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YCJIOBIDI KYHA-TAKKEPA B 3A,LI.A4AX TIPlfCTIOCOE.JUIEMOCTlf 

10.10. ATKO'IIOHaC 

l. IlOCTaHOBKa la,Wl'lll 

HanpiDKellliO-,n:e<i>op:MHpOBallliOe COCTOHHHe (H)lC) ,UHCCHII8THBHOit CHCTC:Mbl B o6m.e:M CJiyqae 

JaBHCHT OT HCTOpHH HarpyxeHIDI F(t) (Fin/ :s; F(t) $ Fsup , 3,UCCI> Fin[ , Fsup - Ja,n:al:IHble npe,n:eJibl 

HJ:MeHeHIDI HarpylKH). L{ml npncrroca6JIHBaiOIU;HXCH KOHCTpyiQJ.Hit ee H,llC B pa3HbiX acrreXTax 

pacc:MoTpeHo B pa6oTax [1-9] H .n:p. To.Jlhl(O ,n:JIH qacrHoro CJiyqaH - ,n:JIH MO:MeHTa, 6JIH3Koro K 

pa3pyniCHHIO lf.llCaJihliO yrrpyroiiJiaCTJiqCCKOit IIpHCIIOCa6JIHBaiOill.CitCH KOHCTpYJCIUIH, pacnpe,n:eJieHHe 

,n:eitCTBHTCJihllliiX OCT8TO~ ycHJIHit s; C,n:HHCTBeHHO ,n:JIH :taUK,UOit H3 HCTOpHit Hai'pyJKeHIDI 

Finf :<> F(t) :<::: Fsup (B 3TOM c~ae Ko3<P<PHIUieHT Jarraca rro npncrroco6JIHe:MOCTH 6JIJI30K K 1). 0.n;HaKO 11 

3,UCCI> MOiyr cym.eCTBOBaTI> o6JiaCTH, r.n:e IIJiaCTJiqCCKHe .n:e<Pop:Ma:u;mt: e p paBHbl fiYJIIO. Tor.n:a Sr B 

CT8TfiqCCKH HCOIIpC,UCJIH:MbiX qaCTHX KOHCTpYJCIUIH MO:>KCT 6b1Tn HCC,UHHCTBeHHbi:M: HallprutreHHOC 

COCTOHHHC o6ycJiaBJIHBaCTCH TO.Jlhl(O ypaBHCHIDIMH paBHOBCCIDI (A] S r = 0 . 3KCTpe:MaJII>Hblit 

3HepreTnqeciGfit IIpHHIJ.Hll MJIHHMYM8 ,UOIIOJIHHTCJThHOit 3HCprHH 1103BOJIHCT B MOMCHT, IIpC,UIIICCTBYJOill.Jiit 

I.J.H1(JIWICCKH-IIJI8CTJiqCCKOMY palpyrneHHIO, H3 BCCX CT8TJiqCCKH ,n:orryCTHMbiX OCT8TO~ yciiJIIdt 

orrpe,n:eJIHTI> HMCHHO s; (IIOBC,UCHHe KOHCTpYJCIUIH OTHOCHTCH K I"OJIOHOMHO:fdY). Tor,n:a ,n:JIH aHaJIHJa H,llC 

IIpHCIIOCa6JIHBaiOill.CiiCH KOHCTpYK:u;HJI IIOHBJIHCTCH B03MO:>KHOCTI> IIpH:MOI"O IIpHMCHCHIDI IIOCTpOCHHbiX Ha 

OCHOBC 3KCTpC:MaJihllliiX 3HepreTnqecKHX IIpHHli,HIIOB .n;BOitCTBCHHbiX Ja,n:aq M8TCM8TJiqCCKOI"O 

rrporpaMMHpOBaHIDI (CTaTnqecKaH n KJIHe:MaTnqecKaH <Pop:fdYJIHpOBKH [7)). BcrpeqaiOmaHCH 

BbipO:>K.n;CHHOCTb 3KCTpC:MaJihliOit Ja,n:aqJI B CT8TfiqCCKOit <i>Op:fdYJIHpOBKC ( OCHOBHbiC HCH3BCCTHbiC - S r ) 

YK83biBaCT H8 HCB03MO:>KHOCTI> O,UH03H8'1HOI"O OIIpC,UCJICHIDI OCT8TQqfibiX IICpCMCill.CHJiit Ur II ,n:e<i>Op:MaiJ;Hii 

• 8 r IIpH pCIIICHHH Ja,n:8qJI 8HaJIHJa B KHHC:M8TJiqCCKOit <Pop:fdYJIHpOBKC. flpn y:>KC H3BCCTHOM BCXTOpe Sr 

rrpo6Jie:Ma orrpe,n:eJieHIDI rrpe,n:eJioB 113MCHCHIDI OCT8TOqfibiX rrepeMemeHHit KOHCTpyK:u;HH 

U r,znf $ 0 r (t) $ U r.sup IIpC,UCT8BJIHCTCH B KaqCCTBC Ja,n:aqn M8TCM8Tll'ICCKOI"O rrporpaMMHpOBaHIDI. 

OrpaHJiqCHJIHMH 3TOH Ja,n:a'ln CJiy:>KaT ycJIOBWI. Kyn3-T3KKCp3 ,UJUI 33113'111 3WUU133 B (.,"f3TnqecKoit 

<l>op:fdYJIHpOBKC H 3HCpreTJiqCCKOC YCJIOBHC - HCp3BCHCTBO, OI'p311H'IHBa10Ill.CC CBepxy o6U{yl0 JlHCCHlialUflO 

3HeprHH rrpon:eccoB .n:ocTn:xc:eniDI coCToHHIDI npncnoco6JIHeMoCTn D. YnoMHH)'Toe 3HeprcTnqecKoe 

OI'p3HJiqCJUIC II03BOJIHCT IICKJIIO'IHTb KOM6HH3TOpllblC YCJIOBWI. 0 JlOIIOJUUIIOIU:CH HC:>KCCTKOCTif II TCM 

C3:Mbi:M yrrpOCTHTb peiiiCHHC 3a,U8'1H OU:CHKH OCT8TO'IllhiX IICpCMCIUCHJiit. 

2. MaTCMaTH'ICCKHe Mo,n:eJIH 3KC1JICMaJibHbtx Ja,n:a'l anaJIHJa ll,llC 

)llfCKpCTH8H MO,UCJII> KOHCTpYKIJ:HH IIOJiyqaeTCH paC'VICHCHUCM CC 113 s KOHC'IHbiX 3JICMCIITOB C 06Ill.HM 

'llfCJIOM S pac'ICTHbiX CC'ICHJfH (MHO:>KCCTBO UX Jfll)lCKCOB [). CTCIICIIb CB060,n:bl m, 'IUCJIO COCT8BJIHIOIIUIX 

Ka:>K.n;Oro Ill BCXTOpOB yciVntH S = S r + S e H ne<t>opM81UIH 8 = 8 r + €-) e paBllHCTCH n (IIIIJlCKC e OTHOCUTCH 
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K BCICIOpaM, IIOJI)"ICllllbiM 113 yupyroro paC11CTa). CTCIICill> CTaTll.'lCCKOll HCOIIpC,li.CJiliMOCTII k0 = n - m . 

0)1.HaKO ,li.CTaJibUO KOHC~03JICMCIITUhiC MaTpHll,hl II 3aBHCHMOCTH B llaCTOJIIli,Cll CTaTbC IIC 

paccMaTpli.BaiOTCSI. 

B Ka'ICCTBe 3HcpreTH'ICCKHX rpaHHll, ,li.OCTIDKCHIDI coCTomnm: IIpHcrroco6JISieMocTH KOHCTpYKlJ.Hll. 

BhiC'fYIIaiOT MIDDIMaJibiiOC 3Ha'lCHliC ,li.OIIOJIIIliTCJibllOll 3Uepnm min ~'(Sr) =min 0.5·S:(D]Sr =a* 

,lJ.JISl L'TaTuqecKH ,ll.onycTnMhiX oCTaTO'IHhiX ycarmif Sr 11 ~t:aKCIIMaJII>noe Jnaqeuue o6me:U ,li.Hccnnali,HH 

3Hepnm D nuu ,lJ.JISl KIIHCMaTII'lCCKll ,li.OIIYCTIIMhiX nepcMClllCHHH Dr [8, 9). 3)1.CCb [ D] 

IIO,ll.aTJIHBOCTII. )lmi l'OJIOUOMilblX IIpOIJ.CCCOB ,ll.liCCHIIali,H.SI 3HCpi'l1H paCC'IHThiBaCTCSI COriiaCHO <l>OPMYJIC 

D = }. T C , r,li.C C , A - BCICIOphl KOHCTaJIT H MHO}I{Jfi"CJICH JVIaCTH'IHOCTH ,lJ.JISl HCJIHHCIDiblX YCJIOBHll 

TCK)"'CCTH 

(1) 

Kax H3BCCTHO, CTaTH'ICCKH ,li.OIJYCTHMblit BCKTOp Sr y,li.OBJICTBOpSICT ypaBHCHHHM paBHOBCCH.SI 

[A] Sr = 0 H YCJIOBHSIM TCK)"'CCTH (1). ilopSI,li.OK aJire6pali'ICCKOro OIICpaTopa ypaBHCHHll paBUOBCCH.SI [A] 
CCTb (m X n). 3KCTpCMa.JibHhiC yiipyrHC ycH.TDISI Sej,mar• Sej,min SlBJISIIOTCSI JIHHCIDII>ThiH <l>YHKlJ.HSIMH OT 

HJBCCTHblX Fin[' Fsup. BeKTOphl s.j.mar•s•J.min OIIpC,li.CJISIIOT BCC BCpiiiHHH ro.norpa<l>a yiipyrHX ycHJIHit Se(t) 

('IepeJ j HH,li.CKCHpYIO'fCH HX cHMMCTpli'IHhiC rraphl, HX MHoJKeCTBO J ). Tax, B ycJIOBIDIX (1) o.n;HoBpeMeHHo 

)"DITbiBaiOTCSI BCC BCpiiiHHH l'O,li.Orpa<t>a 

r(sr +Sef,mar) s C, r(s r +Sef,min) s C 

,lJ.JISl BCCX j E J. 
MaxcHMam.Hoe 'IHCJio BepiiiHH ro,ll.orpa<Pa p = 2m, MHOJKCCTBO HX HH,li.CXCOB B ,ll.am.HeitrneM 6y,ll.eT 

o6oJHa'laTbCH qepeJ P. 

ilpHHli,HII MJDDIMYMa ,li.OIIOJIHHTCJibHOH 3Hepnm IIpHBO,li.HT K CTaTH'ICCXOll <l>OPMYJIHpOBXC Ja,na'IH 

IIpHCIIOC06JISICMOCTH: 

HallTH 

mm o.s.s'[ (D]Sr= a• (2) 

IIpH YCJIOBIDIX 

(3) 

,lJ.JISl BCCX j E J. 
PemeHHCM Ja,na'IH (2)-(3) OIIpC,li.CJISIIOTCSI BCKTOp s; H Jlla'ICHHC a" (pHC. 1). BcJIC,li.CTBHC IIOJIO:lKHTCJibHOll 

OIIpC,li.CJICHHOCTH MaTpHll,hl [D] H Bhlnyl{JIOCTU: YCJIOBHll TCK)"'CCTU: (3) 3a,ll.a'la (2)-(3) HMCCT TOJibKO 

C,ll.liHCTBCHHOC pClliCilliC s;. 06UICC 'IHCJIO aKTiffiHblX, T. C. y,li.OBJICTBOpSllOUIHXCSI B Ka'ICCTBC paBCHCTB 

ycJIOBHll TCK)"'CCTH, HC TCpAA 06IIIUOCTU:, 0603Ha'laCTCSI 'ICpC3 k (MaKCHMa.JibHOC HX 1IIICJIO paBHSICTCSI S, 

i E I ; IIpll KOHKpCTHOM MeTo,ll.e ,ll.u:cxpennau.un MOryT yqHTbiBaTbCSI ycROBH.SI Ha JIHHIDIX CThiKa 3JICMCHTOB 

u T.,ll..). B ,ll.am.He:HmeM MHO:lKCCTBO HH,ll.excon aKIImHblX orpailll'lemrn o6oJHaqaeTcsr qcpeJ K. YcJIOBH.SI 

Kyna-TaXKepa ,lJ.JISl 3a,ll.a'IH MIDDIMUJali,IDI (2)-(3) (Haii:Tn min #""'(Sr) =min o.s.s;[D]Sr rrpH 

orpailll'lemrnx (3)) IIplDDIMaiOT BH,ll. [10): 

v ~·(s; )+I[ vr(s; +Se;,mar )r A. ;,max+ I[ vr(s; +Se;,min )r A. },min -[Af ur = 0, 

f 

(4) 

A. ;.ma~?: 0, A. ;,mm?: 0, J E J. 
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3.n;ecn [vr] MaTJHUJ:a rpa.n;HeHTOB BeKTop-<l>YJII(IUfii TeK)"'eCTH ( 3), ee ITOp.H,UOK (s X n); 

A },max, A j,min, U r - BeKTOpbi MHO:lKHTeJieii:, <l>H3WieCKHH CMbiCJI KOTOpbiX MO:lKeT 6b1Tb onpe.n;eJieH, 

HCXOM H3 KJIHeMaTWICCKOH <l>opMyJIHpOBKJI 3a.n;alfil aHaJIH3a. C )"'CTOM #'(S,) = 0.5·S;(D)S, YCJIOBIDI 

KYHa-TaKKepa npHHHMaiOT BH,U: 

PHc. 1. K cranrqecKoit <l>opMyJIHponKe 

Ja,n:atiH aHaJIHJa 

[D] s; +I[ w(s; +Se1 ,max )r A. 1 ,max +I [ w(s; +SeJ,min )r A. J,min - [ Af u, = o, 
J J 

A. ~.max[ C- r(s; +SeJ,max )] = 0, A. ~.min [c-r(s; +S eJ,max )] = 0, (5) 

A. },max ~ 0, A. J,min ~ 0 

.n;IDI ncex j e J. 

fipJIHUliiiY MHHIIM)'Ma ITOJIHOH ITOTCHII.HaJII>HOH :mepnm OTBe'!aeT KHHCMaTWieCJQUI <l>opM}'JIHpOBKa 

3a.n;alfil aHaJIH3a: 

HallTH 

npH YCJIOBIDIX 

/ / 

J / 

[D] s, +I [ w(s, +Sej,max )fA. },max+ I[ w(s r + seJ,min )fA. },min - [ Af u, = 0, 

/ J 

A. J,max ~ 0, A. J,mm ~ 0 

.n;IDI ncex j E J. 

(6) 

(7) 

YcJioBIDI (7) 03Ha'laiO'r reoMeTpWiecKJie ypaBHeHIDI [Af u, =E>,. PerneHHeM 3a.n;alfil (6)-(7) 

OIIpe.n;emiiOTCH s;, u;, A.j,max, A.j,min. ,ll.JIH OITfl!Ma.JThHOI'O IIJiaHa 3a.Ua'IH (6)-(7) COfJiaCHO BTOpOH TeopeMe 

.llBOIICTBeiiHOCTU TeOpHU MaTeMaTII'!CCKOI'O IIporpaMMHpOBaHJIH 
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BeKTOphi u;, A.j,man A.j,min y.uoBJieTBOp.moT ycnoBIDIM KYJia-TaiQ(epa (4) (HJIH (5)). }.lmi .UOCTIDKeHIDI 

*T • ( • • ) COCTOHHIDI npncrroco6llileMOCTH .unccnna:rum: :mepnm D =A. C, r.ue A. = L A. J,max +A. J,min . 3aMeHoii 
j 

JHaxa 4>YJIKllHH I.(eJIH (6) Ha IIpOTHBOIIOJIO:>KJihiii IIOJI)"'aeTCH ,llBOHCTBeiDiaH napa Ja,Ua'l MaTeMaTII'IeCKOI"O 

HeJIHHeif:Horo nporpaMMHpOBaHIDI (2)-(3), (6)-(7): 

HR:ifrH 

J j 

j j 

llpH YCJIOBIDIX (7). 

}.lmi HJBeCTHhiX A. j ,mar, A. j,min Ja,Uaqa ( 6) -(7) CBO,UHTCH K BH,Uy, OTBe'IRIOUJ:eMY HJBeCTHOMY 

MHHHMaJihliOMY npHHI.(HIIy Ko:iirepa [ 11]: 

Ha:ifrH 

j j 

llpH YCJIOBIDIX 

[D}Sr + I[vr(sr +Sej,max)r A.~,max + I[vr(sr +Sej,min)r A.~,min -[Af ur =0, 
J j 

(9) 

* * A. j,max ~ 0, A. j,min ~ 0 

.llllil Bcex j E J . 

B 6onee KOMIIaKTHOH <t>opMe Ja,naqa (8)-(9) o6bl'IHo npe.ucraBllileTcH TaK: 

Ha:ifrH 

(10) 

llpH YCJIOBIDIX 

(11) 

r.ue 

ep= I[vr(sr +Se;,mar)r A.j,max + ~[vr(sr +SeJ,min)r A.j,min. 
J J 

(12) 
* * A. ],max ~ 0, A. j,min ~ 0 

.Ullil Bcex j E J . 
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L{mr 3a,UaJillliX IUiaCTlfliCCIGIX .ue¢opMaUHH e; BTOpOH 'IJICH ¢ymaum: IlCJill (10) Ja,UaqH (10)-(12) 

HBIDICTCH KOHCTaHTOH C1 = s; e; H B KOllcqHOM cqeTe Ja,Uaqa IIpHHHMacT BH,U: 

naiiTH 

(13) 

IIpH YCJIOBIDIX 

(14) 

3. 06o6meHHaJI 3&.1Ul'l& Jlarpamu 

lloJIHYIO cncTeMy ypaBnemrif: Oi!:Jiepa-Jlarpau)I(H cocTaBJUIIOT orpaHlfllcHHH MaTeMaTlfliCCKHX MO.UcJiei!: 

3KCTpCMaJThHhiX Ja,Uaq B CTaTlfliCCKOH (2)-(3) H KHllcMaTlfliCCKOH ( 4)-(5) ¢opMYJIHPOBKaX C yqcTOM 

YCJIOBHH 0 .UOIIOJilUDOW:Cit HC:lKCCTKOCTH: 

(15) 

(16) 

(17 

(18) 

A j,max ~ 0, A j,min ~ 0 (19) 

,UJIH BCCX j E J. 

• • • • 
3.uecb ep - IIJiaCTlfliCCKHC .ue¢opMaUHH, BXO,UHIUHC B ypaBHCHHH (7). BeKTOpbl sr' Un Aj,=' Aj,min 

.JIBJUDOTCH peiiiCIJHCM CHCTCMbl JaBHCHMOCTCH (15)-(19), KOTOpoe IIOJilJOCTbiO COBIIa,UaCT C perneliHCM 

.UBOHCTBCllliOH napbl Ja,naq MaTcMaTlfliCCKOI'O rrporpaMMHpOIJaHHH (2)-(3), (6)-(7). 

<l>ymaom 

~(Sr, uro A.)= 0.5·S:[D]Sr -u:[A]Sr- _LA. ~.max[C-f(Sr +Sef,max)]
f 

-_LA.~,min [c-f(Sr+Se;,min)]. A.f,max~O, A.;,min~O, jeJ 
f 

Puc. 2. Ce.[lJIOBaH tPYHKUJHI cfJ' 
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• 
HBJIHeTCH IIOTeHIJ;HaJIOM ,U.JUI CHCTeMbi 3aBHCHMOCTeH (15)-(19) (12). CTa:u;HOHapHaH TO'IIGl Sr, 

u;, A.j,=, A.j,min (A.*= L(A.;,mt:n"+A.;,min)) ¢)'HKWIH 9'(Sn DnA.) ecTD pernenne CHCTeMbi (15)-(19): 
j 

#* = #(s;, u;, A •) . Ce,U.JIOBaH ¢ymaurn (20) HBJIHeTCH BlffiYIOIOH OTHOCHTeJThHO Sr If BOmyiOH 

OTHOCHTeJThHO On A (pnc. 2 (10, 12]). C HCIIOJTh30BaHHeM TpaHc¢opMa:u;n:il TieJKaH,Upa (10, 12) Ce,U.JIOBaH 

¢ymaurn 9'( STI u Tl A) (20) TpaHc¢opMnpyeTCH mroo TOJThKO B Bh11IY101YID #' ( s r) ' mroo TOJThKO B 

BOmyryiO 9' ,, ¢)'HKWIH: 

9'' = 9' -u: t59' -A. T t5@'_'A., 
·Ur 

(21) 

3,UeCI> 89' 8~')... 89's - Bapna:u;HH ¢)'HKWIH 9 110 Dr, A. ' Sr. Tor.n:a 
. u, .. 

min max 9'=min9' = max 9" 
sr Ur,.il~O Sr Ur,.il~O 

H ,UBOHCTBCHHaH rrapa 3a.n;aq MaTeMaTnqecKOro rrporpaMMHpOBaHHH (2)-(3), (6)-(7) COOTBCTCTBCHHO 

CTaTnqecKaH <t>opMYmrpOBKa 

HaitTH min 9' rrpn ycJioBIDIX 

KlmeMaTnqecKaH <t>opMYJIHPOBKa 

HaitTH max 9" rrpn ycJioBIDIX o<ff_s, = o. 1.. ~ o. 

3.n:ecy, ,U.JIH rrpoCToTbi 3aiiHCH rrpliBJieKaJICH TOJIDKO BCXTOp 1.. ;::: 0 , a He BCXTOpbi A. j,= ~ O, A. j,min ~ 0 . 

4. Q IIJaiPOlK,IleBBOi 3a,lla'le llllllJIII3a 

,llJuJ 3a.n;aqn (6)-(7) (HJIH COOTBeTCTBCHHO ,U.JUI 3a.n;aqn (15)-(19)), KOr,na k > k(}, xapaXTepiDl 

BOJMO:lKHOCTI> c~eCTBOBaHHH He o,nHoro BeXTopa A.• ~ 0, rrpHBo,nHIIJ;ero K TOMY xe JHaqeH1IJO a·. CJie.n:yeT 

IIO.n'ICPKHYTI>, 'ITO IIpHMCHHCMblit ,U.JU1 peiiiCHHH Hemme:iiHoit 3a.n;aqn (6)-(7) a.n:ropHTM ,UOJDKeH 

c11oco6CTBOBaTI> Bbl,neJieHIIIO A. • , IIpHBO,nHIIJ;CMY K MaKCHMaJIDHOMY JHaqeH1IJO ,nnccmmiJ;IIH 3Hepnm: 

Dmax = A.•Tc [10,13). MHHHMaJIDHoe JHaqenne ,nnccmmiJ;IIH 3Hepnm: Dmin ,U.JIH .n:ocriDKeHHH cocroHHHH 

IIpHCIIOC06JIHCMOCTH (B TOM ql{CJIC H B cnyqae BbipO:xc,n:CHHOCTH 3a.n;aqn aHaJIH3a) MO:XCCT 6biTI> OIIpC,UCJICHO 

pernenneM :m.n:aqn: Haifrn min A. T C rrpn ycJIOBIDIX (15)-(19). 3Haqme;n,HbiM yrrpomenneM perneHHH 3Toil 

3a,Uaqn 6biJI 6bl rrpe,nBapHTeJThHblit yqeT B ycJIOBIDIX (15)-(19) H3BeCTHOro 110 peiiiCHIIIO 3a.n;aqn (2)-(3) 

BCXTOpa s~. 0,nHaKO :m.n:aqa IIpHMOro orrpe,neJieHHH Dmar: HaiiTH max AT c IIpH ycJIOBIDIX (15)-(19), B 

o6m;eM cnyqae TCpHeT CMbiCJI H3-3a Heorpa~eHHOCTH ¢)'HKWIH UeJIH TaKOH Ja,naqn. 

ITpn HaJil{ql{H Bbipo:xc,n:eHHOCTH :m.n:aqn aHaJIH3a B CTaTnqecKoil ¢opMYJIHpOBKe HJ KHHeMaTnqecKoil 

¢opMYJIHpOBKH (6)-(7) O,UH03HaqHO Ollpe.n;eJIHTI> BCXTOpbi e: , ~ He rrpe,nCTaBJIHCTCH B03MOJKHbiM. ,llJuJ 

BbiHBJieHHH rrpe,neJIOB H3MeHeHHH Ur,inf' Ur,sup B ,UaJThHCHrnCM H paCCMaTpHBaCTCH COOTBCTCTBYJOIUaH 

:m.n:aqa MaTeMaTnqecKoro rrporpaMMHpOBaHHH (Ja,naqa oueHKH ocTaTOqHI>IX 11epeMemeHHit). KaK 

OTMeqa.n:ocy, Bbiiiie, pernenneM Ja.n;aqn (2)-(3) (rum Ja.n;aqn (6)-(7)) o11pe.n:eJIHIOTcH aXTHBHble ycJIOBHH 

TCKyqCCTH k H COOTBCTCTBYJOIUHC HM yrrpyrne ycllJlliH s: (B o6m;eM cnyqae 3,UCCI> MOryT yqHTbiBaTDCH 

HHTCipaJThHbiC ycJIOBHH TCKyqCCTH H T. ,U.). ,llJuJ BCCX s ceqeHH:it (.n:a:xce TCX, B KOTOpbiX OTCyTCTBYJOT 

aXTHBHble ycJIOBHH TeKyqecrn) orrpe.n:eJieHHIO BeXTopa s; clloco6CTByeT rrpaBHJio: 

maxfi(s: +Sei,p) = Ji(s: +S:i)• i E I, PEP. 
p 
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c rrpHBJieqeJllleM BeKTopoB s; HS: orrpe.n:emreTCH MaTpHUa rpa.n:HeiiTOB [vr(s;+s:)]=[vr·]. Tor.n:a 

ImaCT~ecKHe .n:e¢opMaUJIH E> p orrpe.n:emnoTCH 3Ha~eJThHO rrpome, TaK KaK H3 paCCMOTpeHHH 

• • 
rrpe.n::aapHTeJThHO HCKJIIOqaJOTCH HYJieBHe COCTaBJUIIOIUHe BeKTOpOB A. j,mar 1 A. j,min : 

(22) 

Cpe.n:H ycJIOBHH Te~eCTH r(s; +s:) ~ c k H3 HHX y.n:oBJieTBOpHIOTCH B xaqecTBe CTpOmx paBeHCTB 

(MHO:>KeCTBO HX liH,lleKCOB K). Tio3TOMY KOM6HHaTOpHHe ycJIOBHH 0 .IJ:OllOJIHHIOJUeH He:>KeCTKOCTH 

.IJ:mi HHX MO:>KHO 6HJIO 6H rrpe.n:BapHTeJThHO HCKJIIO~b. 

5. YpaaueHBJI coaMecmOCTB OCTaTO'IIIMX .z.ecjJopMaQHi 

Tipo.n:oJI:>KaeTCH HCCJie.n:o:aalllle ycJioBIDi: KYHa-TaKKepa ( 4) .n:mr Ja.Ua~ aHa.JIHJa B CTaT~ecKoii: 

¢opMYJIHPOBKe (2)-(3): 

[D] sr + :L[vr(sr +Sej,max )r A. j,max +I[ vr(sr +Sej,min )r A. j,min -[Af Ur = 0, 
j j 

A. ~,max( C-r(sr +SeJ,max )) = 0, A. ~,min ( C -f(Sr +SeJ,max )) = 0, 

A. j,max ~ 0, A. j,min ~ 0 

.IJ:mi BCeX j E J . 

YpaBHeHHH COBMeCTHOCTH oCTaTOqHJilX .n:e¢opMaUJJii Moryr 6HTh llOJIY'IeHH H3 ycJioBHii: Kyna-TaKKepa 

HcKJIIOqeJllleM H3 HHX oCTaTOqHJilX nepeMemeHHii: ur [14]: 

(23) 

rne 

(24) 

A. },max ~ 0, A. j,min ~ 0 

.n:mr Bcex j E J . 

TiopMOK MaTpHU [B), [BrJ TaKOB ( k(} X n): 

(25) 

CqruaeTcH, ~o KBa.n:paTHaH nopMKa (m x m) MaTpHUa (A't BH6pana TaKHM o6pa3oM, ~o cymeCTByeT ee 

o6paTHaH (MaTpHUa [D'] OTBeqaeT MaTpHUe [A't). 
TipHHII;HII MHHHMYMa .n:ono.JIHHTeJThHOH 3HeprnH (WIH .UBOHCTBelllllilll eMY IIpliHIOfil MHIIHM)'Ma 

llOJIHOH llOTeHUJiaJThHOH 3HeprnH) H ypaBHeHHH COBMeCTHOCTH OCTaTOqHJilX .n:e¢opMaUJJii TO)K.IJ:eCTBeHHH 

Me)K.IJ:y co6oii: : 
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(26) 

AHaJIH3 rroJryqeHHhiX ypanHemrn (26) rrpo.uoJDKaeTc.R c rrp:murrwr n HHX A.: 

(27) 

(28) 

3.uec:& [n~]=[BJ[vr•r, ee IIOpMOK (~ X s). HeH3BCCTHI>IMH B CHCTCMC 3aBHCHMOCTCH (27)-(28) 

SIBJUIIOTC.R BCicrOplil A. ~ 0. B pe3ylll>TaTe aHaJIH3a (27)-(28) craHOBJITC.R O'ICBH.llHI>IM l(CJTh orrpe.ueJieHWI 

BCicrOpa S:, a HMCHHO: IIpH <j}opMMpOBaHHH ypaBHCHHH COBMCCTHOCTH 3apaHCC H3 pacCMOTpCHWI 

HCKJIIO'IaCTC.R 3Ha'IJITCJThHa.R '!aCT:& ycJIOBHH TCKY1JCCTH, HC OTHOCmii,HXC.R K 'IHCJIY aicrHBHhiX. BCJIC,UCTBHC 

3TOI'O IIOpMOK MaTpHI(Iil [n~] CCTI> (~ X S), a HC (~ X p X s). EcJIH 'IHCJIO aicrHBHhiX yCJIOBHH TCKY1JCCTH 

k = S (K =I), TO H3 CHCTCMiil (27)-(28) MO:xrn:O HCKJIIO'IJITI> YCJIOBWI (28). B JITOre IIOJIY'IaCTC.R 

BlilpmiC,U:CHHOCTI> 3a,u:a'IH (2)-(3), KaK OTMC'ICHO BiiiiiiC, MOXCT HMCTI> MCCTO, CCJIH k > ~ , T. e. CCJIH 

'IHCJIO aKTHBHhiX YCJIOBHH TCKY1JCCTH IIpCBiiiiiiaCT CTCIICHI> CTaTH'ICCKOJi HCOIIpC,UCJIHMOCTH KOHCTpYKI(HH. B 

3TOM CJIY'IaC mo6oe peiiiCHHC A. ~ 0 CHCTCMiil (27)-(28) Bcer,na Y.UOBJICTBOp.RCT IIOJIY'IaCMOMY H3 

3aBHCHMOCTH 

S·Te • B 3HCpl'eTH'ICCKOMY paBCHCTBy - r p = 2a . TCOpHH MaTCMaTH'ICCKOI'O rrporpaMMMpOBaHWI 

3HCpl'eTH'ICCKOC paBCHCTBO - S ;T 8 p = 2a 
0 

HOCJIT Ha3BaHHC "nepBOJi TCOpCMiil .UBOHCTBCHHOCTH". 

CJie,nonaTCJThHO, 3HepreTH'IecKa.R rpaHHI(a rrpHcnoco6JI.ReMoCTH a • ,UJI.R orrpe,neJieHWI BerropoB 

Ur,inf' Dr,sup C IIpHBJIC'ICHHCM TOJThKO feOMCTpH'ICCKHX ypaBHCHHH (7) CaMOCTO.RTCJThHOI'O 3Ha'ICHWI HC 

HMCCT. TOJThKO Ka)I{.D:Jil:it H3 V 6a3HCIILIX BCKTOpOB A: ~ 0 CHCTCM.bl (27)-(28) OTBC'IaCT COCTO.RHHIO 

•T 

rrpucrroco6JI.RCMOCTH KOHCTpYKI(HH H 3HepreTH'ICCKOMY orpaHH'ICHHIO A.v C ~ Dmax, v = 1, 2, ... , v. 
0'1CBH,UHO, 'ITO 'IHCJIO HCHYJICBhiX COCTaBJUIIOIIUfX ,UJUI Ka)I{.D:OI'O 6a3HCHOI'O BCKTOpa A.: llC llpCBiiiiiiaCT 

CTCIICHH CTaTII'ICCKOH HCOIIpC,UCJIHMOCTH KOHCTpYKUHH ~. TOJII>KO B 3TOM CJIY'IaC )lHCCHIIaUWI 3HCprHH 

.llJUI .UOCTIDKCHWI cocTO.RHWI rrpucnoco6JI.ReMOCTH D orpalUI'IeHa cBepxy. ITocJre pa3pa6oTKH CHCTCMhl 

ypaBHemrn (27)-(28) paccMoTpeHHa.R B rro.upa3,neJre 4 3a.uaqa orrpe.ueJieHWI Dmin MO:lKCT 6HTb 

rrpe.ucraBJieua TaK: 

ua:itTH 

rrpu ycJioBU.RX 
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fuo yqHTbiBaJIOCb B HaiiiHX HCCJIC)J.OBaHIDIX (14) IIpH IIOCTpOCHHH MaTCMaTWICCKHX MO)J.CJICH 3a)J.aq 

OIITHMH3a1Ufif B ycJIOBIDIX IIpHCIIOC06llileMOCTH C yqeTOM KaK IIpO'IHOCTHHX, TaK H :lKCCTKOCTHHX 

orpaHJiqeHHH. 

11 em:e 0 CHCTCMC 3aBHCHMOCTCH (26). MaTCMaTJiqCCKaH MO)J.Cllb 3a)J.aqJI aHaJIH3a B CTaTJiqCCKOH 

¢opMY1IHpOBKC (2)-(3) 3HaqJITCJibHO ynpom:aeTCH, CCJIH IIpC)J.BapHTCJibHO 113 YCJIOBHH-orpaHJiqCHHH 

HcKJIIOqaJOTCH ypaBHCHHH paBHOBCCHH [A] S r = 0 ( [A' ] S ~ + [A" ] S ~ = 0 ) : 

(29) 

IIpH ycJIOBIDIX 

(30) 

)1.llil BCCX j E J. 

3)1.CCb [n] = [B][D](Bt, a BCKTOp sr =- [Bt s~ . YcJIOBHH KYHa-Taxxepa )1.llil 3a)J.aqJI (29)-(30) 

IIpHHHMaiOT BH)J.: 

[n]s~· + ~[ Vf"(- (B] S~* + SeJ,mar )r A. J,mar + ~[ Vf"(- (B] S~* + SeJ,min )r A. J,min = 0, 
1 1 

(31) 

(32) 

"-),max ~ 0, A. },min ~ 0 

)1.llil BCCX j E J. 

3)1.CCb [Vf"] - MaTpHIJ:a Ipa)J.HCHTOB BCKTOp-¢)'lllCIUtii TCKyqCCTH (30) IIpH HaJIH1IlfH HCH3BCCTHHX S~ ee 

rropH)J.oK (s x /co). C yqeroM BeKTopa s: ycJIOBHH KyHa-Taxxepa (31)-(32) npe)J.CTaBlliiiOTcH TaK: 

YpaBHeHHH (33)-(34) npe)J.CTaBlliiiOT co6o:H 3aBHCHMOCTH (26), TaK xaK 

H HCTpY.li.HO 3aMCTHTb, qro 

B 3aKJIIOqeHHH IIO)J.pa3)1.CJia MaTpnn:a (B) OCHOBHHX ypaBHCHHH COBMCCTHOCTH )J.e¢opMaiUfif 0 

CTpOHTCH C IIpHBJieqeHJICM H3BCCTHHX B JIHHCHHOH amre6pe rrpaBOCTOpOHHCH IICeB~006paTHO~ MaTpHIOi 

[A p rl H MaTpHU,Jli H)J.pa [A~]. CTaTJiqCCKH B03MO:lKHiilif: BCKTOp ycHJIH:H Q )1.llil ypaBHeHHH paBHOBCCHH 
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[Aq] Q =F (110pS1JlOK MaTpUIU>l [Aq] CCTh(m x n). n~n) Bhlpa)IGlCTCH TaK: Q=[Apr
1

F+[.4~]Q". 

3)lCCb 

Tor)la rrocJie)lOBaTCJibHOCTb ouepaTopllhiX .neiknmu: 

[Aq ]([APr' F+[A~] Q") =F, [Aq ][A~]Q"=O 

c yqeTOM TOTO, 'ITO [ Aq ][A~] = [OJ H [A~] T[ Aq r u = 0 • rrplmO)lHT K OCHOBIIOMY ypaBHCHHIO 

COBMCCTHOCTH )le¢opMaUHH [A~r e =0. Herpy.llHO JaMCTHTh, 'ITO - [A~r =[ B]. B paMKaX 

)lOnyiUCHHH 0 MaJihiX rrepeMCIUCHHHX MarpHUa [ .4 ~] He JaBHCHT OT CTa)lHH pa60Thl KOIICTpYKUJIH. 

CJie)lOBaTCJihHO, B Ka'ICCTBC COCTaBilliiOIUHX BCKTOpa 8 MOryf (B KOHTCKCTC COrJiaCOBaHHH C BCKTOpOM Q ) 

BiilcryrrHTI> YJIPyrHC, OCTaTO'IHiilC, CyMMapHHe, B TOM 'IHCJIC H CB.R:JaHHiilC C :lKCCTKHM IICpCMCJUCHHCM, 

.llC¢opMaUHH KOHCTpYKUJIH. 

6. MaTeM&T'B'IecKBe MO.lle.JIII 3&J(&'I oueiiKII OCTilTO'IIIWX uepeMem;elllli 

Bna'laJie paccMarpHBaiOTCH reoMerpH'IecKHe ypaBneHHH 

(36) 

r)le 

* [ ( • • )] T • • •T [ ( • • )] ep = "Vf Sr +Se A. , A. ~0, A. C-f Sr +Se =0 

KOHCTpYKUJIH, IIpHCIIOC06HBIIICHC.R: K Ja)laHHOMY IIOBTOpHo-rrepeMCHHOMY Harpy:lKCHHIO 

Finf ~ F(t} ~ Fsup. Orrpe)leJieHHe oCTaTO'IHOro rrepeMemeHHH u~, i = 1,2, ... ,m rrpucrroco6HBrne:itc.R: 

KOHCTp}'KIUIH IIpH C)lHHCTBCHHOM pacrrpe)lCJICHHH s;, e; OCHOBHBaCTC.R: Ha HJBCCTHO:it TCOpeMe EeTTH: 

a HMCHHO, K Ja)laHHOH KOHCTpYKUJIH IIO i-MY HarrpaBJICHHIO Ilp1f](Jia)lHBaCTC.R: C)lHHli'IIUUI CHJia F; = 1, 

o6ycJiaBJIHBaiOIUa.R: B03HHKHOBCHHC B ne:it yrrpyrHX ycHJIH:il:: se . YMHO:lKCHHCM o6eHX CTOpOH ypaBHeHH:it 

(36) Ha BCKTOp Se IIOJiyqaeTC.R: 

(37) 

TaK KaK sr [ D] s; = 0. ITocryrra.R: aHaJIOTH'IHiilM o6pa30M, B KOHC'IHOM C'ICTe )lJIH Bcex u ~ ' i = 1, 2, ... 'm 

IIOJiyqaCTC.R: JaBHCHMOCTb: 

(38) 

3)lecb (a) - MarpHUa BJIIrnmrn ycmm:U: yrrpyroro pacqeTa KOHCTp}'KUim; (if) = [a] T- Marpuua BJIHHHJUI 

OCTaTO'IHJilX rrepeMCIUCHHfl. C .llpyro:il:: CTOpOHhl, JaBUCUMOCTb (38) )lJIH U3BCCTHHX )le¢opMaUlf:it 

MO:lKCT fihiTh IIOJiyqCHa (KaK II ¢opMyJia )lJIH OIIpC)lCJICHHH sr (14]) 113 CUCTCMhl ypaBHCHJrii: (15)-(16): 

u; = ((A](Dr1(Afr
1

(A](Dt e; = (a.f 8~, 
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Bo3Bpama.srci> K TeopeMe EerrH, cJie.zzyeT OTMeTHTI>, 'ITO e,nllliJI1IIDlH cHJia F; = 1 MoxeT ,neif:cTBOBaTI> KaK 

Ha ~aHH)'IO KOHCTpYJCUHIO, TaK H Ha OCHOBHYIO CHCTeMy MeTo,na CHJI HJIH ,naxe Ha CHCTeMy C qaCTH'IHO 

cHHXenno:H creneHDIO CTaTl{qeCKo:H Heonpe,neJIHMOCTH k0 (cTaTl{qeCKH KBa3Honpe,neJIHMaH CHCTeMa). B 

nOCJie)lllliX ,nByx CJIY'IaHX BeKTOp CTaTlfqeCKH B03MO:>KHiiiX ynpyrHX ycHJIH:H OT e,nmoif. CIDIH 

o60JHaqaeTCH qepe3 Se H 

(40) 

* -T * 3,neCI> ~ CHCTeM, COrJiaCOBaHlllliX C BeKTOpOM 8 p, qneH Se 8 p MOXeT 6DITn paBeH HYJIIO. )lmi BeKTOpa 

D; B n:eJioM <t>opMyJia (40) npHHHMaeT B~ 

* [-)T[ ) * [-]T * Dr= a D sr + a E> p· (41) 

MaTpHD:a [<if oT~eTcH oT [a. f HaJil{qlfeM B Heft eyJieBHX croJI6n:oB (~ CTaTl{qeCKH onpe,neJIHMo:H 

CHCTeMEI [a]= [Ap r1 
). J-h <t>opMyJIEI (41) <l>opMaJIDHO HeTpy,nHo nOJIY'IHTD 3aBHCHMOCTI> (38). C 3TOH 

n:eJIDIO npaBaH CTOpOHa 4>opMyJIE1 (41), HCIIOJID3YH BDipaXeHHe s; no 3aBHCHMOCTH (39), CBO.nHTCH K BH.zzy: 

<DopMyJia (41) MOXeT 6DITI> mrrepnpeTHpOBaHa H B KOHTeKCTe reoMeTplfqeCKHX ypaBHeHHH (36): 

(42) 

<l>opMyJia ( 42) 1103BOJIHeT o60CHOBaTl> IIOJIY'IeHHe KOMIIDIOTepHHX pecypCOB H3-Ja CHHXeHHH pa3MepOB 

COOTBeTCTBYJOJ.UHX MaTpHU (HcKJIIOqeHHe eyJieBHX CTOJI6U:OB B MaTpHD:aX no CHCTeMe (41)) . 

.lleJiaeTcH o6o6ID:eHHe. YpaBHeHHH MeTo,na CHJI [Pq ]s" +[P P ]F = 0 II03BOJIHIOT onpe,neJIHTI> S 

a Hcxo~e ypaBHeHHH paBHOBeCHH [A ] S = F . HcrroJID3yH noJIY1IeHHoe BDipaxeHHe MaTpHUDI BJIHHHHH 

[a.) , BliiiiiellpHBe,neHHDie BDIBO,nlil OTHOCHTeJIDHO rrepeMeiUeHHH MOryT 6DITn nOJIY1IeHDI, HCXOM K3 

onpe,neJieHHif. MaTpHU [APr 1 
, [A~] . 

E 6 E>* CJIH ~ COCTOHHHH npHCIIOCO JIHeMOCTH BeKTOp - p e.IJ.HHCTBeHHDIH (3a,naqa (2)-(3) 

HeBDipmiC,UeHa), COCTaBJIHIOIUHe BeKTopa D; COrJiaCHO <t>opMyJiaM (36) HJIH (42) onpe.IJ.eJIHIOTCH 

e,nKHCTBeHHDIM o6pa30M H He 3aBHCHT OT no.IJ.60pa MaTpHUDI [A'f. 

B CJIY1Iae Bbipo)IC)leHHOCTK Ja,naqn aHaJIH3a onpe,neJIHIOTCH TOJIDKO npe,neJIEI K3MeHeHHH Dr,inf' Dr,sup 

OCTaTOqHH:X nepeMeiUeHHH Dr = [H•]A. B MOMeHT, npe,nrueCTBYJOIUKH ~ecKH-ITJiaCTlfqeCKOMy 

pa3pyrnemno npHcnoco6HBrne:Hc.sr KOHCTpYKIJ:HH. 3,necl> [H.]=[ a. f [ vr*] - MaTpHD:a BJIHHHHH OCTaTOqHH:X 
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nepeMemeHllii, 

IDJaCT}IqeCKHX MHO)IGITeJieif: A.: ~ 0 CHCTeMH (27)-(28) 

MHO)IGITeJie:ii 

OTBeqaeT 

A. ~ 0 . Ba3HCHH:ii BeJcrOp 

CTaT}IqeCKll onpe.n:eJiliMoii 

(KBa:monpe)leJiliMo:ii) CliCTeMe. Jl;m: OT)leJThHHX COCTaBIDIIOIIJ;liX BeJcrOpOB u;,inf• u;,sup CJie.zzyeT BH)leJiliT:& 

Ha:H6oJiee "no.n:aTmmHe" CTaT}IqeCKll onpe.n:eJiliMHe (li.Jlll KBa3Honpe.n:eJiliMHe) CHCTeMH. Ilo3TOMY .wrn: 
.IWIQlOI'O 6a3HCHOI'O BeJcropa A.: ~ 0 CliCTeMH (27)-(28) onpe,llemiiOTCH BeJcrOphl 

u;.v =[H*]A.:, v=1,2, ... ,v. IlpoCTHM nepe6opoM coCTaBIDIIOIIJ;liX no BCeM BeJcropaM u;,v onpe.n:emiiOTCH 

~-...x. • • T .... BeJcrOpH npe.n;eJioB li3MeHeHHH oCTaTo~ nepeMemennnur,inf• ur,sup. axo.n xe pe3yJThTaT nonyqaeTCH 

pemeHHeM cJie.ll}'IOmeii 3a)laq}l MaTeMaT}Iqecxoro nporpaMMHpoBaHHH .wrn: JCa)lc;ll:oii: i -ii: coCTaBIDIIOmeii: 

BeJcrOpa nepeMemeHH:ii: u" : 

mrltrn 

npll YCJIOBIDIX 

[ . l max • • u ri,sup . . HiA. = •. ,z=1,2, .•• ,m 
mm u ri,inf 

(43) 

(44) 

HeH3BeCTHHMll 3)lec:& HBmiiOTCH 6ll3HCIIIole aeJITOpw A.: ~ 0 (B npoTHBHOM cnyqae D --. oo 11 cpymaJ;HH :u;eJIH 

(43) 3a)laq}l (43)-(44) 6y)leT He OrpaHHqeHa). IlpHBe)leHHaH MeTO)lliiGl KOppeJcrHOI'O pemeHHH BHpOX

)leHHO:ii: 3a)laq}l aHaJIH3a TPY.n:oeMxa B CBH3ll c MHoropa30BHM onpe.n:eJieHHeM 6a3HCHHX BeJcropoB A.: . 

Ilpe.n:eJIH 

O)lHOpa30BHM pemeHHeM 3a)laq: 

mrltrn 

npK YCJIOBIDIX 

TaKlle, 'ITO Ur,inf ~ U • r,inf ~ ur(t} ~ U • r,I'Up ~ Ur,sup, 

max • [uri,sup l . • Hi A. = , z = 1, 2, ••• , m 
mm uri,inf 

Onpe)le.JIJIIOTCH 

(45) 

(46) 

EcJIH omliMaJThHOMY IDmHY 3a)laq}l (45)-(46) OTJJeqaeT no cBoeii: cyr~~ He 6a311cHHii BeJcrop A (q}ICJIO 

HeHYJieBHX COCTaBIDIIOIIJ;liX 3TOI'O BeJcropa MOXeT 6HT:& 6oJThme CTeneHH CTST}IqeCKO:ii Heonpe)leJiliMOCTK 

KOHCTpy:KUHll ko ), 3TO 03HaqaeT, 'ITO ypaBHeHHH COBMeCTHOCTll )lecpopMaiJ;Hii B HeKOTOpoii: CTeneHH 

HapymeHH. C yqeTOM TOI'O, 'ITO k 113 YCJIOBH:ii TeKyqeCTll B (46) y)lOBJieTBOpHIOTCH B xaqeCTBe CTpOI'HX 

paBeHCTB, MaTeMaT}IqeCKaH MO)leJTh ( 45) -( 46) )till~ BHpO}I{)leHHO:ii: 3a)laq}l aHaJill3a npe)lCTSBJIHeTCH TaKoii:: 

HaiiTH 

npll YCJIOBIIHX 

max • [uri,sup l . . Hi A. = , z = 1, 2, ••• , m 
mm uri,inf 

A.={1 1 ,1 2 , ... ,1k,1k+t·····1s}r, 1i·[ci-!1 (s~ +S:1)]=o, 
A. T C 5, Dmax , j = k + 1, k + 2, ... , S . 

. 25. 

(47) 

(48) 



Hel'py,llHO 3aMeTIITh, 'ITO rrepBhle k COCTaBIDIIOIII;HX Beicropa A. OTHOCRTCH K aicrHBHhiM YCJIOBHHM Teicy'IeCTH. 

EcJIH B xaqecrBe HeHJBeCTHhlX IIpHHRTh TOJihKO HeHYJieBhle coCTaBIDIIOIIUie Beicropa IIJiaCTH'!eCKHX 

MHo.xarrerre:H A. ~ 0, TO Ja,n:a'!a ( 47)-( 48) eiiJ;e yrrpoiiJ;aeTcH: 

Ha:ifrH 

max-· - [uri, sup] . . Hi A.= , t=l,2, ... ,m 
nun uri,inf 

(49) 

IIpH ycJIOBHHX 

(50) 

3,n:ech Beicrop A. = {i 11 i 2, ••• , i k }T (x HeMY H IIpHYPO'leHa Mal'pHD:a [H*] ). Pa3Mephl MaTPHD:hl[ B~ J B 

TaKOM crryqae (k0 X k ), TaK KaK H3 Mal'pHIJ:Jl[ [B ~] rrpe,n:BapHTeJihHO HCKJIIO'leHhl CTOJI6IJ;hl, OTBe'laiOIIUie 

TexyiiJ;eMY HH,n:excy j no 3aBHCHMOCTHM (48). O,n:Haxo B 3TOM crryqae B03MO:JKHO rroHBJieHHe JIHHemm 

3aBHCHMhiX crpox MH MaTPHD:hl [ B~ J. B crryqae, xor,n:a k = s, 3a,n:aqa (45)-(46) (xax H 3a,n:aqa (43)-(44)) 

rrpHHHMaeT 6orree IIpOCTOH BH,n:: 

HaifrH 

max • [uri,sup l . . Hi A.= , t = 1,2, ... ,m 
nun Ufi,inf 

(51) 

IIpH YCJIOBHHX 

(52) 

B MaTeMaTH'!ecxo:H Mo,n:eJIH (51)-(52) rropH,llOK MaTPHD:hl [B ~] He MeHHeTCH, T.e. (ko X s). Crre.n:yeT 

OTMeTHTh, 'ITO B crryqae, xor,n:a k = s, paccMal'pHBaeTcH paBHOIIJiaCTH'!ecKaH rrpHcrroca6JIHBaiOIIJ;aHCH 

KOHCTpyxu;IDI. 

7. 3llK.JIIO'IeHBe 

3a,n:aqa orrpe,n:erreHHH ocraTO'IHhlX rrepeMeiiJ;eHHil, rrpe.zuneCTBYIOIII;HX MOMeHTY IJ,HKJI11'1ec:KH-

IIJiaCTH'!ecxoro pa3pynieHHH H,n:eaJihHO yrrpyroiiJiaCTH'!eCKOH KOHCTpyxn;HH, B CTaThe <i>OPMYJIHpyeTCH KaK 

rrpo6rreMa TeopHH HeJIHHe:HHoro MaTeMaTH'lecxoro rrporpaMMHpOBaHHH. B crryqae Biilpo)K,l(eHHOCTH Ja,n:a'!H 

aHaJIH3a B CTaTH'!eCKOH <i>OPMYJIHpOBKe ,n:JIH Ol(eHKH rrpe,n:eJIOB H3MeHeHHH OCTaTO'IHhlX rrepeMeiiJ;eHHH 

pernaeTCH .n:orroJIHHTeJihHaH 3a,n:aqa JIHHe:HHoro rrporpaMMHpOBaHHH. B xaqecrBe orpaHH'IeHHii B :no:H 

3a,n:aqe BhlcryiiaiOT ypaBHeHHH COBMeCTHOCTH OCTaTO'IHhlX ,n:e<i>opMaiJ;H:H ,n:JIH IIpHCIIOCa6JIHBaiOIII;HXCH 

KOHCTpyxnHH, rrpe,n:craBIDIIOIIUie co6o:H HJBeCTHhle H3 TeopHH MaTeMaTH'!ecxoro rrporpaMMHpOBaHHH 

ycrroBHH KYHa-TaKKepa H 3HepreTH'!ecxoe ycrroBHe coCTOHHHH rrpHcrroco6JIHeMOCTH. YpaBHeHHH 

coBMeCTHOCTH .n:e<PopMa:u;Hil rroJBOJIHIOT xoppeicrHO HHTeprrpeTHpoBaTh <i>HJH'leCKYIO CTOPOHY rrocrpoeHHhiX 

MaTeMaTH'!eCKHX MO,lleJieH OIJ;eHKH rrpe,n:eJIOB H3MeHeHHH OCTaTO'IHhlX IIepeMeiiJ;eHHH KOHCTpyxn;HH. 

Ha ocHOBaHHH MaTepHarra HaCToHIIJ;e:H craThH BhUIBJIHIOTCH HOBhle B03MO:JKHOCTH H MH aHaJIHJa HLJ:C 

HeroJIOHOMHOro IIOBe,n:eHHH yrrpyroruiaCTH'leCKOH KOHCTpyxn;HH. B TeX crryqaHX, Kor,n:a K03<i><l>HnHeHT 

3arraca no rrpncrroco6JIHeMocTH 6oJihrne 1, MH oueHKH ocTaTo'IHiiiX rrepeMeiiJ;eHHii MO:JKHO HcxyccTBeHHo 

C03,llaTh CirryaUHIO BhlpO)K,l(eHHOH 3a,lla'IH aHaJIH3a B COCTOHHHH IIpHCIIOC06JIHeMOCTH. Ll:JIH 3TOro COJ,n:aeTCH 

<i>HicrHBHaH paBHOIIJiaCTH'!eCKaH CHCTeMa rDJIOHOMHOro IIOBe,n:eHHH. I1epeMeiiJ;eHHHMH ¢H1CfHBHOif CHCTeMhi 

"orHfiaiOTCH" IIepeMeiiJ;eHHH ,n:eHCTBHTeJihHOll (HCXO,llHOll) KOHCTPYKUHH IIpH ,n:eii:CTBHII IIOBTOpHo

rrepeMeiiHhlX Harp)')KeHHH. O,n:HaKo 3TO npe,n:MeT Hccrre.n:oBaHHii, BhlXO,n:HIIJ;HX Ja paMKH nacroHIIJ;eii: CTaThH. 
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KUNO- TAKERIO S.t\LYGOS PRISffAIKOMUMO UZDAVINIUOSE 

J. Atk~liinas 

Santrauka 

Nagrinejama idealiai tampriai plastine, prisitaikanti prie kintamos-kartotines apkrovos, konstrukcija. Konstrukcijos 
jtempimq-deformuoto buvio prieS pat ciklinj-plastini suirimll (prisitaikomumo atsargos koeficientas artimas vienetui) 
analize pateikiama kaip netiesinio matematinio programavimo ufdavinys. Sudarant netiesinio programavimo dualiq 
ufdaviniq porll (statine ir kinematine analizes ufdavinio formuluotes) diferencialines priklausomybes yra ignoruojamos 
arba pakeiciamos algebrinemis S!llygomis. Esant atsargos koeficientui artimam vienetu~ dafnai gaunamas ~sigimc;s 
statines formuluotes analizes ufdavinys. Siam atvejui siU!omas prisitaikymo poslinkiq vir~utiniq ribq nustatymo ufdavinio 
matematinis modelis. Parodyta, jog finomos matematinio programavimo teorijoje Kuno-Takerio slllygos (liekamqjq 
deformacijq darnos lygtys) kartu su energijos pilnos disipacijos maksimalill reik~mc; ribojancia S!llyga formuoja 
konstrukcijos prisitaikomumo duotai ciklinei apkrovai S!llygas. Kuno-Takerio slllygos, naudojamos minetame poslinkiq 
jvertinimo ufdavinyje, jgalina korekt~kai interpretuoti ~sigimusio prisitaikomumo analizes ufdavinio fizinc; prasmc;. 

KUHN-TUCKER CONDffiONS IN SHAKEDOWN PROBLEMS 

J.Atk~ilinas 

Summary 

An elastic perfectly plastic structure at shakedown to given cyclic loading is under consideration. The stress-strain 
field of dissipative system in general is related to the history of loading. And only in a particular case, i.e. at the moment 
prior to the failure of an elastic perfectly plastic structure the distribution of the actual residual forces is unique for each 
prescribed history of loading (the safety factor of shakedown approaches unity). Nevertheless, there exist some domains 
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where the plastic strains are equal to zero. The residual forces in the statically indeterminate parts of the structure may be 
non-unique: the stress field is only determined by the equilibrium equations. The extremum energy principle of minimum 
complementary energy allows to derive the actual residual forces out of all statically admissible residual forces at the 
moment prior to cyclic plastic failure. Then the stress-strain field analysis problem at the moment prior to the cyclic plastic 
failure is formulated as a problem of non-linear mathematical programming. Formulating the dual pair of non-linear 
programming problem (statical and kinematic formulation of analysis problem) the differential constraints are neglected or 
replaced by algebraic conditions. When the safety factor is approching a unity, the degeneracy of the statical formulation of 
the analysis problem often can occur. In this case a mathematical morlel is proposed for obtaining an upper bounds for the 
displacement at shakedown. It is pointed out that the known Kuhn-Tucker conditions of mathematical programming 
theory (i.e. compatibility equations of residual strains) in concert with restriction, limiting the maximum value of total 
energy dissipation, make up the adaptation conditions of the structure to given cyclic loading. Kuhn-Tucker conditions 
used in above - mentioned problem allow to correctly interprete the physical aspect of the degeneracy problem at 
shakedown. 

When the safety factor is larger than unity an artificial degeneracy situation for the statical formulation of analysis 
problem can be created. Then the mathematical models presented can be applied to the analysis of unloading elastoplastic 
structures. With this aim in view a fictitious equiplastic structure the behaviour of which is holonomic is derived. The 
displacements of the fictitious structure enclose the displacements of the actual structure subject to cyclic loading. 
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