
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=tcem20

Statyba

ISSN: 1392-1525 (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tcem19

STIFFNESS CHARACTERISTICS OF GEOMETRICALLY
NON-LINEAR BEAM FINITE ELEMENT

A. Mikoliūnas & R. Kačianauskas

To cite this article: A. Mikoliūnas & R. Kačianauskas (1997) STIFFNESS CHARACTERISTICS
OF GEOMETRICALLY NON-LINEAR BEAM FINITE ELEMENT, Statyba, 3:10, 52-59, DOI:
10.1080/13921525.1997.10531684

To link to this article:  https://doi.org/10.1080/13921525.1997.10531684

Published online: 26 Jul 2012.

Submit your article to this journal 

Article views: 95

https://www.tandfonline.com/action/journalInformation?journalCode=tcem20
https://www.tandfonline.com/loi/tcem19
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/13921525.1997.10531684
https://doi.org/10.1080/13921525.1997.10531684
https://www.tandfonline.com/action/authorSubmission?journalCode=tcem20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tcem20&show=instructions


ISSN 1392-1525. STATYBA- CIVIL ENGINEERING- CTPOV1TEnbCTBO, 1997, Nr. 2(10) 

GEOMETRISKAI NETIESINIO LENKIAMO STRYPO BAIGTINIO ELEMENTO 
STANDUMO RODIKLIQ NUSTA1YMAS 

A. Mikoliiinas, R. Kacianauskas 

l.lvadas 

Siuolaikine kompiuterine technika bei egzistuo

janCios skaiciavimo technologijos leidzia tiesiniuose 

ufdaviniuose atsisakyti iprastq prielaidq bei hipote

ziq. Atsisakius prielaidq apie mafus poslinkius ir de

formacijas formuluojamas geometriskai netiesinis 

ufdavinys. Toks ufdavinys leidzia prognozuoti geo

metriniq pokyCiq itak~ ir yra aktualus nagrinejant 

atskirus strypus ir strypines sistemas. 

Viena is pirmqjq publikacijq apie netiesinius 

baigtinius elementus paskelbta 1960 metais [1 ]. 

Bendrieji geometriskai netiesiniq kontinualiq ir dis

kreciqjq sistemq matematiniai modeliai ir pagrin

dines priklausomybes pateiktos [2-8]. 

Sudarant geometriskai netiesiniq lenkiamq stry

Pl! modelius dominuoja strypai, apraSyti 2 mazgais [2-

8], kur aSine jega aproksimuojama tiesine israiska. 

Sudetingesne israiska pasiiilyta [3], kur tikslesniam 

asines jegos skaiciavimui strypo elemente naudoja

mas trecias mazgas. 

Straipsnyje sudarytos konkreCios elemento su 3 

mazgais priklausomybes ir analizines ploksCio lenkia

mo strypo elemento tamprumo rodikliq israiskos. 

Gautas elementas yra isbandytas autoriq sudarytoje 

baigtiniq elementq metoda programoje, skirtoje 

netiesiniams skaiCiavimams. 

2. Geometriskai netiesinio uzdavinio formulavimas 

baigtiniam elementui 

Visas sistemas modelis yra surenkamas is atskirq 

elementq naudojant standartinius algoritmus, o 

geometriskai netiesiniq baigtiniq elementq sistemq 

analizes ufdavinys yra formuluojamas tik atskiram 

baigtiniam elementui e. Straipsnyje pagrindines ele

mento e priklausomybes sudarytos virtualiq poslinkiq 

metodu. Sis metodas mechanikoje naudojamas seniai 

u ji galima laikyti baigtiniq elementq metoda 

infineriniu variantu. Jam naudojama paprasta mafq 

(virtualiq) poslinkiq procedfira. ISoriniq bei vidiniq 

jegq darbq lygybe yra teorinis metoda pagrindas. 

Darbq lygybe iSreiskiama per bfivio kintamuosius, 

priskirtus pradinei (nedeformuotai) elemento konfi

gfiracijai, todel nagrinejamas bfidas atitinka konti

nuumo mechanikoje sutinkam~ Lagranfo formuluot~. 

Pagrindines virtualiq poslinkiq metoda priklauso

mybes gaunamos sulyginant iSoriniq jegq darb~ We, 

atlikt~ suteikiant mazgams virtualq poslinki su vidine 

deformacijos energija Ee. Elemento e lygyje virtualiq 

poslinkiq principas isreiskiamas lygybe: 

oEe =oWe. (1) 

Cia simbolis 8 Zymi virtualq poslinki. Pafymejus api

bendrintus elemento kintamuosius vektoriais - api

bendrintas deformacijas e.(x) ir apibendrintus item

pimus Qe(x), o mazgq poslinkius Ue ir jegas Fe, - lygy

bes (1) nariai ufrasomi taip: 

(2) 

Ee = J 8~ (x)(k(x)dV. (3) 
v, 

Siose israiskose Ve - elemento tfiris. 

Kadangi aproksimuojame ploksci~ sijos elemen

t~, apibendrinti kintamieji yra vieno kintamojo x 

funkcijos. 

Kaip iprasta baigtiniq elementq metode, geomet

riskai netiesinis ufdavinys formuluojamas analogiskai 

tiesiniam ufdaviniui. Naudojant poslinkiq formu

luot~, poslinkiq funkcijos pasirenkamos vieno baig

tinio elemento ribose. Baigtiniame elemente e pos

linkiai Ue(x) aproksimuojami isreiskus juos mazginiq 

poslinkiq vektoriumi Ue: 
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(4) 

kur [Ne(~}] - poslinkiq aproksimacijos matrica, o ~

vietine koordinate. 

Apibendrintos deformacijos skaiciuojamos 

jvedant poslinkiq aproksimacij~ ( 4) i netiesines geo

metrines lygtis. Galutine jq israiska tokia: 

(5) 

Cia deformacijq aproksimacijos matrica (dar vadina

ma geometrine matrica) [Be] sudaryta is tiesiniq ir 

netiesiniq ([Bo] ir [BN]) nariq: 

[Be([Ne(~)]u e)]= [Boe(~}] +[BNe([Ne(~)]ue )] · (6) 

Panaudojus anksciau gautas priklausomybes ( 4-6), 

deformacijos energijos (3) variacija isreiskiama taip: 

8(Ee) = 8(u n J aZ ([ BJQNe (s)]ue )]!le(s)dv + 
V, e 

+8(u:) J [ BJQNe(s)]ue )]-£-{Qe(s))dv. (7) 
V, e 

IraSius (7) i lygyb~t (1), virtualiq darbq lygyb(( galima 

ufraSyti netiesinemis algebrinemis lygtimis: 

(8) 

Netiesine standumo matrica apibendrinama kaip 3 

matricq suma: 

Pirmoji matrica [K0e] yra ma.Zq poslinkiq (tiesine) 
matrica, nepriklausanti nuo deformuoto biivio geo

metrijos. Antroji matrica [KNe] yra dideliq poslinkiq 

matirica. Trecioji matrica [Kae] yra geometrine stan
duma matrica. Ji atspindi antr~H lygybes (7) narj. 
Tikslios geometriskai netiesiniq matricq israiskos 

labai priklauso nuo daromq prielaidq ir konkreciq 
elementq. 

3. Strypo elemento pagrindines priklausomybes 

Panagrinekime dvimati strypo baigtinj element~, 

vaizduojam~ 1 pav. Sis baigtinis elementas turi 3 

mazgus. Pradineje konfigiiracijoje strypas gali biiti 

tiesus (1a pav.), arba kreivas (1b pav.). 

Strypo pradine konfigiiracija aprasoma galiniq 

mazgq padeties linijiniq ir kampiniq koordinaciq 

vektoriumi z = {z1,a.x1,z2,a.x2} T (1b pav.). Kadangi 

r z 

f 1 •3 2 + ____: 
~=-1 ~=0 ~=1 

1 
a v a 

1 /1 

1=2a 

a) 

z 

z1 X 

~ =-1 =0 =1 

r a 1,:: l'l r /1 

1=2a 

b) 

1 pav. Plokscias sijinis elementas pradineje konfigiiracijoje: 
a) ties us, b) kreivas 

Fig 1. Plane beam element in initial configuration: 
a) straight, b) curved 

pradine konfigiiracija yra susitarimo dalykas, tai ben

druoju atveju ji nusakoma vektoriumi z. Jeigu pradi

neje konfigiiracijoje elementas yra tiesus, tai vekto

rius z=O. Elemento fizikines savybes apraSomos dy

dziais EA (tempiamo strypo standis) ir EI (lenkiamo 

strypo standis), kur E- tamprumo modulis, A - skers

pjiivio plotas, I- skerspjiivio inercijos momentas. 

Baigtinis elementas turi 7 laisves laipsnius: po 3 

(2 linijiniai ir vienas kampinis) elemento galuose ir 1 

elemento viduryje (linijinis). Biitent vidurinis mazgas 

leidzia atsisakyti prielaidos, kad aSine jega per vis~ 

strypo ilgi nekinta. 

Mazgq poslinkiq vektorius Ue siam elementui 

isskaidomas i dvi dalis: U e = { u, w'} T, cia vektorius 

u = { u1, u2 , U:3} T apraso horizontalius poslinkius. Pos

linkis u3 apraSo vidurinio strypo mazgo poslinkj, kurio 

priklausomybe nuo galiniq mazgq poslinkiq nera 

tiesine. Tiksliau kalbant, u3 yra nuokrypa nuo tiesinio 

desnio. Strypo geometrija aprasoma vektoriumi 

w'=z+w, cia w = {w1,Elxl•w2,Elx2}T yra vertikaliq 
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poslinkiq vektorius. Siose israiskose w; yra mazgq li

nijiniai poslinkiai, eri- posiikiai. 

Strypo normalinius itempimus crx atstoja dvi 

ir~os - lenkimo momentas M ir asine jega N. Bet 

kuriame sijos ta8ke, nutolusiame nuo vidurio ploks

tumos atstumu z1, lenkimo momentas ir asine jega 

isreiskiarni taip: 

N =I cr xdzz, M =I axzzdzz. (10) 

Tiesiam elementui isilgines deformacijos x kryptirni 

israiska atrodo taip: 

E = tJu +_.!.(dw)2 
X dx 2 dx 

(11) 

Po deformacijos plokscias pjiivis lieka plokscias. 

Ta8ko, nutolusio nuo vidurio plokstumos atstumu z1 , 

poslinkis u kryptirni x isreiskiamas taip: 

u = u- z/:;; , (12) 

cia u -sijos aSies poslinkis. 

Ira8ius (12) i (11), deformacija yra isreiskiama 

apibendrintornis deformacijornis: 

(13) 

(19) 

Pirrnieji du aproksimacijos matricos (18) nariai yra 

LagrallZo polinomai, treCiasis - antrojo laipsnio rnis

rus polinomas, apraSantis vidurinio mazgo poslinkj. 

Antroji matrica (19) sudaryta is Errnito polinomq. 
ISraiskos (17) isvestines pateikiamos analogiSkai: 

(20) 

(21) 

kur: 

(22) 

T 

(23) 

Cia ~ yra strypo a8ies iSilgine deformacija: 

~ = dii +..!.(dw)
2 

dx 2 dx ' 
(14) Analogiskai kaip poslinkiai aproksimuojamas ir 

o dydis K - strypo kreivis: 

(15) 

Kreivo elemento skiriasi tik isilgines deformacijos ~ 

israiska: 

(16) 

Pasinaudojus gautornis israiSkornis, galima suda

ryti virtualiq darbq lygyby (1 ), kurioje apibendrinti 

vektoriai E>e(x)={~x. K}T ir Qe(x)={N, M}T. Apiben

drintos deformacijos ~ ir K isreiSkiamos poslinkiais 

pagal ( 4 ). Patogumo de lei vertikaliis ir horizontaliis 

poslinkiai atskiriarni: 

vektorius z bei jo i8vestine: 

(24) 

(25) 

Strypo kreivis (15) taip pat isreiskiamas mazgq 

poslinkiais: 

K=[c]w, (26) 

[c]= ;[6s z(3s-1) -6s z(3s+1)]. 
I 

(27) 

Irasius (20, 21, 26) i (16), (15, 16) i (13) gaunama: 

(28) 

Kadangi elementas dirba tamprioje stadijoje, 

(17) israiskas (10) galima perra8yti taip: 

Cia: N = EAsx, M =ElK. (29) 

(18) 
Galutine standumo matricos (9) israiska pateikta 

blokiniq matricq pavidalu: 
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Blokiniq matricq israiskos yra tokios: 

]
ToN 

[Kuu] = f[bu -dx, 
1 au 

(Kww] = J([c]T oM +(bw)TQbw)w) oN+ 
1 Ow Ow 

(30) 

(31) 

(32) 

+N[bw ]T[bw J)dx. (33) 

AKUW(l,l)=elea*(-(al*axl)-al*ax2-al*txl-al*tx2-

12*wl + 12*w2-12*zl + 12*z2)/(10*al**2), 

cia: "elea" - EA, "al" -I, "axl" - <X.r1, "ax2" - cx..a, "zl" -

Z1, "z2" - Z2, "txl" - E>rl, "tx2" - E>r2, ''wl" - W1, "w2" -

Matrica (36) susideda is trijq daliq. Pirmasis 

integralas: 

EI J[ cf [ c]dx = EI I ~~ 41~ ~ ~~ 21~~. (39) 
1 13 -12 -6/ 12 -61 

6/ 2/2 -61 412 

Sutvarkius israiSkas (31-33) galutines standumo Tai yra lenkiamo strypo standumo matrica. Antrasis 

matricos pateikiamos tokiu pavidalu: israiskos (36) integralas: 

[Kuu] = EAf[bu]T[hu]dx, 
1 

[Kww] =Elf [c ]T[c]dx + 
I 

+EAJQbw ]w)2 [bw ]T[bw ]dx+ 
I 

(34) 

(35) 

(36) 

Suintegravus tiesine standumo matrica atrodo taip: 

[x •• ]= ~ [ ~~ 
-1 

1 

0 
: 1· 

16/3 

(37) 

Joje galima isskirti 2 dalis. Pirmasis blokas (2x2) yra 

ne kas kita, kaip iprasto sarnyrinio-strypinio baigtinio 

elemento standumo matrica. Matricos elementas 

Kuu33 atsiranda del elemento vidurinio mazgo itakos. 

Analogiski veiksmai atliekarni su matrica (35): 

[

ku k12 k13 k14] 

[ Kuw] = k21 k22 k23 kz4 · 

k31 k32 k33 k34 

(38) 

Sios matricos elementai apskaiciuoti taikant kom

piuterinc; algebrll. Zerniau pateikiama vieno iS mat

ricos elementq israiska ( algoritrnine kalba 
FORTRAN): 
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EAJQbw]w)2[bw]T[flw]dx = 
1 

(40) 

Sios matricos elementai apskaiCiuoti taikant kom

piuterinc; algebrll. Matrica yra simetrine. Vieno is 

elementq iSraiSka: 

AKWW2(1, 1) = 3*elea *( al**2*axl **2+al**2*ax2**2 

+ 2* al**2*axl *txl + al**2*txl **2+ 2*al**2* ax2*tx2+ 

al**2*tx2**2+ 6*al*axl *wl + 6*al*ax2* wl + 6*al*txl * 

wl + 6*al*tx2*wl + 24 *wl **2-6*al* axl * w2-6*al*ax2*w2-

6*al*txl *w2-6*al*tx2*w2- 8*wl * w2+ 24* w2**2+ 6*al* 

axl *zl +6*al*ax2*zl + 6*al*txl *zl + 6*al*tx2*zl + 48* 

wl * zl-48*w2*zl + 24*zl **2-6*al* axl *z2-6*al*ax2*z2-

6*al* txl *z2 -6*al*tx2*z2-48*wl *z2+ 48*w2*z2-8*zl *z2+ 

24 *z2**2)/ (35.DO*al**3). 

Jeigu laikoma, kad a8ine jega per visll strypo ilgi 
nekinta, treciasis integralas lygus: 

6 1 6 1 

51 10 51 10 
1 21 1 1 

fN(bw]T(bw]dx =M 10 15 10 30 (41) 6 1 6 1 
1 - -

51 10 51 10 
1 1 1 21 - -

10 30 10 IS 



Kadangi a8ine jega per vis~! elementa ilgi nera pastovi 

(skaiciuajama pagal farmules (28,29)), geometrines 

standuma matricos israiskas tampa labai sudetingos. 

Vieno matricos elementa israiska, gauta taikant 

kompiuterinct algebrl!, atroda taip (tiesiam 

elementui): 

AKWW3(1,1)=3*elea *(2*al**2*ax1 *txl +al**2*tx1 * 

*2+ 2*al**2*ax2*tx2+al**2*tx2**2-28*al*u1 + 28*al*u2+ 

6*al*ax1 *wl + 6*al*ax2*w1 + 6*al*tx1 *wl +6*al*tx2*w1 + 

24 *wl **2-6*al*ax1 *w2-6*al*ax2*w2-6*al*tx1 *w2-6*al* 

tx2* w2- 48*wl*w2+24*w2**2+ 6*al*txl*zl+ 6*al*tx2* 

zl + 48*wl *zl-48*w2*zl-6*al*txl *z2-6*al* tx2*z2-48*w1 * 

z2+ 48*w2*z2)/ (70*al**3). 

4. Netiesinio uzdavinio sprendimo algoritmas 

Geometriskai netiesines baigtiniq elementq sis

temas analizes ufdavinys yra apra8omas netiesinemis 

algebrinemis lygtimis: 

K(U)]U=F. (42) 

Cia sistemas matrica [K(U)] ir apkravas vektorius F 

sudaromi standartiniu bfidu, surenkant atskirq ele

mentq matricas (30) ir vektarius. 

Mode lis ( 42) neatspindi reiSkinio fizikos. Iprasta 

netiesinia defarmavimo reiSkini nagrineti kaip per 

laikll t vykstanti procesll, kur isarines apkrovas F ir 

poslinkiai U yra laiko funkcijos F=F(t) ir U=U(t). 

Apra8ant toki proceslllaikas dalijamas i intervalus Ill. 
Apkrova laika mamentu ti+l = ti +Ill pridedama 

parcijamis: 

(43) 

Analogisku bfidu isreiskiami ir poslinkiai: 

(44) 

Netiesinis madelis ( 42) yra isreiskiamas prieaugiais: 

(45) 

Cia [K1{ti)] yra tangentine standuma matrica, a 
y(ti) = F(ti)- Q(ti) yra nesllrySia tarp isarines apkra-

vas ir vidiniq jegq vektarius. Nesllrysia vektarius y 

atspindi bfivia kintamqjq neatitikimll lygties ( 42) 

sprendiniui. Iteraciniq skaiciavimq eigoje y~O. 

Siua metu pasaulyje egzistuaja daug jvairaus su

detinguma netiesiniq ufdaviniq sprendimo algoritmq 

[2-4, 9, 10]. PaprasCiausias is jq yra Oileria metadas, 

kuris apsiribaja deformavimo pracesa nagrinejimu 

atskiruase zingsniuose, neatliekant iteraciniq skai

ciavimq. Dauguma standartiniais tapusiq metadq 

naudaja jvairias Niutono tipo algoritmq atmainas. Sie 

algaritmai yra iteraciniai algaritmai, kur kiekviename 

laika zingsnyje atliekamas lygties parametrq 

(pavyzfiui, vektariaus y) karegavimas. Efektyvesni 

algoritmai naudaja jvairias atskirq pracediirq kam

binacijas. Klasikiniai Niutana tipa algaritmai 

pritaikyti netiesiniams pracesams su didejancio de

formatyvuma kreive madeliuoti (pav. 2a). Pav. 2a 

pavaizduotas zingsninis - iteracinis algoritmas, kur 

kiekviename zingsnyje naudajamas madifikuatas 

Niutona-Rafsano metadas. Tua tarpu esant 

geametriniam netiesiskumui defarmavima pracesas 

vyksta pagal standejima kreivC( (pav. 2b), ir tradiciniai 

Niutana algoritmai nekonverguaja. 

T,--------------, 

a) b) 

Pav. 2. Netiesinio deformavimosi kreives: 
a) didejancio deformatyvumo, b) standejimo 

Fig 2. Non-linear deformation curves: 
a) "softening", b) "locking" 

Pav. 3. Sililomo algoritmo iliustracija 

Fig 3. Illustration of proposed algorithm 

Straipsnyje buva sudarytas ir realizuatas kambi

nuatas algaritmas netiesiniams pracesams tiek su 

standejimo, tiek su didejancio deformatyvumo kreivemis 

madeliuoti. Algoritma iliustracija pateikta 3 pav. 

Naudajant si algoritmll kiekviename apkrovima 
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zingsnyje liestine standumo matrica skaiciuojama du 

kartus. Pirmoji matrica atitinka liestin~t apkrovos 

zingsnio pradzioje (tangent 1), 0 antroji matrica -

zingsnio pabaigoje (tangent 2). Atlikus du bandomuo

sius skaiciavimus nustatomas kreives pobiidis, nuo 

kurio ir priklauso, kuri B liestiniq standumo matricq 

naudojama modifikuotose Niutono-Rafsono 

iteracijose. Algoritmas programiskai realizuotas 

autoriq sukurtoje programoje. Standejimo kreivei 

pasirenkama antroji standumo matrica. .lei kreive 

didejancio deformatyvumo, pasirenkama pirmoji 

standumo matrica. Del papildomq standumo matricos 

perskaiciavimq ir biitinumo saugoti dvi sistemas 

standumo matricas toks metodas reik_alauja daugiau 

laiko s~naudq bei kompiuterio atminties, taciau 

apra8o procesus, kurie nepriklauso nuo kreives 

pobiidzio. 

5. Skaitiniai rezultatai 

Anksciau aptartas elementas Go standumo ro

dikliai) bei sprendimo algoritmai buvo patikrinti 

sprendziant ploksci~ pastovaus staciakampio skers

pjiivio gembin~t sij~ ( 4 pav. ). 

Pav. 4. Sijos skaiciuojamoji schema 

Fig 4. Computational scheme of beam 

Sijos ilgis yra /, jos skerspjiivis apibiidinamas 

dydziais b ir h, o medziaga - tamprumo moduliu E. 

Sijos laisvasis galas apkrautas koncentruota jega F. 

Skaiciavimo rezultatai isreiskiami bedimensiniais 

dydziais F ir w. Cia F = F I Fmax, Fmax =lOS N, 

- wE4 103 Sk · · · d"' · b w = -
1
-- · . a1t1mam pavyz Lllll uvo panau-

Frnax 

doti tokie sijos rodikliai: 1=2.0 m, Fmax = 105 N, 

EA = 2.0·10
8 

N, EI = 166.6 Nm2
. Skaiciavimo 

rezultatai ( deformavimosi kreive F- w) pateikti 5 

pav. Kreive, gauta naudojant pasiiilyt~ algoritml\, 

buvo palyginta su kitais metodais. Oilerio metodas 

realizuotas kaip pasiiilyto algoritmo konkretus 

atvejis. Kartu pateikiamas ir tiesinis sprendinys. Tas 

pats utdavinys buvo spr~tstas ir naudojant paket~ 

ANSYS 5.2, kur naudojami sijq elementai apra8yti tik 

2 mazgais. Kaip matyti B rezultatq, pasiiilytas 

elementas su treCiuoju mazgu yra tikslesnis. Jis geriau 

modeliuoja procesus su didejanciu standumu. 

O.B- -· · 

0.6 ..... ; ........ . 

0.4 .. 

0.2 . 

+Authors 
-EuJer 

-+- ANSYS 

--Linear 

0 w 
0 0.2 0.4 0.6 0.8 . 1 1.2 1.4 1.6 

· Pav. 5. Skaitiniq rezultatq palyginimas 

Fig 5. Comparison of numerical results 

6. ISvados 

Straipsnyje nagrinejamas geometrukai netiesinis 

ploksCias lenkiamo strypo baigtinis elementas. Ivedus 

trecil! mazg~ tiksliau aprasomas netiesinis a8ines 

jegos pasiskirstymas clemente. Sio elemento stan

duma rodikliai isreiskiami pakankamai sudetingomis 

analizinemis israiskomis, kurios randamos taikant 

kompiuterinct algebrl\. Elementas panaudotas proce

sarns su standejimo kreive apra8yti ir realizuotas 

baigtiniq elementq metodo programoje. Skaiciavimo 

rezultatai patvirtino suformuluotq prielaidq tei

singum~. 
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STIFFNESS CHARACfERISTICS OF 
GEOMETRICALLY NON- LINEAR BEAM 
FINITE ELEMENT 

A.Mikoliiinas, R.Kacianauskas 

Summary 

Two-dimensional geometrically non-linear beam 
element is considered in this paper. The explicit 
expressions of stiffness characteristics of element with 
three nodes are derived and tested. 

Among models of the geometrically non-linear beams, 
the elements with 2 nodes dominate [1-8]. Such elements 
produce constant axial force. The idea. of more ~omplex 
elements with tree nodes was suggested m [3]. In thJS paper 
geometrically non-linear flat bending beam element with 3 
nodes for evaluating of axial force is investigated and non
linear stiffness characteristics are derived. 

Basic relations of element e are derived using virtual 
displacement method. On the level of element e, . t?e 
principle of virtual displacements is expressed by equalitles 
(1-3). Using displacement approach, displace~e.nt 
functions are prescribed in the bounds of one fmtte 
element. Generalised deformations are obtained by 
introducing displacements approximation ( 4) and inserting 
them into non-linear geometric equations (5-6). Variation 
of deformation energy (3) is expressed in (7). Putting 
equality (7) into (1), it is possible to write equality of 
virtual works in terms of non-linear algebraic equations 
(8). Non-linear stiffness matrix is presented as the sum of 3 
matrices (9). The first matrix [~] (linear matrix) is the 
matrix of small deflections, which is independent on 
deformed shape. The second matrix [KNe] is the matrix of 
large deflections. The third matrix [Kae] is a geometrical 
stiffness matrix. It reflects the second member of equality 
(7). Expressions of geometrically non-linear stiffness 
matrices are greatly dependent on the introduced 
assumptions and appropriate elements. 

Shallow beam finite element is shown in Fig 1. This 
finite element has 3 nodes. In the initial configuration a 
beam can be straight (Fig 1a), or curved (Fig 1b). The 
initial configuration of a beam is described by a vector 
z= {z1, a.t, z2, a:a}T of a beam fmal nodal co-ordinates, 
where z; means nodes co-ordinates, ax; - initial rotations 
(Fig 1b). However, the initial configuration is a relative 
statement, and is generally described by vector z. If in 
initial configuration the element is straight, vector z=O. 
Physical properties of the element are denoted with capital 
EA (tensional rigidity) and EI (flexural rigidity). The finite 
element has 7 degrees of freedom: 3 of them are defined at 
each end of the element (2 linear and 1 rotation) and 1 in 
the middle of the element. Vector U, of nodal deflections 
for this element is split into two parts: U,= {u, w} T, 

u={uh uz, u3}T, w'=z+w, w={wt, E>.r1, w2, 8.r2}T. Deflection 
u3 shows the deflection of the middle beam node, which is 
not proportional to the final nodal deflections. To be more 
strict, UJ is straightened by linear law. So the linear element 
in the direction of longitudinal deformation expression is 
(11). The deflection of a point which is moved from the 
centre of plane surface in distance z1, deflection u (in 
direction x) is expressed in (12). Deformation is expressed 
by summarised deformations (13). So the deformed 
element only longitudinal deformation ~ is assigned, which 
is shown in (16). Evaluating earlier received expressions, it 
is possible to make equality of virtual work (1), where 
generalised vectors E>e(X)={L\x, K}T and Q,(x)={N, M}T. 

Generalised deformations~ and K expressed by deflections 
approximating expressions ( 4). For convenience, vertical 
and horizontal deflections are separated (17). By analogy 
with deflections, vector z and its derivatives are 
approximated by (24-25). Beam's curvature (15) is also 
expressed by nodal deflections: (26-27). Putting (20, 21, 26) 
into (16) and (15, 16) into (13) and expression (28) is got. 
Evaluating that the element work in elastic stage, 
expression (10) can be rewritten (29). The final stiffness 
matrix expression (9) is given in the form of block matrices 
(30). Expressions of block matrices are presented by (31-
33). Having completed operations in expressions (31-33), 
final stiffness matrix is (34-36). After integrating, linear 
matrix is (37). Analogous operations are performed with 
matrices (35)-(38). Elements of this matrix are calculated 
using computer algebra. Matrix (36) consists of three parts. 
The first integral (39) is stiffness matrix of bending beam. 
If we assume that axial force in beam's length is invariable, 
the third integral is equal to ( 41). Assuming that axial force 
in the length of element is not constant (the axial force is 
calculated according to forms (28,29)), the expressions of 
geometrical stiffness matrix become very complicated. 

Analysis of geometrically non-linear system of finite 
elements is described by algebraic equation ( 42). Usually 
expression of non-linear deformation is investigated as a 
process varying in time t, where outer load F and 
deflections U are functions of time: F=F(t) and U=U(t). 
Load in the moment of time ti+l = t; + llt is added in 

portions ( 43). Deflections are expressed by analogy with 
(44). Non-linear model (42) is expressed by increments 
( 45). Vector of residuals y reflects solution of equation 
( 42) inadequacy of state variables. Nowadays there exists 
many algorithms of different complexity for solution of 
non-linear problems [2-4,9,10]. The majority of methods 
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that have already become standard uses different Newton
type variety of algorithms. Classical Newton-type 
algorithms are adapted to non-linear process with so called 
"softening" curve to model (Fig 2a). In the work there was 
done and realised a combined algorithm for non-linear 
process with "hardening" or "softening" curve to model. 
The illustration of algorithm is given in Fig 3. Using the 
algorithm in every load step, tangent stiffness matrix is 
counted twice. The first matrix corresponds to tangent of 
load step at the beginning (tangent 1), and the second one 
to the step at the end (tangent 2). Algorithm is 
implemented in the program created by the authors. 

A simple cantilever beam (Fig 4) is taken for the test. 
History of deformation was investigated. The results are 
given in non-dimensional quantities (Fig 5). Euler's 
method is realised as a particular case of implemented 
algorithm. The same example was also solved using 
program ANSYS, where beam elements are used and 
described only by two nodes. The results presented show 
obviously the advantages of three-node element and 
validity of proposed assumptions. 
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