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KOHEqJibiE 3JIEMEHTbl TIPIIMEHHTEJibHO K CTEPJKIDIM TIO,[( ,[(EHCTBHEM 
PACTIPE,[(EJIEHHbiX HArPY30K 

C. KaJiaHTa 

1. Bne)J.euue 

B MHoroqHcJieHHbiX pa3pa6oTKax no MeTO.uy 

KOHC~ba 3JICMCHTOB H HCCJIC~OBaHHRX HanpmKCH

HO-~e<t>opMHpOBaHHOfO COCTOIDIIDI (H,[J;C) CTCp)I{

HCBba KOHCTPYKIJ:HH .lUUI onHCaHIDI H3m6a CTCp)I{

HCH npHMemleTcH KoHe~blli 3JieMeHT c .KY6Hqe

CKHM pacnpe~eJieHHeM npom6oB [1-3]. l·l3m6 3Jie

Mema B O~OH IillOCKOCTH OnHCbiBaCTCH qeThlpbM51 

Y3JIOBhlMH nepeMern:eHIDIMH: npom6aMH H yrJIOBhl

MH nepeMern:eHIDIMH KOHUeBhlX ceqeHHH 3JieMeHTa. 

O~aKO H30fHYTa51 OCb CTCp)I{HH, Harp~eHHOfO 

norrepe~o:H paBHOMepHo pacrrpe~eJieHHOH Harpy3-

KOH, OIIHChlBaeTCH <i>YHKJJ:Heif qeTBepTOH CTeneHH. 

TaKHM 3JieMeHTOM HeJib3H Henocpe~CTBeHHo onpe

~eJIHTh rrpom6 cpe~Hero ceqeHIDI H3rH6aeMoro 

CTep)l{ml, HaiipHMep, pHreJIH paMhl, KOTOphlif qarn:e 

Bcero HHTepecyeT npoeKTHpoBrn:HKa. Ilpom6 cpek 

Hero, KaK H mo6oro ,u:pyroro npoMe~oqHoro 

ceqeHIDJ, MO)I{HO onpe~eJIHTh B BH~e CyMMbi ~Byx 

3HaqeHH:H: 1) nepeMern:eHH51 oT Y3JIOBbU B03~e:HcT

BHif; OIIpe~e-JIHeTCH npH nOMOiliH <i>YHKUHH HHTep

ITOJIHUHH nepe-Mern:eHHH 3JICMCHTa; 2) nepeMeiUe

HIDI )I{CCTK03a-KpCITJICHHOfO CTCp)l{ml OT MCCTHhlX 

Harpy3oK; onpe-~eJIHeTCH aHaJIHTHqecKHM peiiieHH

eM. O~aKo PMOBOH HH)I{eHep-npoeKTHpOBIUHK He 

BJia,u:eeT TaKHM cnoco6oM pacqeTa nepeMeiUeHHif. 

Pa3pa6oTaHHblli B [4] paBHOBecmrn 3JieMeHT 

BTOporo nop~a IT03BO-JIHeT, KpOMe KOHUCBhlX 

nepeMern:eHHif, onpe~eJIHTh H HHTerpaJibHhlif npom6 

H30fHYTOfO CTep)l{ml, C nOMOIUbiO KOTOporo B 

~aJibHCHIIICM MO)I{HO onpe-~eJIHTh H ~eHCTBHTCJibHOe 

3HaqeHHe npom6a cpe~-Hero ceqeHIDI. O~aKo npH 

3TOM TPe6yroTcH ~onoJI-HHTCJibHhle Bhlql{CJICHIDI. 

,l1;JIH pacqeTa npom6a cpe~ero ce~reHH51 cTep

)I{CHb 3aqaczyro MO~eJIHpyeTCH ~BYM5J: 3JICMCHTaMH, 

COe~CHHhlMH B cpe~HCM ceqeHHH, ~ITO npHBO~HT 

K yneJIHqeHHIO ql{CJia HCH3BCCTHhlX H 06'beMa o6pa-

6aruBaeMOH HH<i>opMauHH. CTep)I{HH c Harpy3KOH, 

pacnpe~eJieHHoif no JIHHeifHOMY 3aKOHY, npHXo-
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JJ:HTCH MO~eJIHpOBaTb CIUC 60JibiiiHM ql{CJIOM KOHeq

HhlX 3JICMCHTOB. 

B 3Maqax onTHMH3awrn ynpyro-nJiaCTl{qeCKHX 

KOHCTpymHH C OrpaHI{qCHIDIMH rrepeMeiUeHHH 

Heo6xo~HMo, qT06hl orpaHI{ql{BaeMble nepeMeme

HHH BhlCTynaJIH B KaqecTBe HCH3BCCTHhlX HBHOfO 

B~a. Ilo3TOMY, qT06hl orpaHHql{Th nepeMeiUeHIDI 

cpe~ero ceqeHIDI cTep)I{HH, Heo6xo~o npHMe

HHTb KOHeqHbiH 3JieMeHT C JJ:OITOJIHHTeJibHOH 

cTeneHbiO cBo60JJ:hl - npom6oM cpe~ero ceqeHIDI. 

B HaCTOHIUe:H pa60Te npHMeHHTeJibHO K cTep)I{

HHM, Harp~CHHbiM paBHOMepHO H JIHHeHHO pac

npe~eJieHHOH Harpy3KOH, pa3pa6aThiBaiOTCH BbiCO

KOTOqHhiC KOHe~e 3JICMeHThl C <i>YHKUHCH npom-

60B ~reTBCpTOH H ITHTOH CTCIICHH COOTBeTCTBCHHO. 

J1x nJIOCKHH H3m6 OITHChiBaCTCH II51Thl0 H IIICCThiO 

Y3JIOBhiMH nepeMeiUeHHHMH. TI51Ta51 H mecTaH cre

neHH cBo60JJ:hi - npom6 H yrJioBoe nepeMeiUeHHe 

cpe~ero ceqeHIDI 3JICMCHTa. 0 B03MO)I{HOCTH 

nocTpOeHHH TaKHX 3JICMCHTOB CKa3aHO B (5]. IlYTeM 

HcKJIIOqeHHH (Ko~eHcan:HH) nepeMemernrn cpe~e

ro Y3Jia 3JieMeHThi npeo6pa3yroTcH B 3JieMeHThl c 

06bi~M ql{CJIOM CTeiTeHeif CB060JJ:hl. IJonyqaiOTCH 

npocThle <i>OPMYJ1bi pacqeTa nepeMemeHHif cpe~ero 

ce<JeHIDI, y~o6Hhle .rom rrpHMeHeHIDI PMOBbiM npo

eKTHpOBIUHKOM. Ilo3TOMY npe~araeMhle 3JieMeHThl 

JICrKO MOfYT 6biTh BHe,L(peHhl B HH)I{eHepHyro 

npaKTH.KY. OHM II03BOJIHIOT Henocpe~cTBeHHo onpe

.rr;eJIHTh npom6 cpe~ero ceqeHH51 H MOfYT rrpH

MeHHTbCH B 3Maqax OIITHMH3an:HH KOHCTpymHH C 

orpaHI{qCHIDIMH nepeMemeHHif. 

2. Ocuosuble onpe.z.eJieHHSI u MaTpnu;a lKeCTKOCTH 

3JieMeuTa 

IlpH paCCMOTpeHHH H3m6a CTep)I{Heif 6y,rr;eM 

IIOJib30BaThCH TCXHH'ICCKOH TeOpHeif H3m6a 6aJIOK. 

3TO n03BOJIHCT B ,L(aJibHCHIIIeM BMCCTO H3m6a 

cTep)I{HH paccMaTPHBaTh H3rH6 ero ocH. BHaqane 

nOCTPOHM MaTplfUY )I{CCTKOCTH 3JieMeHTa, HaxO.rr;H-



merocSI B cocromnrn rrnocKoro H3rH6a H pacrSI

xemrn-cxaTHSI, rrpHMeHHTeJibHO K crepxHio rro.u 

,UeHCTBHeM paBHOMepHO pacrrpe,UeJieHHOH Harpy3KH. 

CrpoHTCSI KOHe'-rnbi:H 3JieMeHT, y3JIOBhle rrepeMe

memrn H CHJihl KOTOpOfO IIOKa3aHbl Ha pHC.l. 

Pky 

*********************************-, ... ..., 

Puc. 1. CxeMa Harpyxemrn ll nonoxarre.JlbHhle HanpaB
JieHM~ yJJIOBhiX nepeMeiUeHilli ll CllJI KOHe'IHoro 3JieMeHTa 

Fig 1. Loading scheme and positive directions of node 
displacements and forces of a finite element 

IIonoxeHHe 3JieMeHTa orrpe,neAAercSI ceMhiO 

y3JIOBhiMH rrepeMemeHHSIMH, r.e. BeKTopoM 

Uk = {ukl, Ukt }T = {ukl, Uk2 , ... ,Uk? y. IlpH 3TOM 

rrepBhie IISITb rrepeMemeHH:H ukl = {ukl, ukz, ... , 

U kS} T OIIHChlBaiOT H3fH6 3JieMeHTa, a OCTaJibHhle -

paCTSI)J(eHHe-CXaTHe. Ilo3TOMY IIpHHHMaiOTCH CJie

.uyiOIUHe 3aKOHhl pacrrpe.ueneHHH rrepeMemei-nm B 

3JieMeHre: 

ukx(x) = a6 +a7x = h 'ft (x) akt, (1) 

HJIH 

(3) 

H 

(4) 

Tor.ua <I>YHKUHH rrepeMe~eHH:H (2) c yqeroM 

3aBHCHMOCTH (4) llpHHHMaeT CJie.uyiO~ BH,U: 

ukx (x) = H k6 (x) uk6 + H k1 (x) uk1, 

r.ue MarpHua <I>YflKUHii: <PopMhl 

[Hk(x)]=[hk(x)][Hkt = 

(5) 

(6) 

[
H kl (x)H kZ (x)H k3(x)H k4 (x)H k5(x) 0 0 l 

0 0 0 0 0 Hk 6(x)Hk7 (x) 

x 2 3x3 2x4 

Hk4(x)=-~-- -2- + -3-, 
k lk lk 

KaK H3BecrHo, MaTpHUa xeCTKoCTH KOHe'IHoro 

r.ue 

(2) 3JieMeHra Moxer 6hlTh rrocrpoeHa c rrpHMeHeHHeM 

Bblpa)J(eHIDJ: IIOTeHUHaJibHOH 3HeprHH 3JieMeHTa HJIH 

Ha OCHOBe IIpHHUHIIa B03MO)J(HhlX rrepeMe~eHHii:. C 

IlpH IIOMOIUH <I>YflKUHH (1) H rpaHifliHhlX YCJIOBHH 

OIIpe,UeAAeTCH CBSI3b 
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IIpHMeHeHHeM IlpHHUHIIa B03MO:xaihlX rrepeMe~e

HHH cocraBAAercH ypaBHeHHe paBeHCTBa pa6or: 

I 

3uiPk = 3ui J[Bk (x)Y[dk ][Bk (x)]ukdt-, 
0 

r.ue [Bk (x)] = [caJT[Hk (x)], 



B c:u.rry npoH3BOJibHocm Bapnamm Ciu k nonyqaeTcH 

ypaBHCHHC )I{CCTKOCTH KOHC'IHOfO 3JICMCHTa: 

(7) 

f)lC MaTpH~a XCCTKOCTH 3JICMCHTa 

Pky(x)=(l- z: )Pkl + z: Pk2• (11) 

f.llC p k 1, p k2 - HHTCHCHBHOCTb HarpY3Klf B Y3J1ax 1 

H 3. 
H3rn6 3JieMeHTa oiiHChlBaCTcH .uH<t><t>epe~

aJibHhlM ypaBHCHHCM: 

d4u~cy(x) _ Pky(x) 

d.x4 - (EI)k ' 
(12) 

(S) H3 KOTOporo CJIC,UyCT, ~0 CfO H30fHYTaH OCb 

OIIHChlBaCTCH <!>YHKUHCH IIHTOH CTeneHH. I103TOMY 

B HaiiieM cnyqae OHa COCTOHT H3 )lByx qacTeH -

MaTpH~hl )I{CCTKOCTH H3fH6a [ k kl] H MaTp~hl 

xecTKOCTH pacTH)I{CHHH-cxaTHH [kkr]. Ee 3JICMCHThl 

BhlqlfCJIHIOTCH no <t>opMYJiaM: 

I " " 
k;j = (EI) k J H ki(x) H kj(x) d.x (9) 

0 

.llJIH i = 1, 2, ..• ,5, j = 1, 2, ... ,5; 

I 
kij = (EA)k J H~;(x)H~/x)d.x 

0 

.llJIH i = 6, 7' j = 6, 7. 

(10) 

3)lCCb H~dx), H~i(x)- nepBaH H BTOpaH npOH3-

BO)lHhlC <l>YHKUHH <t>opMhl nepeMemeHHH i -ro Y3Jia. 

B pa3BCPHYTOH <t>opMe MaTpH~a xecTKOCTH 3JieMeH

Ta (pHC. 1) npe)lCTaBJICHa B Ta6JI. 1. 

U3! 114 
9• •X 

2 Ug 

Puc. 2. CxeMa Harpyx<.:eHHH H yJJIOBbie nepeMern;eHHH 
::lJieMeHTa 

Fig 2. Loading scheme and node displacements 
of a finite element 

110CTpOHM MaTp~ )I{CCTKOCTH .llJIH 3JICMCHTa 

(pHC. 2), HaxO.WU.U:CfOCH B COCTOHHHH IIJIOCKOfO 

H3rH6a H paCTH)I{CHHH-C)I{aTHH, npH JIHHCHHO 

pacnpe.ueneHHoii nonepe'IHOH Harpy3Ke. HmeH

CHBHOCTh Harpy3KH OIIHChlBaCTCH <!>YHKUHCH: 
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nepeMCIUCHHH no ,UJIHHC 3JICMeHTa HHTepnoJIHpy

IOTCH nOJIHHOMaMH 

r)le 

u~cx(x) = a7 +a8x, 

6 
u~cy(x) = I.Hki(x)uki 

i=l 

u~cx(x) = Hk7(x) uk? + Hks(x) ukB• 

(13) 

Ko34>4>~HeHThl MaTpHUhl xecTKocm onpe,aeJIH

IOTCH no <!>OPMYJiaM (9) H (10). MaTp~a XCCTKOCTH 

3JICMCHTa C JIHHCHHO pacnpe,UeJieHHOH HarpysKOH 

npHBe)leHa B Ta6n. 2. 



Ta6nu._a 1. MaTpFH~a :lKecTKOCTH :meMema c paBHOMepHo pacnpe.ueJieHHoii HarpYJKOH 

Table 1. Stiffness matrix of a finite element affected by an evenly distributed load 

3l6Elt5P 94El!5f l96El/513 -34El/5z2 -5l2Elt5e 

94Elt5P 36El/5l 34EII5z2 -6El/51 -I28El/512 

196EI15P 34Ell5z2 316El!5P -94El/512 -5I2EIJ5e 

-34El/512 -6El/51 -94Elt5P 36El/51 128El/512 

-5I2Elt5P -I28EII5z2 -512EI/5z3 I28Ell5z2 I024Eli5P 

EA/l -EA!l 

-EA/1 EA/l 

Ta6nu._a 2. MaTpMUa :lKecTKoCTH ::meMeHTa c JIHHeHHO pacnpe.ueJieHHofi HarpYJKOH 

Table 2. Stiffness matrix of a finite element affected by a straight distributed load 

5092Eli35P 1138£1/3512 -1508El/35P 242El!35z2 -5I2Eli5P 384£11712 

1138El/35z2 332£11351 -242EII35P 38El/351 -128Ell5z2 64E117l 

-1508EII35P -242E//35f 5092EII35P -1138El/35z2 -5I2El/513 -3&4E117P 

242El/35l2 38£11351 -1138El/35z2 

-512E115P -128El!5z2 -5I2El!5z3 

384E117z2 64E117l -384E117z2 

MaTpHll;a XCCTKOCTH 3JICMCHra npH COBMCCT

HOM yqeTe ,UecpopMan;HM H3rH6a, paCTIDKCHIDI

CXaTIDI H KpytlCHIDI COCTOHT H3 qCTbipeX MaTpHU 

XCCTKOCTM, paCIIOJIOXCHHhiX no ,UMafOHaJIH: 

[kklx] 

[ kkly] 

[kkt] 

[kk.,] 

3,UCCh [kk1x], [kk1y) - MaTpHll;hl iiCCCTKOCTH H3rH6a B 

nJIOCKOCTIDC xz H yz - onpe,UCJICHhl COrJiaCHO (9); [kk,] 

- MaTpHll;a XCCTKOCTH paCTIDKCHH5I-CiKaUUI 

onpet~:eJieHa comacHo (10); [kks] - MaTpnn;a 

XCCTKOCTH KpyqeHH5I - onpe,D:CJICHa no cpOpMYJIC: 

[k ]= (Gls)k [ 1 -1] 
ks /k -1 1 ' 

332El/35l 128El/512 64E117l 

128El/5z2 I024El!5P 0 

64El/7l 0 256£1171 
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EA/l -EA!l 

-EA/l EA/l 

rt~:e G/ s- xeCTKocTb cTepiKH5I Ha KpyqeHHe. 

3. YJJIOBLie CHJILI 3JieMeHTa 

BeKTop Y3JIOBhlX cHJI, 3KBHBaJieHTHhlX pacnpe

.D:CJICHHoll: Harpy3KC 3JICMCHra, onpe,D:CJI5ICTC5I H3 

ycJioBH5I paBeHCTBa pa6oT Y3JIOBhlX cHJI H pacnpet~:e

JieHHoll: Harpy3KH: 
I 

uiFk = J ui (x)pk(x)dx, 
0 

r.ue pk(x)={pky(x), p~a;(x)Y -BeKTop HHrCHCHB

Hocrn pacnpet~:eJieHHh!X Ha 3JieMeme HarpY3oK. 

0TCIO,Ua BCKTOp Y3JIOBhlX CHJI C yqeTOM (5) 

I T 
Fk = f[Hk (x)] Pk (x)dx. 

0 

TipH ycJIOBHIDC p~;x{x )= Pkx = const, 

P~cy(x)= Pky y3JIOBh!e CHJihi KOHCqHOfO 3JieMeHra, 

llOKa3aHHOfO Ha pH C. 1, Ollpe,D:ClliiiOTC.SI BCKTOpoM 



Ha pHc.3 IIOK33aHhl Y3JIOBhle CHJihl 3Toro 3JieMeHTa, 

a TaiOKe 3JieMeHTa c JIHHeH:Ho pacrrpe.ueneHHoif 

IIOIIepe'IHOH Harpy3KOH. QqeBH,UHO, ~0 IIOCJie,UHHH 

3JieMeHT (pHC. 2) MO)KHO IlpHMeiDITb H ,UIDI MO,UeJIH

pOBaHH~ CTep)l(Hei{ C paBHOMepHO pacrrpe,UeJieHHOH 

Harpy3KOH. 

4. Pe~y~uposauur:.1e 3J1eMeHThl u ux npuMeneuue 

ilpe,UCTaBJieHHbie KOHe~e 3JieMeHThl HMeiOT 

BHYTpeHHHe CTeiieHH CB060,Uhl. fu MO)KHO Bhlpa3HTb 

qepe3 BHeiiiHHe cTerreHH - rrepeMem:eH~ KoHelffihiX 

Y3JIOB 3JieMeHTa H B ,UaJibHeifmeM HCKJIIOqi{Tb H3 

qi{CJia HeH3BeCTHbiX 3a,Uaql{. ilpH 3TOM COOTBeTCT-

a) p/160 rpj/30 
Pxl/2 tl 

y. 

BeHHO IIpeo6pa3yiOTC~ MaTpHI.J;a XeCTKOCTH H 

BeKTop Y3JIOBhiX CHJI 3JieMeHTa. 

,[(mr 3TOH n;eJIH y3JIOBhle rrepeMell(e~ H CHJihl 

3JieMeHTa pa3.ue~eM Ha BHYTpeHHHe u kv, Pkv H 

BHemHHe uk.P Ph. CoOTBeTCTBeHHO MaTpHI.J;a xecr

KocTH p33.n:e~eTc~ Ha 4 no,UMaTpHI{hl: 

Tor.ua ypaBHeHHe xecTKOCTH (7) MO)l{HO p33.UeJIHTb 

Ha cne.uyromHe .une rpyniThl: 

Ph =[kss]uh + [ksv]ukv, 

Pkv =[kvs]uh + [kvv]ukv. 

0Tcro.ua BHYTpeHHHe cTeneHH cBo6o,Ubl 

l16pyll30 7pyll30 l p/160 

)• • X 

3 2 Pxl/2 

(14) 

(15) 

8l(p1+pz)/30 

6) PI/2/60 r( 13pJ+ pz)/60 ! l(pJ+l3pz)/60! p2z2160 

pxf/2-{: 1 
)• X 

3 2 Pxlf2 

B) 

Puc. 3. Y3JIOBhle CIDThi KOHe~hiX 3JieMeHToB: 
a) 3JieMeHTa c cpYJ:IKUHe:H nporn6oa qeTBepTO:H creneHH npu paBHOMepHo pacnpe.neJiermo:H Harpy3Ke; 
6) 3JieMeHTa c cpYJ:IKUHe:H nporn6oa qeTBeproti creneHH npu JIHHe:HHo pacnpe.neJieHHoti HarpYJKe; 
B) 3JieMeHTa c cpYJ:IKUHeti nporn6oa rurro:H creneHH npH JIHHe:HHo pacnpe.nenermo:H Harpy3Ke 

Fig 3. Node forces of finite elements: 
a) of the element with fourth-order deflection approximation function and evenly distributed load; 
6) of the element with fourth-order deflection approximation function and straight distributed load; 
B) of the element with fifth-order deflection approximation function and straight distributed load 

Puc. 4. Y3JIOBhle nepeMell(eHIDI pe.fiYIUipoBaHHoro 3JieMeHTa 

Fig 4. Node displacements of a reduced finite element 
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a) p,J't6or)/2 pyl/2 ! p/ 160 

• 9• X Pxl/2 ~ 1 3 2 Pxl/2 y 

6) {2Jp,+ 9p2)l/60 (9p,+2lp2)l/60! px//2 
pxl/2 ~ • )• X 

(3p1+2p2JP!60 (2p ,+ 3p2Je /6o 

Puc. 5. Y3JIOBhle CMJihi pe.zzyuHposrumoro 3JieMeHTa: 
a) llpH paBHOMepHO pacnpe,n;eJieHHOti: Harpy3Ke; 
6) llpH JIMHeti:HO pacnpe,n;eJieHHOti: HarpYJKe 

Fig 5. Node forces of reduced finite element: a) for an 
evenly distributed load; b) for a straight distributed load 

IJo,UCTaBJIIDI 3TO BhipiDKCHHe B rrepBOe ypaBHCHHC 

CHCTCMhi (13), IIO.JIY"IaCM IIpeo6pa30BaHHOC ypaBHC

HHe XCCTKOCTH 3JieMeHTa: 

(16) 

f,UC iik :: Uks. IJpeo6pa30BaHHa5I MaTpHUa XCCTKOC

TH 

(17) 

H BCKTOp 0606IUCHHhiX CHJI 

(18) 

IIocTpoHM MaTpHUhi xecTKOCTH H BeKTophi 

BHCIIIHHX Y3JIOBhiX CHJI pe.uyuHpOBaHHhiX KOHC'llihiX 

3JieMeHTOB. Ha pHc. 4 rroKa3aHhi Y3JIOBhie rrepeMe

meHHH 3THX 3JieMeHToB. BHeiiiHHe Y3JIOBhie CHJihi 

pe.uyuHpoBannoro 3JieMeHTa orrpe,n;eAAIOTCH no 

<l:>OPMYJie: 

0HH IIOKa3aHhl Ha pHC. 5. IlpH HCKJIIO'ICHHH 

BHYTPCHHHX CTCIICHCM CB060.IJ:hi rrpe,UCTaBJICHHhiX 

3JICMCHTOB H3MCH5IIOTC5I TOJihKO MaTpHUhi XCCT

KOCTH H3fH6a. IJ03TOMY HH)I{C IIpHBO,UHTCH JIHlllh 

pe.uyuHpOBaHHaH MaTpHUa )I{CCTKOCTH H3fH6a: 

12113 61P -12/z-l 6112 

6!P 4/l -6/P 2/l 

-12/t -61P 12/f -61P 

6112 2/l -6/P 4/l 
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0Ha O,UHHaKOBa KaK ,UJI5I 3JICMCHTOB C paBHOMepHO, 

TaK H C JIHHCMHO pacrrpe,UeJICHHhiMH HarpYJKaMH. 

3aBHCHMOCT:b (15) II03BOJI5ICT orrpe,UCJI5IT:b rrepe

MCIUCHHH BHYTPCHHHX Y3JIOB 3JieMeHTOB yxe rrocJie 

peiiieHHH CHCTCMDI pa3pelllaiOIUHX ypaBHCHHM 

KOHe'IHo3JieMeHTHOM MO.UeJIH. HcrroJih3YH 3aBHCH

MOCTn (15), a TaKXe IIpHBC,UCHHhiC Bhiiiie MaTpHU:bi 

xecTKocrn H y3JIOBhie CHJihi, IIOJIYllaeM cJie.uyroiUHe 

rrpHKJia,n;Hhie <PoPMYJihi .D:AA pacqeTa rrepeMemeHH:H 

BHYTPCHHHX Y3JIOB: 

a) rrpH paBHOMepHo pacrrpe,n;eJienno:H Harpy3Ke-

4 
Pyl 

u5 =--+0.5ui +0.125lu2 +O.Su3 -0.125/u4, (20) 
. 384£/ 

6) IIpH JIHHCMHO pacrrpe,UeJieHHOM Harpy3Ke -

(PI+ P2)l
4 

us= 
768

£/ +0.5ul +0.125lu2 +0.5u3 -0.125/u4 , 

(P2 -PI )t3 
1.5 1.5 

u6 = 
1920

£/ [ul -0.25u2 +[u3 -0.25u4. (21) 

l1ciiOJih3Y5I 3TH <l:>OPMYJihi, MO)I{HO HCKJIIO'IHTh 

rrepeMemeHHH cpe,UHero Y3Jia 3JieMeHTa H rrpeo6pa-

30BaTn <l>YHKUHH rrepeMeiUeHIDi (6), (13) B CJie.uyro

IUHC <l:>opMhi: 

H 



(24) 

uky(x) 

o6hfl!Horo .n;nyxy3JIOBoro 3JieMeHTa. BTopo:M: 'UieH 

3aBHCHMOCTH (22) BblpiDKaeT TIOrpelllHOCTh 1Ipom6a 

ceqeHHif CTep:>KIDI, KOr.n;a OH MO,ll;eJIHpyeTC.SI O.n;HHM 

06hfliHbiM KOHe~M 3JieMeHTOM. 

3aBHCHMOCTH (22) H (23) TaiOKe rronyqaiOTC.SI 

HHTerpHpOBaHHeM .n:H<l><l>epeHIJ.Ha.JibHOfO ypaBHeHH.SI 

(12) c yqeTOM rpaHH'llihlX ycnoBHif: 

uky(x)l =uki• uky(x)l =uk3, uky(x)l =uk5• 
~ ~ =~ 

du ky (x) duky (x)l = uk
4 dx =uk2, dx 

x=O x=l 

H ~~ =uk6· 
~x=0.51 

IllecToe ycnoBHe yqMThiBaeTC.SI TOJibKO ,li;JI.SI 

3JieMeHTa c JIHHeifHo pacnpe.n;eneHHoif Harpy3Koif. 

TaKHM o6pa30M, 3aBncnMocTH (22) n (23) .SIBJI.SIIOTC.SI 

aHaJIHTHqecKHM pemeHMeM .n:H<l><l>epeHIJMa.JibHoro 

ypaBHeHM.SI (12). 3TO CBH.UeTeJibCTByeT 0 TOM, ~0 

rrpe.n;CTaBJieHHble KOHeWbie 3JieMeHTbl COBep

IIIeHHO TOWO MO,ll;eJIHpYJOT HaTipiDICeHHO-,ll;e<l>opMM

poBaHHOe COCTO.SIHMe M3m6aeMbiX CTep::lKHeif. 

MaTpHUa xecTKOCTM pe.li:YIJ.HpoBaHHbiX 3JieMeH

TOB COBIIa.n;aeT C MaTpHUeif XeCTKOCTH 06hfliHO 

ncnoJib3yeMoro 3JieMeHTa c KY6nqecKHM pacnpe.n:e

neHMeM rrpom6oB. Y3JIOBhle CMJibl pe.li:YIJ.HpoBaH

Horo 3JieMeHTa c paBHOMepHo pacrrpe.n;eneHHoif 

Harpy3KOif TaiOKe paBHhl cHJiaM o6hlworo 3Jie

MeHTa. Il03TOMy ,li;JI.SI pacqeTa CTep::lKHeBbiX KOHC

TpYKIJ.Hif rrpn paBHOMepHo pacrrpe.n;eneHHoit Harpy3-

Ke MOXGIO MCTIOJib30BaTh IIIMpoKO pacrrpocTpaHeH

Hble IIporpaMMhl, B KOTOpbiX IIJIOCKH:if M3rH6 

cTep:>KIDI Mo.n;eJIHpyeTC.SI qempbM.SI y3JIOBhlMM 

rrepeMemeHM.SIMH. L(mJ: pacqeTa rrpom6a cpe.n;Hero 

<l>opMyJIY (20), KOTOpa.SI MOXeT 6b1Th BKJIIOqeHa B 

rrporpaMMhl. 3TH nporpaMMhl MOXHO MCIIOJib30BaTh 

H ,li;JI.SI aHaJIH3a cTep::lKHeif c JIHHe:M:Ho pacnpe.n:e

JieHHoit Harpy3Ko:M:, O.n;HaKO ,li;JI.SI pacqeTa Y3JIOBbiX 

CHJI KOHeWb!X 3JieMeHTOB CJie.n:yeT TipHMeH.SITh 

<PopMyJibl, noKaJaHHhle Ha pnc. 3B, a ,li;JI.SI pacqeTa 

rrepeMemeHH:M: cpe.n;HMX ceqeHHif - <l>oPMYJibl (21). 

IlpH 3TOM Ka)l(.lJ:hlit CTepXeHb ,li;OCTaTOWO MO,ll;e

JIHpOBaTh O.n;HHM KOHeqHbJM 3JieMeHTOM, eCJIH 

XeCTKOCTh IIOCTO.SIHHa.SI. 

5. Pacqer ycHJIHA creplKHeit 

Y CHJIM.SI B CTep:>KIDIX, IIO.n;BepXeHHbiX .n;eifCTBMIO 

MeCTHoif Harpy3KH, COCTO.SIT M3 .n;Byx qacTeit: 

• ycHJIH.SI oT rrepeMemeHH:M: ero y3JioB, 

KOTOphle orrpe.n;eJI.SIIOTC.SI no <PopMyJie (7); 

• ycHJIH.SI OT MeCTHOif Harpy3KH. 

• 
3 

Puc. 6. TionoxarreJibHhle HarrpaBJieHIDI ycH.lllill 

Fig 6. Positive directions of stresses 

IlyCTh rroJIOXHTeJibHhle HarrpaBJieHM.SI ycHJ!Mit 

orrpe-.n;eJI.SIIOTC.SI cornacHo pHc. 6. Tor.n:a 

H3m6aiOmne MOMeHThl n nonepe~e cMJibl B 

KOHI.J;ax 3JieMeHTa OTipe,ll;eJI.SIIOTC.SI 3aBHCHMOCT.SIMM: 

Qki =-Pki +Fkl, Mki =Pk2 -Fk2• 

Qk2 = Pk3- Fk3• M k2 = -Pk4 + Fk4· 

IJpO,li;OJibHble CMJibl 

Nki =-Pk6 +Fk6• Nk2 = Pk7 -Fk7 

M 

lf3m6aiOmHi{ MOMeHT B TpeTheM Y3Jie 

H 

C HCIIOJib30BaHMeM 3aBMCHMOCTeif 

rronyqaiOTC.SI cJie,li;YJOmne <PopMyJibl ,li;JI.SI pacqeTa yen-

ceqeHIDI crep:>KIDI u;enecoo6pa3HO rrpHMeH.SITh JIH:if B JII06oM npoMexyTowoM ceqeHMM 3JieMeHTa: 
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a) rrpH paBHOMepHo pacrrpe.ueneHHo:H Harpy3Ke-

6) rrpH JIHHe:HHo pacrrpe.ueneHHo:H Harpy3Ke -

6. BbiBO,Qbl 

IIocTpoeHhl HOBble KOHe'IHhle 3JieMeHThl c 

cPYJIKUIDlMH rrpom6oB qeTBepTOH H IUITOH CTeiieHH 

IIpHMeHHTeJihHO K H3rH6aeMhlM CTep:>KIUIM IIO.U ,Ue:H

CTBHeM pacrrpe.u.eneHHhlX Harpy3oK. B paMKaX Tex

~ecKo:H TeOpHH H3m6a 6aJIOK OHH II03BOJUIIOT 

MO.UeJIHpoBaTh HarrpiDKeHHo-.uecpopMHpoBaHHoe co

cTomrne CTep)IQUI IIpH IIOMOIUH O,ll.HOfO KOHe~OfO 

3JieMeHTa. KpoMe Toro, oHH II03BOJUIIOT Herrocpe.u.c

TBenno orrpe.u.eJIHTh rrepeMemeHIDI cpe,U.Hero ceqe

HIDI 9JieMeHTa. 3To II03BOillleT YMCHhiiiHTh ofu.eM 

3ll,l{a'IH H BhlBO,IJ.HMOH HHcPOPMarurn, KOTOpYJO 

Heo6xo,U.HMo o6pa6oTaTh nocne perneHIDI Ja,na'IH. 
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fiyreM HCKJIIOqeHIDI BHYTpeHHHX CTelleHeH 

CB060,IJ.hl IIOCTpoCHhl pe.uyuHpoBaHHhle KOHC'IHLie 

3JICMCHThl, 'IHCJIO CTeiieHeH CB060,IJ.hl KOTOphlX 

YMeHhllleHo .u.o 'IHCJia crerreHe::H cBo6o,IJ.hl o6~oro 

(.USyxy3JioBoro) 9JieMeHTa. II pH 9TOM rrpe,UJio:xceH

Hhle peJlYUHpoBaHHhle 9JieMeHThl coxpamnar Bhlllle

YKaJaHHhle rrpeHMYJneCTBa. IIonyqeHhl npocme 

cPOPMYJihl (20) H (21), npH IIOMOIUH KOTOphlX 

rrepeMemeHHH cpe,U.Hero y3Jia 3JieMeHTa BhlplOKIUOTcH 

qepe3 rrepeMemeHHH KOH!leBhlX Y3JIOB. OHH II03BO

JUIIOT orrpe.u.eilliTh rrepeMemeHHH cpe,U.Hero ceqeHIDI 

cTep)IQUI y:xce rrocne perneHIDI cHCTeMhi anre6paH

qecKHX ypaBHeHHH H Y.U06Hhl ,UJIH IIpHMeHeHIDI 

PMOBhiM rrpoeKTHpOBmHKOM. PeJlYUHpoBaHHhle 

3JieMeHThl JierKO MOryT 6hiTb BHe,U.peHhl B HH:xce

HepHYJO IIPaKTHKY, TaK KaK HX M3TpHUhl :XCeCTKOCTH 

COBllll,l{aiOT C MaTpHUeH :XCeCTKOCTH o6~oro 

cTep:JKHeBoro 3JieMeHTa. 

KoHe~hle 3JieMeHThi c BHYTpeHHHMH crene

HHMH CB060,IJ.hl Ba:JKHhl ,UJIH 33,Uaq OillHMH3allHH 

yrrpyro-IIJiac~ecKHX KOHCTpYKflHH C OrpaHHqeHIDI

MH nepeMemeHH::H, TaK KaK ,UJIH o6ecneqeHIDI 

orpaHHqeHIDI nepeMemeHIDI cpe,UHero ceqeHIDI 

cTep)IQUI Heo6xo,U.HMo, qro6hl 3TO rrepeMemeHHe 

llpHCYTCTBOBaJIO B KaqecTBe HCH3BeCTHOfO B HBHOM 

BH.U.e. IlpH 3TOM Kpa:H:He Ba:JKHO YMCHhlllHTh 'IHCJIO 

HeH3BeCTHhiX 3a,U.a'IH OmHMH3allHH. 
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BAIGTINIAI ELEMENTAl STRYPAMS SU 
PASKIRS1Yf0MIS APKROVOMIS MODELIUOTI 

S. Kalanta 

Santrauka 

Lenkiamq strypq analizei paprastai naudojami baig
tiniai elementai su lrubiniu i}inkiq pasiskirstymu. 

Straipsnyje strypams, veikiamiems paskirstytqjq apkro
vq, modeliuoti sudaryti baigtiniai elementai (1, 2 pav.) su 



ketvirtojo ir penktojo laipsnio ilinkiq interpoliavimo 
funkcijomis (1), (6) ir (13). Penktojo laipsnio jlinkiq funkci
jos naudojamos strypams su tiesiSkai paskirstyta apkrova 
(11) modeliuoti. Elemento plokSciasis lenkimas modeliuo
jamas 5 ir 6 laisvumo laipsniais. Papildomieji 5 ir 6 Iaisvumo 
laipsniai - elemento viduriniojo mazgo 3 iJinkis ir kampinis 
poslinkis (2 pav.). Sudarytos elementq standumo matricos 
(1, 2 lent.) ir isoriniq jegq vektoriai. Sudaryti baigtiniai 
elementai tiksliai modeliuoja paskirstytosiomis apkrovomis 
veikiamq strypq itempimq ir deformacijq biivi, be to, leidiia 
tiesiogiai skaiciuoti strypq viduriniojo pjfivio poslinkius. Visa 
tai sudaro galimyb~; sumaiinti uZdaviniq ir gaunamos 
informacijos, kuri<t veliau reikia analizuoti, apimtj. 

Eliminuojant vidinius laisvumo laipsnius, sudaryti 
redukuotieji baigtiniai elementai (4 pav.), kuriq laisvumo 
laipsniq skaicius sumaiintas iki paprastai naudojamo 
elemento laisvumo laipsniq skaiciaus. Taciau redukuotieji 
elementai turi visus nurodytuosius privalumus. Gautos 
formules (20) ir (21), kuriomis elemento viduriniojo mazgo 
poslinkiai isreiskiami per jo galiniq mazgq poslinkius. Jos 
leidZia apskaiCiuoti strypo viduriniojo pjfivio poslinkius jau 
po baigtiniq elementq lygciq sistemos sprendimo. 

Pasifilyti redukuotieji elementai gali biiti labai lengvai 
idiegti ir naudojami inzinerineje praktikoje, kadangi jq 
standumo matrica sutampa su jprastinio strypinio elemento 
standumo matrica. 

Sudaryti elementai su vidiniais laisvumo laipsniais ypac 
svarbiis konstrukcijq optimizacijos su poslinkiq ribojimais 
uzdaviniams, nes, norint apriboti strypo viduriniojo pjiivio 
poslinkj, reikia, kad sis poslinkis bfitq uzdavinio neZinoma
sis. Be to, labai svarbu kiek imanoma sumaiinti optimi
zacijos uzdavinio nezinomqjq skaiciq. 

FINITE ELEMENTS FOR MODELLING BEAMS 
AFFECTED BY A DISTRIBUTED LOAD 

S. Kalanta 

Summary 

Usually a finite element with cubic deflection appro
ximation function is applied when evaluating the stress and 
strain field of bar structures. But such an element only 
approximately evaluates the actual strain field of the bar 
affected by a distributed load. The improved finite elements 
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(Fig 1, 2) with fourth and fifth-order deflection approxi
mation functions (1), (6) and (13) are presented in the 
actual manuscript. The fifth-order deflection approximation 
function is used for modelling the beams affected by a 
linearly distributed load (11). The plain bending of the finite 
element is modelled by 5 and .6 freedom degrees. The 
additional 5Ul and 61

h freedom degrees are the deflection and 
deviation of the middle node of element (Fig 2). The 
element stiffness matrices (Table 1, 2) and node force 
vectors are presented. The created finite elements exactly 
modells the stress and strain field of bars, which are affected 
by distributed load, and also allow to compute directly the 
middle section displacements of bars. It creates conditions 
for diminishing the volume of problems and obtaining infor
mation, which is necessary to be analysed later. 

The reduced finite elements (Fig 4) are created by the 
elimination of the internal freedom degrees. Their number 
of freedom degrees is decreased up to the number of 
freedom degrees of a usually applied finite element. But the 
reduced finite elements have all afore-mentioned qualities. 
Formulas (20) and (21) are derived expressing the middle 
node displacements by the final node displacements. These 
formulas allow to compute the middle section displacements 
of the bar already after the solution of equation system. 

The proposed reduced elements can be introduced and 
applied in engineering practice very easily, because their 
stiffness matrix coincide with the stiffness matrix of a usual 
bar finite element. 

The created elements with internal freedom degrees 
are very important for the problems of structures 
optimization with displacement constraints, because the 
constraint of bar middle section displacement can form just 
in case, when this displacement is one of the problem's 
unknown. Also it is very important to decrease the number 
of unknowns of optimization problem. 
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