycca-OcTporpa.llcKoro 

J u T[01]adV =- J a T[01YudV + J a T[N]T ud.A (17) 
v v A 

ycnoBIDI K)'Ha-TaKKepa .llJUI onTHMaJILHoro peiiieHIDI o* 

3a)laqu (13)-(15) llpHHHMaiOT BH)l: 

(18) 

E A •. (19) 

YcnoBHH (18)-(19) onpe)leJIHIOT KHHeMaTuqecKH B03-

MO)I(Hhiii BeKTOp rrepeMeWeHHH. fpaHifqHble ycJIOBHH 

( 19) B KOHTeKCTe llpHHHTh!X .llOrryiUeHHH npespaiUaiOTCH 

s Tpe6osaHHH u = 0 ua A. . 
Ecnu orrTHMa.JihHoe pemeHHe 3a)laqu aHa.JIH3a 

(13)-(15) HeH3BeCTHO, TO IIOJIHaH CHCTeMa 3aBHCH

MOCTeii, aHa.rroruqHaH CHCTeMe (7), MH HCCJieeyeMOrO 

cnyqaH 6y.lleT TaKoii: 

- [01 ]a= 0, ) 
E V, 

[D ]cr- [01 Y u = 0; 

(20) 

[N ]a= q E A1 , 
(21) 

u=O EA. 
(22) 

107 

TionyqeHa IIOJIHaH CHCTeMa ypasHeHHH TeOpHH yrrpyroc

TH. 

4. II.riOCKOe uanpHJKeHHOe COCTOHHHe 

BH.ll ycnosuii KyHa-TaKKepa 3aBHCHT TaK)I(e OT 

crroco6a npe.llCTaBJieHHH 3aBHCHMOcTeii, onpe.lleJIHIOIUHX 

CTaTuqecKH B03MO)I(Hh!H BeKTOp HarrpH)I(eHHH a . 

Ilep6blu cnoco6. TiycTh onpe)lemnomue CTaTuqecKu 

B03MO)I(Hh!H BeKTOp a YCJIOBHH B IIJIOCKOH 06JiaCTH Q H 

Ha ee KOHType 9: cne.llY!Omue: 

ypaBHeHHH paBHOBeCHH 

- (01]a=0 E Q, (23) 

r.lle 

a a 
- -

[cd] 
ax! ax2 

a a 
- -ax2 ax! 

CTaTuqecKHe rpaHifqHbJe YCJIOBHH 

[N ]a = q E 9:!, (24) 

r)le 

Heo6xo)lHMhle H .llOCTaToqHhJe ycnosHH OIITHMaJihHOCTH 

KyHa-TaKKepa npHHHMaiOT BH.ll: 

[D] cr*- (01r u = 0 E Q, (25) 

3.lleCh 

[D]=_!_ 
E 

1 

-v 

,ZJ;eiiCTBHTeJibHhie 

u=O E 2,;. (26) 

-v 

1 

2(1 + v) 

E* = [D] cr* 

(E* = {£:1 ,£~2 ,£:) 1
) BXO.llHT B reoMeTpuqecKHe ypas

HeHHH (25). Tio TeOpHH ynpyroCTH H3BeCTHO, qTO 0JlH0-

3HaqHQ Bhlpa3HTh rrepeMeiUeHHH U H3 ypaBHeHHH 



MO:lKHO JUIWb B TOM C.TI)"'ae, ecmf Ae«J>opMaUHlf YAOB

JieTBOpHIOT ypaBHeHHIO COBMeCTHOCTH 

:::~2• :::~2• ::12* 
~+~-~=0 
ax; ax~ axlax2 

HJIH 

(27) 

rAe 

[98]= 
a2 a2 a2 
-- -- ----ax; ax~ ax1ax2 

0rCIOAa CJie)J;yeT BbiBOA, 'ITO MHHHMaJibHblif 

npHHI.Ufil HaHMeHI:.weil pa6oTI:.I (npHHI.Ufil KacTHJII:.HHO) H 

ypaBHeHHH COBMeCTHOCTH Ae«J>opMaUHif TO)f()J;eCTBeHHbi 

Me:lKAY co6oil. Cne)J;yeT oTMeTHTb, 'ITO B TeopHH H 

pac'l:eTilX OHH He MOryT llOJIHOCTbiO 3aMeHHTb Apyr 

Apyra. Co6JIIOAeHHe npHHI.Ufila KacTHJII:.HHO npHBOAHT 

JIHIIIb K aBTOMaTH'l:eCKOMY BblllOJIHeHHIO BCeX H3BeCTHbiX 

ypaBHeHHif Hepa3pb!BHOCTH ( O)J;HaKO 'IHCJIO He3aBHCHMbiX 

ypasHeHHil - oco6eHHo 3TO omocHTcH K TPeXMepHI:.IM 

3a)J;a'l:aM - BbiWenpHBe)J;eHHbiM BbiBOAOM He pemaMeH

THpyeTCH). (27) HBJIHeTCH He06XO)J;HMbiM H )J;OCTaTO'l:HbiM 

yCJIOBHeM HHTerpHpOBaHHH ypasHeHHif E = [oW' y U . 

Bmopoii cnoco6. YpasHeHHe cosMeCTHOCTH (27) 

ll03BOJIHeT llOJIY'IHTb H CJieAYIQIUHe 3aBHCHMOCTH: 

(28) 

Ha OCHOBe (28) peweHHe CJ OAHOpOAHOif CHCTeMbl 

ypaBHeHHif [oW' ]o = 0 MO:lKHO npeACTaBHTb B BH)J;e: 

3Aecr:. cp ( x1, x2 ) - «!>YHKUHH HanpH:lKeHHH. TorAa ycJIOBHH 

KyHa-TaKKepa AJIH 3aAa'l:H ( 13)-(15) npHHHMaiOT BHA: 

a2 

ax; 
a2 

ax~ 
cp* = 0. 

a2 
----ax1ax2 

TaK onpeAeJIHeTCH «J>YHKUHH cp* no 6urapMOHH'l:eCKOMY 

ypaBHeHHIO V4 cp* = 0: 
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a4cp• a4cp• a4cp• 
--4- + 2-2--2 + --4- = 0 ax1 ax! ax2 ax2 

(30) 

npH u =0 E Zu· 

CTaTH'l:eCKHe rpaHH'l:HI:.Ie ycJIOBHH [N ][ff1 Y cp • = q 

YAOBJieTsopeHI:.I, TaK KaK cp*- OnTHMaJir:.Hoe peweHHe 

3aAa'IH (13)-(15). 

Tpemuii cnoco6. IIpecJie)J;yeTcH ueJir:. onpeAeJIHTb 

ypasHeHHH MeTO)J;a CHJI, TO eCTb ypaBHeHHH (27) C 

HeH3BeCTHbiMH «J>yHKUHeif cp H OAHHM HanpH)f(eHHeM npH 

C06JIIOAeHHH ypaBHeHHH paBHOBeCHH H 3a)J;aHHbiX 

rpaHH'l:HI:.IX ycnoBHH. CTaTH'l:ecm B03MO)KHJ:.JH BeKTop 

a2 

ax; 

G= 1 (31) 

a2 
----ax1ax2 

B 3TOM cnyqae perJiaMeHTupyeTCH OAHHM ypaBHeHHeM 

paBHOBeCHH (BTOpblM H3 CHCTeMbi (23)) 

~- acr22 =0 E Q 

ax~dX2 ax2 (32) 

H rpaHH'l:HbiMH YCJIOBHHMH, Bbip~eHHbiMH qepe3 «J>YHK

UHIO cp H HanpH:lKeHHe 0 22 , 

(33) 

TorAa AJIH 3aAa'l:H aHaJIH3a (13)-(15) Heo6xoAHMI:.Ie H 

)J;OCTaTO'l:Hbie YCJIOBHH OnTHMaJibHOCTH peWeHHH C1 ~ 

6y)J;yT CJie)J;yiOIUHMH: 

.!_ra4cp• +2(1+v) a4cp• - v a2cr;2l 
E ax; ax~ax; ax; 

v a2cp* 1 • 
-- --+-cr 

E ax; E 
22 

= 

H rpaHH'l:Hbie ycJIOBHH 

u=O Ha.2' •. 

(34) 



BTOpoe ypasueune no cncTeMe (34) nu4JopMaTHBHO. C 

O.UHOH CTOpOHbl, :no reoMeTPH'IeCKOe ypaBHeHHe 

* au2 
£22 =-a . 

x2 

c .upyroi1 - CTPYKTYPa 4JOPMYJibi .ue4JopMaUHH 

KOCBeHHO nO.UTBep)K,!l3eT cyiUeCTBOB3HHe 33BHCHMOCTH 

B .UaJibHeiiineM npoH3BO.UHTCH HcKJIJOqeune BToporo 

ypaBHeHHH H3 CHCTeMbl (34). C 3TOH UeJibiO OHO .UB3)K,!lbl 

llH4J4JepeHUHPYeTCH OTHOCHTeJibHO X 1 : 

a 3u2 v a4cp* 1 a 2cr;2 
---=-- --- +- --
axl2ax2 E ax;axi E ax; . 

Tor.ua ypasueune-TO)K.Uecmo cosMeCTHOCTH .ue4JopMa

UHH llJIH TIJIOCKOH o6nacTH Q npHHHMaeT cne.uyiOIUHH 

BH,!l: 

npH HaJIH'IHH rp3HH'IHbiX ycJIOBHH 

u = 0 ua 2;.. 

(35) 

(36) 

Ypasueune MeTo.ua cHJI B !l>YHKUHOHaJibHOM npo

CTPaHCTBe rrpe.ucTaBJIHeTcH B KOHTeKcTe 3aBHCHMOCTei1 

(12): 

E Q, (37) 

u=O E .2;;. 

TaKHM o6paJoM, ypasueHHH B cHJIOBbiX 4JaKTopax (37) 

npe.UCT3BJieHbi B KOppeKTHOH 4JopMe: npH 33,!l3HHbiX rpa

HH'IHbiX YCJIOBHHX llJIH onpe.ueJieHHH HCKOMbiX 4JyHKUHH 
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CjJ H 0"22 B TIJIOCKOH 06JI3CTH Q HMeiOTCH H .UBa 

ypasueHHH. TaK KaK B rpaHH'IHbie ycnoBHH 

lN Jl:z?licpjacp = q E ~ BXO,!lHT K3K CjJ, TaK H 0" 22 , TO 

CHCTeMa (37) He OTBeqaeT TP3llHUHOHHOH 4JopMe ypaB

HeHHH MeTO.na CHJI CTPOHTeJibHOH MexaHHKH. CncTeMa 

(37) TipH HCnOJib30B3HHH ypaBHeHHH paBHOBeCHH 

~- acr22 =0 
ax;ax2 ax2 

CBO,!lHTCH K BH)ly 

3.uecb 

l 
V 4

qJ = 0 E Q , 

[ N cp )cp = q E ~ , 

u=0E.2;;. 

a2 a2 
n--n---

[N '~' )= l---~_ax_i ___ 2_a_x_Ia_x_2_--l 

(38) 

5. Y CJIOBHH Kyua-TaKKepa .UJIH TpexMepuou Ja.z.aqu 

CTaTH'IeCKH BOJMO)I(HbiH BeKTop uanpH)KeHHH MH 

Ja.uaqn auaJIHJa (13)-(15) MO)KeT 6biTb onpe.ueneu no 

4JopMYne: 

(39) 

3.uecb 

[~Y -z [cu.;Y 
[re y = 1-----1-------1 = [[re'f, [98''Y] , 

cp = {cpl'cp2f = {cpl'cp2,cp3,cp4,cps,cp6f- BeKTOp 4JYHK

UHH uanpH)KeHHH. MaTPHUa [reF npHBe.ueua B npHJio

)KeHHH. YpaaueHHH pasuosecHH (14) 

B 3TOM cnyqae y.uosneTsopHIOTCH TO)K.!leCTBeHHO. Tor.ua 

ycnoBHH Kyua-TaKKepa rrpespamaiOTCH B 

'V~(x*) = 0 

H llJIH OTITHMaJibHOfO peiiieHHH cp* 33,!laqH (13)-(15) 

npHHHM3IOT BH.ll: 



[G'/1] - [ca2] 
X 

- 2 [G'/4] [ca3] 

X 

[v~H~Y -2[DJ[~Y 

-[vJ[~Y [Dz][ca;Y 
~=~ (40) 

npH ycnoBIDIX u = 0 E A • . 

YpaBHeHIDI (40) HBJUIIOTCH ypaBHeHIDIMH coB

MeCTHOCTH ,necpopMaUHH )lJUI ynpyroro Tena (10): KaK 

YKa.JhiBaJIOCh Bhiiiie, MHHHMaJihHhiH npHHU:Hn ,nonOJIHH

TeJihHOH :meprHH H ypaBHeHIDI Hepa3ph!BHOCTH TO:>K,neCT

BeHHhl Me:>K.ny co6oii. 

CHcTeMa ypaBHeHHii TeopHH ynpyrocTH 

(41) 

C IIIeCThiO HeH3BeCTHhiMH cpyHKUIDIMH HanpH:>KeHHii cp 

peiiiaeTCJI npH yqeTe KpaeBhiX ycJIOBHH 

(42) 

u=O EA •. (43) 

TaKHM o6pa.JoM, 3a,nal.fa TeopHH ynpyrocTH B CHJIOBhiX 

nepeMeHHhiX (41)-(43) ccpOpMYJIHpOBaHa KOppeKTHO: 

BMeCTO 3a,nal.J:H onpe,neJieHIDI IIIeCTH HeH3BeCTHhiX 

cpyHKUHH HanpH:>KeHHH G no CHCTeMe ,neBHTH ypaBHeHHH 

(11) 3,nech TPe6yeTCJI onpe.nenHTh IIIeCTh HeH3BeCTHhiX 

cpyHKU:HH HanpH:>KeHHH cp no CHCTeMe IIIeCTH ypaBHeHHH 

npH 3a,naHHhiX rpaHHl.J:HhiX YCJIOBIDIX. 

Y.noBJieTBOpJIIOmHe ypasHeHIDIM paBHOBecHH B 

o6beMe Tena V BeKTophi HanpH:>KeHHH )lJUI TPeXMepHoii 

3a,nal.J:H TeOpHH ynpyrOCTH (13)-(15) cpopMaJihHO MOryT 

6h!Th no.no6paHhl H TaK: 

az az 
-- --
ax; ax; 
az az 
-- -
ax~ ax; 

az az 
--

I 
dx~ ax; 

cr = az 
---ax1ax3 

az 
----ax1ax3 

a2 
---

HJIH 

az 
-2--ax2dx3 

a2 
-2--ax1ax3 

" 

a2 
-2--

axlax2 
cr = az az az 

--- --- -ax; dx1dx3 dX2dX3 

az az az 
--- --- ---
ax1dx2 ax; ax2dX3 

az az az 
--- --- ---
dx~ ax1ax2 dx1dx3 (45) 

I1crroJih30BaHHe BeKTopa cr' npHBo,nHT K nepBhiM TPeM 

ypaBHeHHJIM COBMeCTHOCTH ,necpopMaUifii, TO eCTh K 

CHCTeMe ( 11 6) B BH,ne: 

(46) 

a HCnOJih30BaHHe BeKTopa G .. - K ypaBHeHHHM (11 B) B 

B~~,ne: 

(47) 

B 3THX ,nByx CJIYl.IMX KpaeBhie ycnoBHH Ha A 1 pa3JIHl.J:Hhi 

Me:>K.ny co6oii H OTJIHl.J:Hhl OT ycJIOBHH (42). CTaTHl.feCKH 

B03MO:>KHhiH BeKTOp MO:>KHO nOJiyqHTh H nepecTaHOBKOH 

(3aMeHoii) cTon6u:oB B Bhlpa)KeHIDIX (44) H (45). TaK KaK 

KpaeBhie YCJIOBHH (42)-(43) He Bhl3h!B310T COMHeHHii, TO 

CJie.nyeT Bh!BO,n, l.J:TO 3a,nal.J:H (46) H (47) 

ccpopMynHpoBaHhi HeKoppeKTHO. C u:enhiO co6mo.neHIDI 

ycJIOBHH COBMeCTHOCTH ,necpopMaUHii Ha noBepXHOCTH 

Tena A (KaK B 3a,naqe (41)-(43)) peweHHe 3a,naq11 

aHaJIH3a G B ,nanhHeHIIIeM cpopMaJihHO npe,nCTaBJIHeTCJI 

KaK cyMMa HanpH:>KeHHH p H (J e , T.e. (J = p + (J e • ITycTh 

G, - HeKOTOph!H H3BeCTHhiH CTaTHl.J:eCKH B03MO:>KHhiH 

BeKTOp, Ha KOTOphiH pacnpOCTPaHJIIOTCJI TPe6oBaHIDI 

-[cd]o, =0 E V, 

(N)(p+o,)=q E A1 . (48) 

3,neCh p - HCKOMOe CaMoypaBHOBeiiieHHOe B 06beMe 

TeJia V HaiipH:>KeHHOe COCTOJIHHe, T.e. 

- (G'/ )p = 0 E V. (49) 

Tor.na 3a,nal.fa aHaJIH3a (13)-(15) MO:>KeT 6hiTh npe.n-

CTaBJieHa TaK: 

ax2ax3 (44) HaHTH 
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(50) 

IIpH ycJIOBIDIX 

cWp=O E V, (51) 

(52) 

ITycTb HarrpJl)l{eHHe (J e orrpe,n:eJUieTCll corJiaCHO 3aBHCH

MOCTH (45) G, = [~•y cp 2 , a Haiipl!)l{eHHe p Bbipa

)l{aeTCll qepe3 4>YHKUHH HanpH)I{eHHl! cp 1. Tor.n:a ycnoBHH 

KyHa-TaKKepa ,n:JUI omHMaJihHoro peweHHH 3a,n:aqn 

(50)-(52) p* IIpHHHMa.JOT BH,n:: 

(53) 
u=O EA •. 

IToJIHall CHCTeMa ypaBHeHHH TeOpHH yrrpyrOCTH (7) 

TaKOBa: 

[~'][D ][~'Y cp I+ [~'][D ][~*Y cp 2 = 0 

[N]([~'Y 'P 1 + [~*Y cp 2 )= q E A1 , 

u=O EA •. 

E V, 

(54) 

ITepBM rpyrrna ypaaHeHHH no cncTeMe (54) - :no 

ypaBHeHHH coBMecTHOCTH B 4JopMe EenLrpaMH (11 6). 

CncTeMa (54) OTaeqaeT .n:oKa3aHHOMY BacH.n:3Y 

IIpHHQHny OTHOCHTeJihHO ypaBHeHHH COBMeCTHOCTH 

.n:e4JopMaUHii CeH-BeHaHa [3]: 

eCJIU yCJI06Wl C06MeCmHOCmU OepopMalfUU 

yoo6JlemBopeHbl Ha no6epxHocmu ucCJ/eOyeMozo 

meJla A, mo OJIJ! uHmezpupyeMocmu ypa6HeHuu 

E - [c#' y U = 0 He06X00UMO U OocmamO'IHO 

yoo6Rem6opeHWl 3a6ucUMocmeu 11u6o nep6ou zpyn

nbl (1 0 a), 11u6o mollbKO Bmopou zpynnbl (1 0 6) u3 

cucmeMbl ypa6HeHuu CeH-BeHaHa. 

6. BLIBO.ll:bl 

YpaaHeHHH coaMeCTHOCTH .n:e4JopMaQHii CeH-

BeHaHa .ll:JUI n,n:eaJILHO yrrpyroro Tena paccMarpHBaroTcll 

c npHBneqeHHeM TeopHH MaTeMaTnqecKoro rrporpaMMH

poaaHHH. C :HOH QeJihlO Ha OCHOBe npHHQHDa MHHHMYMa 

.n:ononHineJihHOH 3HepmH nocrpoeHa 3KcrpeMaJihHM 

3a,n:aqa aHaJIH3a ,n:JUI CTa~eCKH B03MO)I{Hb!X Harrpll

)l{eHHH. I10Ka3aHO, qTo ypaBHeHHll COBMeCTHOCTH ,n:e4Jop

MaQHH eCTb H3BeCTHble B TeOpHH MaTeMaTnqeCKOrO 

rrporpaMMHpOBaHHH ycnoBHH omHMaJihHOCTH KyHa

TaKKepa ,n:JUI pewaeMOH 3a,n:aqn aHaJIH3a. 

BLiliBJieHa B03MO)I{HOCTh nonyqeHHH pa3JlnqHbiX 

4JopMYJIHpOBOK ypaBHeHHH COBMeCTHOCTH B 3aBHCH

MOCTH OT 4JopMbl npe,n:CTaBJieHHll CTaTnqecKH B03M0)1{

Hh!X BeKTOpOB Hallpl!)l{eHHH. ,AruJ rpeXMepHOH 3a,n:aqH 

.ll:OKa3aHa B03MO)I{HOCTb nonyqeHHH WeCTH ypaBHeHHH 

TeopHH ynpyrocm B HarrpH)I{eHID!X ( c npHBJieqeHHeM 

BeKTOp-4JyHKQHH Harrpll)l{eHHH C llieCTblO KOMDOHeH

TaMH). }J.o CHX nop pemeHHe 3a,n:aqH TeOpHH yrrpyrOCTH B 

Haiipl!)l{eHIDIX 06blqHO CBll3h!BaJIOCb C orrpe,n:eJieHHeM 

rueCTH KOMDOHeHTOB BeKTopa Haiipl!)l{eHHH H3 ,n:eBliTH 

ypaaHeHHH paBHOBecHH H EenLrpaMH . 

ITpHMeHeHHe ycnoBHH KyHa-TaKKepa no.n:TBep)l{,n:aeT 

OpHrHHaJihHhiH H llOKa MaJIO pacnpocrpaHeHHbiH Bh!BO.ll: 

BacH.ll:3Y o Heo6xo,n:HMhiX H .n:ocTaToqHhJX ycnoBIDIX 

HHTerpnpyeMOCTH reoMerpnqeCKHX ypaaHeHHH KornH. 

UpnJio:lKeuue. CorrpH)I{eHHhiH .n:n4J4JepeHQHaJihHhiH onepaTOp ypaaHeHHH coBMeCTHOCTH .n:e4JopMaQHii 

a2 a2 a2 
- -- -2--
ax; a xi ax2ax3 
az az a2 

- -- -2--
ax; oxi dx1ox3 

a2 02 az 
-- -- -2--
ax: ax; ax1ax2 

a2 az a2 a2 
---- --- --- ---

ax1dx2 axldx3 ax2ax3 a xi 
a2 az a2 a2 

---- --- --- ---
ax1dx3 dx1ax2 ax; ax2ax3 

az a2 a2 az 
---- --- --- --

ax2dx3 dx~ dx1dx2 dx1dx3 
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KUNO IR TAKERIO SJ\LYGOS SUDARANT TAMPRU
MO TEORIJOS LYGTIS JTEMPIMAIS 

E. Chraptovic, J. Atkociunas 

Santrauka 

Tamprumo teorijos lygciQ itempimais sprendimas sieja
mas su radimu sesiQ itempimQ vektoriaus komponentQ, tenki
nanciQ tris kiino pusiausvyros lygtis ir sesias Beltrami priklau
somybes bei kra8tines s~tlygas. Tiesioginis devyniQ diferenciali
niQ dalinemis isvestinemis lygciQ sistemos integravimas sesill 
ieskomQ itempimQ funkcijQ atfvilgiu yra sunkus. Todel da.Znai 
kraStinis tamprumo teorijos uZdavinys [tempimais sprendziamas 
variaciniu Kastiljano principu, leidzianciu gauti tapating~t sesiQ 
Sen-Venano deformacijQ darnos lygciQ tenkinim~t (Sausvelo, 
Kliusnikovo ir kitQ darbai). Taciau tiesiogiai sis principas ne
reglamentuoja nepriklausomQ deformacijQ darnos lygciQ skai
ciaus. Lieka neaisku, ar tamprumo teorijos lygciQ (tempimais 
sistema nera pertekline. 

Siame straipsnyje Sen-Venano deformacijQ darnos lygtys 
idealiai tampriam kiinui nagrinejamos matematinio programa
vimo teorijos kontekste. Tam energinio principo apie papildo
mos energijos minimum~t pagrindu sudarytas ekstremumo ana
lizes uzdavinio statiskai galimiems itempimams modelis. Paro
dyta, jog deformacijQ darnos lygtys yra pagal matematinio pro
gramavimo teorij~t sprendziamo analizes uzdavinio Kuno ir 
Takerio optimalumo s~tlygos. Straipsnyje pasinaudota galimybe 

[vairiai formuoti deformacijQ damos lygtis priklausomai nuo sta
tiskai galimus [tempimus apibrezianciQ s~tlygq. Pagal [tempimQ 
funkcijos su sesiais komponentais vektoriQ [rodyta galimybe gauti 
sesias trimacio tamprumo teorijos uzdavinio deformacijQ darnos 
lygtis. 

Straipsnyje Kuno ir Takerio s~tlygomis patvirtinta origi
nali ir kol kas ne itin paplitusi Vasidzu isvada apie biitinas ir 
pakankamas geometriniQ Kosi lygciQ integruojamumo s!j_lygas. 

ROLE OF KUHN-TUCKER CONDITIONS IN ELASTI
CITY EQUATIONS IN TERMS OF STRESSES 

E. Chraptovic, J. Atkociiinas 

Summary 

Solution of the elasticity problem in terms of stresses leads 
to the stress vector six components, satisfying the Beltrami 
compatibility eqns and boundary conditions, evaluation. A di
rect integration of the nine differential eqns system in respect of 
the six stress components is difficult to realise practically. This 
is the reason why often the Castigliano variation principle to 
solve the boundary elasticity problem in terms of stresses is 
applied. An application of the above-mentioned principle ensu
res the satisfaction of all the six Saint-Venant strain compatibi
lity eqns (see the works of Southwell, Kliushnikov, a.o.). Cas
tigliano variation principle does not define the number of inde
pendent strain compatibility eqns. Thus, it is not clear whether 
the elasticity problem eqns system in terms of stresses is over
defined or not. 

The strain compatibility eqns for an ideal elastic body is 
investigated in the article by means of the mathematical pro
gramming theory. A mathematical model to evaluate the stati
cally admissible stresses is formulated on the basis of comple
mentary energy minimum principle. It is proved that the strain 
compatibility eqns mean the Kuhn-Tucker optimality conditions 
of the mathematical programming problem. The method to for
mulate the strain compatibility eqns in respect of the statically 
admissible stresses defining eqns formulation technique is reve
aled. The proposed method is illustrated to achieve the six com
ponent stresses vector in functional space for the three
dimension problem: usually the solution of the elasticity pro
blem in terms of the stresses is realised via the nine eqns system 
integration. 

The Kuhn-Tucker conditions allowed to confirm an origi
nal but not usually applied Washizu conclusion about Cauchy 
geometrical compatibility eqns. 
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