
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=tcem20

Statyba

ISSN: 1392-1525 (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tcem19

DUAL MATHEMATICAL MODELS OF ELASTOPLASTIC
STRUCTURES ANALYSIS PROBLEM ESTIMATING
DISCONTINUITY OF DISPLACEMENTS

S. Kalanta

To cite this article: S. Kalanta (1995) DUAL MATHEMATICAL MODELS OF ELASTOPLASTIC
STRUCTURES ANALYSIS PROBLEM ESTIMATING DISCONTINUITY OF DISPLACEMENTS,
Statyba, 1:3, 5-29, DOI: 10.1080/13921525.1995.10531517

To link to this article:  https://doi.org/10.1080/13921525.1995.10531517

Published online: 26 Jul 2012.

Submit your article to this journal 

Article views: 58

https://www.tandfonline.com/action/journalInformation?journalCode=tcem20
https://www.tandfonline.com/loi/tcem19
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/13921525.1995.10531517
https://doi.org/10.1080/13921525.1995.10531517
https://www.tandfonline.com/action/authorSubmission?journalCode=tcem20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tcem20&show=instructions


ISSN 1392-1525. STATYBA - BUILDING CONSTRUCTION - CTPOV1TEnbCTBO, 1995, Nr. 3(3) 

Statybine mechanika 

,I(BOHCTBEHHhiE MATEMATIIqECKIIE MO,I(EJIII JA,IIAq AHA.JIII3A 

YIIPYI'OllJIACTIIqECKIIX KOHCTPYK:QIIH C PA3PhiBHhiMII 

ITOJUIMII llEPEMEII.J:EHIIH 

C. Ka.Jiama 

1. BBe~eHHe 

PaccMa'IJlKBaiOTCH ,nBoii:cTBeHH.hie KoHelffio3JieMeHTH.hie rrocTaHOB]Q{ 3a,natiH aHaJIH3a 

HaiipiDKeHHo-~ecpOpMHpOBaHHOfO COCTOHHJ.IH (H,[(C) ClpOHTe.JibH.hiX KOHClp)'Kl.(J.Iii: IIpH 

HaJIJ.IliHM liJiaCTWieCKHX ~ecpopMall,J.Iii:. lfccJie,li;OBaHJ.IH OCHOBaH.hi na <l>H3WieCKOii: MO~eiDI 

~ea.Jlbno yrrpyroliJiacTWiecKoro MaTepJ.t:ana, TeopJ.IJ.I liJiacTWiecKoro TeqenRH H 

o6merrpJ.IlUIThiX rrpH 3TOM ~orr:ymemrnx [ 1]. )J;Boii:cTBeHH.hie MaTeMaTWieC]Q{e Mo,nem 3TOH 

3a.l(alffi rrpe~cTaBJien.hi B pa6ore [2] ~ cTep}I{HeB.hiX cJ.t:cTeM H B [1] ~ o6o6mennoii: 

~J.ICKpeTHOH KOHClp)'KI.Uill l1pJ.I pa3HhiX B~ax Harpyx<:eHRH, HeJIJ.IHeii:nhiX J.l JIKHeii:n.hiX 

ycJIOBRHX re~ecTH. 3a,natiH ,li;BOii:cTBennoro aHam3a H,[(C yrrpyroliJiacTWiecKHX 

J.l3rH6aeMNX liJiaCTJ.IHOK B pa6oTaX (3, 4] cpopMyJIHpYIQTCH J.l pemaiOTCH C rrpJ.t:MeHeHJ.t:eM 

MeTO,l(a KOHelJH.hiX 3JieMeHTOB. KaK J.I3BeCTHO, liJiaCTWieCKOe pa3pymeHJ.t:e TOHKHX 

liJiacTJ.t:HoK H o6oJioqeK o6hlqno rrpoHcxo.nHT H3-3a o6pa3oBaHRH TaK Ha3.hiBaeM.hiX 

JIKHeii:n.hiX liJiaCTWieCKHX mapHHpOB (mrnJ.Iii: pa3pymeHRH), r,n:e J.t:MeiOT MeCTO pa3p.hiB.hi 

rrepeMemenJ.Iii: H rrpoHcxo.nHT .nHccJ.IIIaiJ,IDI 3HepTJ.IJ.I. O,nHaKo B [3, 4] H .npyrJ.t:X pa6oTax, 

r.ne ,li;BOHCTBeHHRe MaTeMaTWieC]Q{e MO,ll;eJIJ.I 3a,ll;aq aHaJIJ.I3a ClpOHTCH C rrpJ.t:MeHeHJ.IeM 

paBHOBeCH.hiX KOHelffihlX 3JieMeHTOB (PK3), He rrpe.nycMalpJ.t:BaeTCH B03MO}I{HOCT.b 

o6pa3oBaHRH TaKHX mapnHpoB, T. e. nemacno rrpHHJ.t:MaeTCH rrpe.nrroJio)KeHJ.t:e o 

fJI3,l(KOCTJ.I <lJYHKI.UiH rrepeMeiUeHJ.Iii:. QqeBJ.I,!J;HO, ~0 Ta]Q{e MaTeMaTWieC]Q{e MO,ll;eJIH He 

MOryT C ,li;OCTaTOlJHOH T01IHOCT.bl0 MO,l(eJIHpOBaT.b peaJI.bHOe .ne<lJopMHpOBaHHOe COCTOHHJ.Ie 

l1JI3CTJ.IHOK J.l o6oJioqeK, OC06eHHO 6JIH3KOe K IIpe,ne.JibHOMy. ,l{BOHCTBeHH.hie 

MaTeMaTWieC]Q{e MO,ll;eJIH 3a,ll;aq IIpe,ll;eJIHOfO paBIIOBeCJ.IH ,!J;JIH KOHelJH03JieMeHTHhlX CJ.ICTeM 

C yqeTOM B03MO}I{HhlX pa3phlBOB CKOpOCTeH rrepeMeiUeHJ.Iii: paccMalpHBaJIJ.IC.b B ( 5]. KaK 

IIpO,li;OJI)KeHHe J.ICCJie,l(OBaHJ.Iii: (5, 6] ITO COBepllieHCTBOB3HHIO KOHeqHQ3JieMeHTH.hiX 

MaTeMaTWieCKHX MO,l(eJieif: B HaCTOJill(eii: pa6oTe ClpOHTCH ,l(BOHCTBeHHhle IIOCTaHOB]Q{ 

3a,!J;atiH aHaJIJ.I3a H,[(C yrrpyroliJiaCTWieCKHX KOHC'lp)'KIJ:HH, B KOTOphlX yqHThlBaiOTCH 

pa3p.hiB.bi IIOJieif: rrepeMeiUeHHH B MeCTaX o6pa30B3HJ.IH liJiaCTWieCKHX mapHHpOB H B 
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noBepXHocnix Ha'la.JThHI:ilX pa3phiBOB ('rpe:u.umax), ec.JIH OHH cym:ecTBYJOT. B Ka'leCTBe 

06'beicra HCCJie,l:J;OBaHldt BDI6paHa TOHKOCTeHHaH KOHCTpy:KUIDI. 0,D,HaKO ITOCTpOeHHhle 

KOHe~o::meMeHTHDie MaTeMaTJiqeCKHe MO,D,e.JIH pacnpOCTpaHmOTCH KaK Ha CTep)I{HeBDie 

CHCTeMDI, TaK H Ha TpeXMepHhle TeJia. 

2. 06UJ,He M8TCMaTH'ICCKHC MO)IeJIH 38)18'1H 

TOHKOCTeHHaH KOHCTpy:KUIDI, reoMeTpJ{qeCKHe napaMeTphl H npe,neJibHhle ycH.JIHH 

So(x) KOTOpO:ii: 3a,llaHDI, llO,D,BepraeTCH ,neii:CTBHIO BHellllleii: Harpy3KH F(x), Ha'la.JThHI:ilX 

.ne<PopMa:u;Hit E> 0 (x) H nepeMell.(eHHii u 0 (x). IIycTI> ee cpe,nHHHaH noBepXHOCTh 

pa3,D,eJieHa Ha S KOHe~l:ilX 3JieMeHTOB ITJIOII.(a,D,H Ak H Me)l(Jzy HHMH MOryT 6DITh pa3phiBH 

HeKOTOpl:ilX nepeMell.(eHH:ii:. 

HcKOMOe H,ll;C k -ro 3JieMeHTa OITHCDIBaeTCH BeKTop-<l:>YH:.KJUUIMH ycH.JIH:ii: H.JIH 

HanpiDKeHH:ii: Sk (x) = Sek (x) +Srk (x), nepeMell.(eHH:ii: Uk (x) = Uek (x) +urk (x) H ,n;e<l>opMaiJ;Hit 

E>k(x)=E>ek(x)+E>,k(x)+E>ok(x). 3,necn HH,D,eKCOM e o6o3Ha'leHDI napaMeTpDI ynpyroro 

pac'leTa, a HH,lleKCOM r - OCTaTO~hle napaMeTphl. <DYHI<IUiH, OTHOCHII.(HeCH K CMe)I{HhiM 

KoHe~M 3JieMeHTaM, pa3,neJieHHDIM JIHHHeii L1 , o6o3Ha'laiOTcH 3HaKaMH " + " H " - ". 

,[Vm KpaTKOCTH H3JIO)KeHHH MaTepHaJia )laJiee BCe BeKTop-<l:>YHI<IUiH 0603Ha'laiOTCH 

3HaKOM " - " Ha,D, COOTBeTCTBYJOII.(HM CHMBOJIOM, a BeKTOp KOOp,D,HHaT X OITyCKaeTCH, T. e. 

BBO,WITCH 0603Ha'leHHH Sk (x) = Sko Uk (x) = Uk H ,npyrne. 3TO ,neJiaeTCH ,lJ,JIH TOro, 'IT06H 

pa3JIJ{qHTh BeKTop-<l:>YHI<IUiH OT BeKTOpOB Y31IOBI:ilX 3Ha'leHHii 3THX <l>YHKIJ;Hit. 

B Ka'leCTBe HeH3BeCTHI:ilX 3a,lla'IH MOryT 6HTI> npHHHTDI C}'MMapHDie H.JIH ocTaTo~Die 

ycH.JIHH H nepeMell.(eHHH, TaK KaK ynpyrne COCTaBJimOII.(He HaiipH)KeHHO

,D,e<l>opMHpOBaHHOI'O COCTOHHHH MOryT 6DITh onpe,neJieHDI npe,n;BapHTeJII>HhiM ynpyrHM 

paC'IeTOM KOHCTpYJ<IUiH. 

2.1. 3a)la'la aua.nusa C)'MMapuhiX ycHJIHii u nepeMem.euuii: 

MaTeMaTJiqeCKaH MO,D,eJib CTaTJiqeCKO:ii: IIOCTaHOBKH 3a,D,a'IH CTpOHTCH Ha OCHOBe 

3KCTpeMa.JThHOI'O IIpHHUHJia 0 MHHHM)'Me IIOJIHOH ,D,OIIOJIHHTeJibHOH 3HeprHH: 

U3 ocex cmamu'tecJCu iJonycmUMbtX no;wii ycWluii iJeiicmoumeJlbHbtM Jl8.11JlemcJl mo noAe, 

ICOmOpoM)l OmBe'taem MUHUMaJlbHOe 3HO'IeHUe nOJIHOU iJonOJIHUmeflbHOU 3Hepi!UU. 

MH:o)KeCTBO CTaTJiqeCKH ,D,OITyCTHMDIX BeKTOpOB YCHJIHH S k OIIHChlBaeTCH ypaBHeHHHMH 

paBHOBeCHH BHYTpH 3JieMeHTOB 

(1) 

YCJIOBHHMH COIIpH)KeHHH 
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(2) 

CTaTWieCKHMK rpaHwniDIMH YCJIOBIDIMH 

(3) 

H YCJIOBIDIMH TeJC)llieCTH 

(4) 

(5) 

k=1,2, ... ,s, t=1,2, ... ,z, 

f,l(e [A], [At] - OIIepaTOpDI .l(H<l:><l:>epeHI.Ufa.JThHDIX ypaBHeHJtii paBHOBeCIDI KOHCTpYJOUIH H 

cTaTWiecKHX ycnomtii: corrpiDKeHIDI Me)IQJ;y 3JieMeHTaMH; Sok - 3a,l(aHHa.SI <l>YHICUIDI 

rrpe,l(eJibHOfO ycHJIIDI k -ro 3JieMeHTa; S - trn:CJIO KOHelfliDIX 3JieMeHTOB; Z - l!HCJIO 

IIOBepXHOCTeH pa3,l(eJia 3JieMeHTOB, ,l(JIH KOTOpDIX COCTaB.IDIIOTCH YCJIOBIDI COIIpiDKeHIDI H 

YCJIOBIDI TeJCYlleCTH (5). 

Tor,l(a CTaTWieCKa.SI IIOCTaHOBKa 3a,l(atrn: rrpe.l(CTaBJIHeTCH CJie)zyiO:m;e:ii: MaTeMaTWieCKOH 

MO,l(eJibiO: 

IIpH YCJIOBIDIX (6) 

f(sk) ~ fo(sok ), [A]Sk = Fk EAkt 

ft rs~) ~fat (soi) ' (At]st -s~ = o eL+· 
t ' 

ft {S;;) ~fat (so() , -[At ]st--s;; = o EL(; 

-+ --Sill +Sill= 0 ELt' (AL]s =F ELf; 

k = 1, 2, ... ,s; t = 1, 2, ..• ,z. 

3,l(eC:b [dk] - MaTpHI.J:a IIO,l(aTJIHBOCTH 3JieMeHTapHOfO 3JieMeHTa KOHCTpy:KIUIH. 3a.n:aqa (6) 

II03BOIDieT orrpe.n:eJIHTI> pacrrpe.n:eneHHe .n:e:ii:cTBHTeJII>HDIX ycHJIH:ii:. Ee <l>YHICUIDI I(eJIH 

HMeeT <l:>H3HtieCKHH CMDICJI IIOJIHOH ,l(OIIOJIHHTeJII>HOH 3HeprnH. llpH OTCyrCTBHH 

HatiaJibHDIX .n:e<t>opMa.I.Utii OHa CBO.l(HTCH K rrpHHI(HIIy Xapa-KapMaHa [7]. B cnyqae 

HeorpaHHtieHHO 60JiblliHX IIpe,l(eJibHhiX YCHJIHH (So = oo) OHa OTBetiaeT BapHai(HOHHOMY 

IIpHHI(HIIy KaCTHJib51Ha. 

MaTeMaTHtieCKa51 MO,l(eJII> ,l(BOHCTBeHHOH KHHeMaTHtieCKOH IIOCTaHOBKH 3a,l(atrn: 

CTpOHTCH no MeTo.n:y MHO)KlffeJie:H: JiarpamKa H rronyqaeT TaKo:H: BH.l(: 
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JurFdL+ I JuJFkdA-I~ JsJ[dk]skdA- I p:r[t(Sk )]skdA-
L, k Ak k Ak k Ak 

-L: J {1:: r[tt{S~ )j s~dL-L: J {1:;- r[tt(s~ )j s~dL+ L: J 1:J {r(sk )-ro(sok )}dA + 
t~ t~ k~ 

+ L J{1:: r {rt(S~ )-rot(soi )} dL+ L f{it- r {rt(S~ )- fot(So( )}dL ~ max 
t~ t~ 

llpH YCJIOBIDIX 

[dk]sk + eok + [t(sk )( 1:k- (Afuk = o, 

[tt{S~ )r 1:[ - ut + u[ =0, 
[tt(s~ )r 1:;- - Dt + Dt- =0, 

);:[ '?. 0 E Lj; 

(ALf (U- no)=O E Lu; k =1,2, ... ,s; t =1,2, ... ,z. 

(7) 

3~eci> );:b 1:[, 1:;-, [t(Sk)], [tt{S~)], [tt{S~)]- <l>YHKIUlli IIJiaCTII'ICCIQIX MHO)I(lffeJICH H 

MaTpHI.J;H rpa~HCHTOB <l>YJIKWfil TCK}"'CCTH k -ro 3JieMeHTa H t -it IDIHHH pa3~eJia 

3JieMeHTOB. HeH3BeCTHiilMH HBIDUOTCH BeKTOp-<l>YJIKIUlli ycHJIHii, rrepeMem;eHHii H 

IIJiaCTII'IeCirnX MHO)I(lffeJieii. BlilHCHHM <l>H3WiecKHii CMiilCJI 3Toii ~a'lll. 

TpH rrocJie~HX lJJieHa n;eJieBoii <l>YHKIUlli ~ OIITHMaJibHOro perneHHH Ja~a'lll paBHiil 

eyJIIO. TpeTHii H qeTBCpTiilH HHTeTpa.Jibl BlilpaX<aiOT 3Heprmo ~e<t>opMaiJ;Hii B KOHC~IilX 

3JieMeHTaX, a IIHTiilH H IIICCTOH HHTerpaJIIil - ~HCCHIIaTHBHYIO 3Heprmo B IDIHCHHiilX 

IIJiaCTII'IeCirnX rnapHu:pax. llo3TOMY <l>YHKIJ;HH n;em, YMHOXeHHaH Ha -1, HMeeT CMiilCJI 

rroJIHoii 3Hepnm: ~e<t>opMan;Hii. OrpaHWieHHH-paBeHCTBa rrpe~CTilBJIHIOT co6oii 

ypaBHCHHH fCOMCTpWICCKOH COBMCCTHOCTH KOHe~lilX 3JICMCHTOB, MeX3JieMeHTHOH 

COBMeCTHOCTH H KHHeMaTII'IeCKHe rpaH~Iile YCJIOBHH Ha OIIOpHOM KOHType Lu . BMeCTe 

C orpaHWICHHHMH 3HaKa IIJiaCTII'ICCIQIX MHO}I{J{TCJICH OHH OIIHCiilBaiOT MHOXCCTBO 

KHHeMaTII'IecKH ~orrycTHMiilX BeKTop-<l>YJIKWlli rrepeMem;eHHii. TaKHM o6pa3oM, Ja~aqa 

(7) OTBeqaeT CJIC~YJOIUCMY 3KCTpeMaJibHOMY llpHHIJ;Hrry: 

U3 6CeX ICUHeMamu'teCICU OonycmUMbiX no/leU nepeMeW,eHUU Oeiicm6umeflbHblM Jl6/IJlemcJI mo 

nolle, 0/IJl ICOmOpOi!O nOflHQJI 3Hepi!UR OerjJopMaU,UU ICOHCmpyKU,UU MUHUMQJlbHQ. 

IIpe~IIOJiaraH Svt = s~t = -S~t H rrpeo6pa3yH ycJIOBHH COIIPHXCHHH (2) K B~y 

B MaTeMaTWICCIQIX MO~eiDIX 3a~aqu: MO}I{HO YMCHbiiiHTb 'lliCJIO HCH3BeCTHiilX H ypaBHCHHH. 

IIonyqaeTcH cJie~yrom;aH napa ~BollcTBeHHhiX Mo~u:<t>u:n:u:poBaHHhiX 3a~aq 

MaTeMaTWICCKOfO rrporpaMMHpOBaHHH: 
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a) CTaTWieCKlUI IIOCTaHOBKa -

rrpH YCJIOBIDIX 

r(sk) ~ro(sok) EAb r t (s vr) ~rot (sot) ELt, (8) 

[A]sk =Fk EAb [AL]s =F ELf, 

r+ --(At St - Svt = 0, -(At]st- + Svt = 0 ELt; 
k = 1,2, ... ,s; t = 1,2, ... ,z. 

6) KHHeMaTWieCKaH IIOCTaHOBKa -

JuT'FdL+ I JuJ'FkdA-I~ Js[[adskdA- I Jik[t(Sk ))skdA- I JiT[ttts~ )Js~dL+ 
L

1 
k Ak k Ak k Ak t 4 

+ L JiJ {r(Sk )-ro(sok )}dA+ L JiT {rtrs~ )-rot~Ot )}aL ~max 
k Ak t 4 

rrpH ycJIOBIDIX (9) 

[.tt(s~ )r it - u[ + u: =0, ')..t ~ 0 E Lt; 

[A L ( {U - no)= 0 E Lu ; k = 1, 2, ••• , s; t = 1, 2, ••. , z. 

Ecm -+ -A. t = 0 H A.; = 0 HJIH A. t = 0 , T. e. B JIHHHH L1 IIJiaCTWieCKHe ,n;e<l_)opMaD;IDI 

OTCYTCTBYJOT, TO reoMeTpwrecKHe ypaBHeHHH Bhlpa:x<aiOT Tpe6oBaHHe Hepa3phiBHOCTH 

rrepeMem:eHirn 

(10) 

IJo:HOMY MaTeMaTWieCKHe MO,ll;eJIH (7) H (9) o6ecrre'IHBaiDT HerrpephiBHOCTh 

rrepeMem:emrn B yrrpyrnx 30HaX KOHCTpy:KUIDI. B OTJIH'llie OT (6) H (8) OHH II03BOJIHIDT 

orrpe,n;eJIHTb Bee rrapaMeTphl H,ll;C. B c.rryqae HeorpaHWieHHoii: JIHHeii:Hoii: yrrpyrocTH OHH 

OTBetiaiOT BapHal.UfOHHOMY ITPHHJ..UfiiY llarpaHX<a. 

EcJIH cym:ecTByroT ITOBepXHOCTH HatiaJII>HbiX pa3phlBOB (TpeiiJ:HHhl), TO OHH He 

BKJIIDl!aiDTCH B 'IHCJIO Z ITOBepXHOCTeii: pa3,ll;eJia KOHel!HbiX ::meMeHTOB H ycJIOBHH (2), (5), a 

TaiOKe ycJIOBHH Me)K::meMeHTHOH reoMeTpWieCKOH COBMeCTHOCTH AJl}I HHX He 

cocTaBJIHIOTCH. O,n;HaKo 3TH noBepXHOCTH BKJIIOtiaiOTCH B rpaHHtiHYJO o6JiaCTh L f , AJUI 

KOTOpOH COCTaBJIHIOTCH CTaTWieCKHe rpaHWIHble YCJIOBHH (3). 

-9-



2.2. 3a,na'la aHa.rtH3a ocTaTO'IHLIX ycHJIHH u nepeMem,enuii 

EcJlli rrpe.nBapHTeJThH.biM pacl!eToM orrpe.ne.Jllffb napaMerpu ynpyroro H,l{C, To 

IlpOCTOit 3aMeHOit nepeMeHH.biX 3a,L(a'lll (6) - (9) MO)I{}{O rrpeo6pa30BaTh B TO)I{,L(eCTBeHH.ble 

3a,L(a'lll aHaJlli3a ocTaTO'IH.biX napaMe'fPOB H,l{C. MareMaTWieCI<aH MO,L(eJTh Ja.Ua'lll 

orrpe.nenemrn ocTaTO'IH.biX ycJii.Jlllit C'fPOliTCH npeo6pa30BaHHeM 3a,L(a'lll (8). 

MHoxecTBO CTaTWieCKH B03MO)I{}{.biX BeicropoB srk OllllC.biBaeTCH ypaBHeHIDIMH 

paBHOBeCHH 

[AL]Sr = 0 ELf, 

-[At]s,; + sr,~ = 0 ELt. 
(11) 

<l>YHKUHOHaJI ,L(OITOJlliHTeJThHOit :mepnrn: C yq:eTOM 

[dk]Sek- [Afuek = -eok eAk 

H 

rrpeo6pa3yeTCH K BHL(y 

llpH Ja,L(aHH.biX Sek 3Hal!eHHH BToporo, TPeTI.ero H l!eTBepToro HHTerpaJIOB 

cpHKCHpOBaHJli, a TPH nocne.nmrx HHTerpana :noro cl>YHKUHOHaJia L(JIH CTaTWieCKH 

.nonycTHMDIX ocTaTO'lli.biX ycJii.Jlllit paBH.bi eyJIIO. llo3TOMY 3a.naqa pacl!eTa ocTaTO'IH.biX 

ycJii.Jlllit IlpHHHMaeT TaKOit BH,L(: 

npH ycJIOBHHX (12) 

EAko (A]Srk = 0 

eL0 [AL]sr = o 

-[At]s,t + sr,~ = o 

k =1, 2, ... ,s; t = 1, 2, ... ,z . 
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<DytJKUIDI l~CJIM :noM :Ja;~alfM Bblpa)l(aCT OCTaTOl!HyiO )~OilOJIHI.fTCJlbHYK) 3HCpfMK) 

(~orroJIHMTCJibHYK) :JneprMK) ocTaTolJHhlX ycMJIMII). B pa6oTe [ 11 ona na'3biBaCTC5I ynpyrMM 

TIOTCHUMaJIOM caMOHaTipiDKCHMH. TaKMM o6pa30M, 3a~aqa (12) OTBCIJaCT 3KCTpCMaJibHOMY 

npMHUMIJY ( 1): 

u3 6cex cmaffzu•tecKu oonycmuMbtX 6eKmopo6 ocmamo'lHbtX ycwwii deticm6UffteJtbHbtM Jl6JZJtemcR 

mom 6eKmop, npu KomopoM ocmamo'lHOJl iJonwmumeJlbHafl :mept>Ufl MUHUMOJlbHa. 

0IICBMHO, tffO 3a~a4M (8) M (12) TO)l(,l~CCTBCHHbl. flcpBaH M3 HMX IIOJIYtfaCTCSI 

rrpeo6pa3onanMeM BTopoH: M nao6opoT. 

McTO~OM MHO)KIITCJICH JiarpaH)l(a IIOJIY4aCTCH ~BOHCTBCJIHaH K (12) KMHCMaTMtfCCKaH 

¢opMYJIMpOBKa 1a~aiiM anaJIM3a ocTaT04HbiX rrapaMCTpOB H,UC: 

TipM YCJIOBMHX (13) 

[dk]s,.k +[t(sek+s,.k)()::k_ [Afu,.k =O, 

[ (- - )]T- -- -+ ft se,l-1 + s,.,,t AI - 011 + Dn =0, 

[ALfu,. =0 E Lu; k =1,2, ... ,s; t = 1, 2, .•. , z. 

HeM3BCCTHbiMM B HCII HBJISIIOTCH <i>YlfKli,MM OCTaT04HbiX ycMJIMH M TICpCMClli,CiiMH, a TaiOKe 

TIJiaCTMtfCCKMX MHO}I(llTCJICH. <l>ytJKUMH UCJIM, YMHO)!{CJ-IIiaH Ha -1, o·maqacT I10JIHYK1 

3Hepru10 OCTaTOlJHbiX ~e¢opMaiJ:MH, a ee orpaHMtfCHMH OIIMCbiBaiOT 06JiaCTb 

KMHCMaTMlfCCKM ~OIJYCTMMbiX pacrrpc~CJICHMH OCTaTOlflibiX IlCpCMClli,CHMll. flo:JTOMY 

MaTeMaTMlfCCKaH MO~CJib (13) COOTBCTC'rBYCT 3KCTpCMaJibHOMY IlpMHUMIIy: 

U3 6cex KUHeMamu'lecKu iJonycmuMbtX pacnpedeJteuuit ocmamo'lllbtX nepeMew,enut't 

iJeucm6umeJJbHbtM R6/lflemcfl mo pacnpeoe-teuue, npu KomopoM noJl/IOfl ·mept>ufl ocmamo•mbtX 

iJerjJopMaL~UU MWIUMQ/lbHQ. 

MaTeMaTMtfCCKyiO MO)I,CJib (13) TaiOKe MO)!{JiO IlOCTpOMTh npeo6pa'30BaHMCM '3a)la'IM (9). 

CJIC~OBaTCJihliO, MMHMMaJihlihiC IlpMiili,Milhl ~JI5I OCTalWIHhiX ycMJIMri M IICpCMCIII,CIIMH 

TO~CCTBCHHhi MMIIMMaJihlihiM IIpMiili,MJiaM J~JISI IIOJIHhiX YCMJIMH M IICpCMCIHCIIMII, 

lJaCTHbiMM CJIYlfaHMM KOTOpbiX 5IBJIJIK)TCH XOpOUIO M3BCCTHbiC B TCOpMW yupyroCTW 

BapMaiJ,MOHHhie npMHli,MIIhi KacTMJIJ,HHa w JiarpaH)l(a. B CJJY'IaC ;mneil!IhiX ycJIORMH 

TCKYIJCCTM MO)!{J-10 IIOCTp011Th 60JICC npOCThiC MaTeMaTMlJCCKMC MO)I,CJIW KMIICMaTI11ICCKOii 

IIOCTaHOBKM '3a~alJ, TaK KaK YCMJIWH MO)!{IIO WCKJIK)'IMTb 1-1'3 1IMCJia HCM'lBCCTIIhiX. 
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3. ,II,HCKpeTHble paBHOBeCHble MaTeMaTH'IeCKHe MO,Ue.rtH 

.lJ:IDI ~HICJieHHOH peamnai(lUI rrpe,UCTaBJieHHhlX 3a,Uaq He06XO,UHMO IIOCTpOHTh HX 

,UHCKpeTHhle aHaJIOfH . .lJ:IDI 3TOfO MOryT IIpHMeiUITbCSI paBHOBeCHbie HJIH reoMeTp:HqeCKJ.f 

COBMeCTHhle KOHe'IHhle 3JieMeHThl. .lJ:HCKpeTHhle paBHOBeCHhle MaTeMaT:HqeCKJ.fe MO,UeJIH 

3a,Ua'l CTp05ITCSI Ha OCHOBaHHH 06IIJ.HX MO,UeJieH CTaT:HqeCKOH IIOCTaHOBKJ.f C IIpHMeHeHHeM 

paBHOBeCHhiX KOHe'IHhiX 3JieMeHTOB (PK3). LJ:aJiee MeTO.U PK3 rrpHMeHHTeJII>Ho K 

ynpyroiiJiaCT:HqeCKJ.fM KOHCTp)'KIIHSIM pa3pa6aThiBaeTCSI H HJIJIIOCTpHpyeTCSI Ha IIpHMepe 

,UHCKpeTH3aiJ;HH 3a,Ua'IH (6). 

3.1. CTaTu<IeCKHe u reoMeTpuqecKue ypaBueuuH paBnoBecuoro 3JieMeHTa 

YcHJIHH B Ka~oM 3JieMeHTe annpoKCHMHPYJOTCH BeKTop-<t>YHKu:Hell: 

s 
sk(x) = I[H ki(x)]skl = [H k(x)]sk, k = 1, 2, ... ,s, (14) 

k=l 

f,Ue [Hk(x)] - MaTpHU:a <l>YHKu:HH <t>opMhl (HHTepiiOlliiU:HH) ycHJIHH k - ro 3JieMeHTa; Sk-

BeKTop ycHJI.Hll: Y3JIOBhlX TO'IeK 3JieMenTa. <l>ynKIJ;HH (14) .uoiDKHa y.uoBJieTBopmh 

rpe6oBaHHHM cxo,UHMOCTH [8]. He cTaBHTCH rpe6oBaH.He, 'IT06hl ona To~ecTBenno 

y.uoBJieTBopHJia .rur<t><t>epenu;HaJihHhiM ycJIOBHHM paBHOBecHSI (1), TaK KaK 3TH ycJioBHH 

Moryr 6hlTh y.uoBJieTBopeHhl B Ka'lecTBe .uonoJIHHTeJihHhlX orpaH:HqeHHH na 

.uonoJinHTeJibHYJO 3HeprniO 3JieMeHTa. TaKHM o6pa3oM 3Ha'IHTeJihHO ynpomaeTcH H 

YHH<l>HIJ;HpyeTCH IIOCTpOeH.He HHTepiiOJIHPYJOIIJ;HX <l>YHKu:HH YCHJIHH: IIOHBllileTCH 

B03MO)KHOCTh IlpHMeHeHHSI KJiaCCH'IeCKHX MeTO,UOB .HHTepiiOllilll;HH, KOTOphle lli.HpOKO 

IlpHMeHHIOTCH llpH IIOCTpOeH.H.H COBMeCTHhlX 3JieMeHTOB. Bb16op <l>YHKu:HH, TO~eCTBeHHO 

y.uoBJieTBopHIOIIJ;HX ypaBHeHHHM (1), ,UOBOJihHO CJIO)KeH H neynHBepcaJieH. 

BBO,UHTCH BeKTOp o6o6meHHhiX CIDI Pk, pa60Ta KOTOpbiX Ha 0606IIJ;eHHhiX 

rrepeMeiiJ.eHIDIX U k ,UOJOKHa 6hlTh 3KB.HBaJieHTHa pa6oTe BHyrpeHHHX CHJI. 06o6IIJ;eHHbie 

CHJihl ne ne3aB.HCHMhi, TaK KaK ,UOJI)Kifhi y.uoBJieTBOp51Th ypaBHeHHHM paBHOBecHSI 

3JieMeHTa 

HJIH (15) 

f,Ue Q k = {S k , S vk } T - pacnmpeHHhlH BeKTOp Y3JIOBhiX ycHJIHH, B KOTOphiH BKJIIO'IeHhl 

IIOBepXHOCTHbie YCHJIHSI 3JieMeHTa, He06XOJ(.HMbie ,Ullil IIOCTpOeHHSI YCJIOB.Ht'I (2). 

YpaBnenHe (15) onpe.ueiDieT CBH3b Me~y o6o6meHHhiMH cHJiaMH Pk H Y3JIOBhiMH 

ycHJIHHMH 3JieMetrra. Ono BKJIIO'IaeT B ce6SI ypaBHeHHH paBHOBecHSI BHyTpH, ecJIH 
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¢YHKIJ.ID£ (14) TO)K)J,eCTBeHHO He y,nOBJieTBOpHeT ycJIOBIDJ:M (1), M Ha rpaHMIJ,aX 3JieMeHTa. 

06o6IIJ,eHHble CMJibi M rrepeMeiiJ,eHIDJ: Bhi6MpaiOTCH C TaKMM pacqeTOM, qT06bi ypaBHeHIDJ: 

paBHOBeCIDJ: ,nMCKpeTHOH MO,neJIM KOHCTPYKIJ.MM, COCTaBJieHHble ITO HarrpaBJieHMIO 3TMX 

rrepeMeiiJ,eHMR, rapaHTMpOBaJIM y,nOBJieTBOpeHMe YCJIOBMM paBHOBeCIDJ: BO BCeX TOqKaX 

BHYTPM M Ha rpaHMIJ,ax 3JieMeHTOB. 

feoMeTPJfqeCKMe ypaBHeHIDJ: 3JieMeHTa CTPOHTCH Ha OCHOBe IIpMHIJ,MIIa BMpTYaJihHbiX 

cmr, cornacHo KOTOPOMY 

{oPk}T uk = f{osk(x)}T {[dk)Sk(x) +80k(x) +[f(Sk(x))(A.k(x)}dA+ 
Ak 

+ f {osvk(x) }T [!t(svk(x))( A.kt(x)dL. 
Lkt 

YqlfTbJBaH 3aBMCMMOCTM (14), (15) M rrpOM3BOJihHOCTh BapMaiJ,MH ask, oS!k' OHM 

rronyqaiOT TaKOM o6IIJ,MR BM,n: 

[ D k) S k + 8 Ok + 8 pk - (Ask f u k = 0 , 

E>pvk- [Avkf uk =0. 

3,necb MaTPMIJ,a rro,naTJIMBOCTM 3JieMeHTa 

[Dk ]= f[Hk(x)( [dk ](Hk{x)]d4, 
At 

BeKTopbi B3BeiiieHHbiX Y3JIOBbiX HaqaJihHhiX M ruraCTJfqeCKMX ,ne¢opMaiJ,MR 

E>ok = f[Hk(x}( E>ok(x)dA, 
Ak 

e pk = I[~ki] A.Jd, 
l=l 

e pvk = L [~vkt] Akf' 
t 

r,ne [~ki] = f[Hk(x)([J(sk(x))r[HAki(x)]dA, 
Ak 

~ 

A.k(x) = L[Hlki(x)]A.ki = [Hlk(x)]A.k, 
i=l 

[~vkt] = f[Hvk(x)([.ft(svk(x))r [H1kt(x)]dL, 
Lkt 

A. ki :2: 0, A. kt :2: 0 ; s -qlfcno Y3JIOB 3JieMeHTa. 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

ITpM 3a,naHHbiX cMJiax Pk, HaqaJihHhiX M ruracnrqecKMX ,ne¢opMaiJ,MHX CMCTel\m 

ypaBHeimH: (15), (16) o,nH03HaqHo onpe,neJIHeT H,UC 3JieMeHTa. 
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3.2. YCJIOBHB TeK)"'eCTH ::meMelfl'a 

YCJIOBIDI TCK)"'CCTH (4) )J;OJDKHbl C06JIIO)J;aTbCH BO BCeX BHyrpeHHHX TOLJKaX 3JieMeHTa, a 

ycJIOBIDI (5) - BO Bcex ero rpaHHLIHhiX TOLIKax. O.zmaKo rrpH pacLJeTe KOHTHHyaJibHhiX 

KOHCTPYKIJ:HH 3TO TPe6oBaHHe BhiiiOJIHHTb HCB03MO)I{H0. f103TOMY YCJIOBIDI TCK)"'CCTH 

y)J;OBJICTBOpHIOTCH B CJia6ofi ¢opMe (9). qaCTO HCIIOJib3yeMble TOL!CL!Hhle YCJIOBIDI 

TCK)"'CCTH HBJIHIOTCH O)J;HHM IIpHMepoM CJia6ofi ¢opMbl YCJIOBHH TCK)"'CCTH. 

CJia6aH ¢opMa ycJioBHfi TeK)"'eCTH MO)I{eT 6h1Tb IIOCTPOeHa KJiaccHLJecKHMH MeTo)J;aMH 

KOJIJIOKa:U:HH. 0Ha IIOJIYL!aeT TaKOH 06lli,HH BH)J;: 

f[Gk(x)t {r0 (S0k(x))-r(sk(x))}d4 ~ o (22) 

At 

f)J;C [Gk(x)] - MaTPH:U:a BeCOBbiX ¢YHKIJ:HH, IIO)J;MaTPH:U:aMH KOTOpoH: HBJIHIOTCH MaTPH:U:bl 

[Gk;(x)], COOTBeTCTBYIOUI,He Y3JiaM i = 1, 2, ... ,1;. Ha OCHOBe (22) H (14) rronyqaeTCH 

cJie)J;YIOUI,ee )J;HCKpeTHOe Bhlpa)l{eHHe ycJIOBHH: TeK)"'eCTH 3JieMeHTa: 

fok(Sok)-rk(sk)~o. (23) 

me rk(sk) = f[ck(x)( r(sk(x))dA, (24) 

Ak 

fok(Sok) = f[ck(x)( fo(Sok(x))dA, (25) 

Ak 

Sok(x) = H6k(x)Sok. (26) 

BH6op pa3HbiX BecoBHX <PYHK:u:Hfi rrpHBO)J;HT K pa3HbiM Bhlpa)l{eHIDIM BeKTopoB f k (s k), 

r0 (Sok) H pa3HhiM ycJioBIDIM TeK)"'eCTH 3JieMeHTa. BecoBhle <PYHK:u:HH MOfYT 6h1Th 

Bhl6paHhl B COOTBCTCTBHH C KJiaCCHL!CCKHMH MCTO)J;aMH KOJIJIOKa:U:HR ( 10). 

CorJiacHo MeTo)J;y KOJIJIOKa:U:HH B TO LIKe rroJioraeTcH [ G ki (xi)]= [ £] )J;JIH Y3JIOBoH: TOLIKH i 

H [cki(x j )] = [0] BO Bcex ocTaJihHhiX TOLIKax 3JieMeHTa. Tor)J;a ycJIOBIDI TeK)"'eCTH 3JieMeHTa 

Bblpa)l{aiOTCH ycJIOBIDIMH TeK)"'eCTH Bcex ero Y3JIOBhiX TOLieK: 

f Oki ( Soki)- f ki (Ski) ~ 0 , i=l,2, ... ,1;. (27) 
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CocTaBJUIIOUJJIMH BeKTopa 

J1CIIOJih3YH MCTOJ( KOJIJIOKaUHH B IIOJ(OGJiaCTH, IIpHHHMaiOTCH IIOCTOHHHhiC CJ(HHWIHhiC 

BCCOBhie ¢YHKUHH [Gk(x)] = [£] BO BCeit o6JiaCTH 3JICMCHTa. Tor.ua 

rk(s k) = I r(s k( x))dA s; f0k{Sok), (28) 

Ak 

r.ue fok(Sok) = I fo(Sok(x))dA. (29) 

Ak 

B pa6oTaX ( 11, 12) TaKOe ycJIOBHe TCJ<Y'ICCTH He3aBHCHMO 6blJIO IIOCTpOCHO J(llil KpHTepHH 

rrpoqnocTH Xy6epa-MIBeca, HCXOJ(H H3 3HepreTWICCKHX coo6pa)I(CHHM. 

KaqecTBCHHO HOBOe ycJIOBHe TCJ<Y'ICCTH KOHeqHOfO 3JICMCHTa rronyqaeTCH MCTOJ(OM 

KOJIJIOKaUHH Ey6HOBa-ranepKHHa [ 9]. ):J:JUI Ka)l\l];OfO Y3Jia 3JICMCHTa Bhl6I1:paiOTC5I 

MaTpHUhl BeCOBhiX ¢YHKUHM 

f.[(C H 1kl (X)- ¢YHKUHH ¢opMhl YCHJIHH i -?o Y3Jia, KOTOpoe BXOJ(HT B ycJIOBHe TCJ<Y'ICCTII j 

H arrrrpOKCHMHpyeTCH IIOJIHHOMOM HaHBhiCIIICM CTCIICHH. TorJ(a ycJIOBHH TCJ<Y'ICCTH BCCfO 

3JieMeHTa Bhlpa)l(aiOTCH HHTerpaJihHhiMH ycJIOBHHMH TeJ<YliCCTH ero Y3JIOBhiX ToqeK: 

rki(s k) = f[c ~a·( x)] r(s k ( x)) dA s; foki (sok) , i = 1, 2, ... ,:; ' (30) 

Ak 

r.ue foki(Sok) = f[cki(x)]r0 (Sok(x))dA. (31) 

Ak 

foki(Sok), i = 1, 2, ... ,1;. ECJIH ¢YHKUHH TCJ<Y'ICCTH CKallilpHa5I, TO MaTpHUa [Gki(x)] 

rrpeBparuaeTc5I B cKaAAp Gki ( x) . 3a.uaBa5I arrrrpoKCHMHPYIOIUHe <PYHKUHH 

4 
r(s k (x)) =I [ H fki(x)) rki (ski)= [H fk (x)) rk(sk), 

i=l 

(32) 

MO)I(HO IIOCTpOHTh yrrporueHHble Bhlpa)I(CHHH HHTerpaJihHhiX YCJIOBHM TCJ<Y'ICCTH (9). 

PaccMoTpeHHhie MeTOJ(hi J(HCKpeTH3aUHH ycJIOBHH TCJ<Y'ICCTH 3JieMeHTa ( 4) Moryr 

IIpHMCH5IThC5I H J(llil J(HCKpCTH3aUHH ycJIOBHM TCJ<Y'ICCTH rpaHeit 3JieMeHTa (5). 

):J:HCKpCTHhie Bhipa)l(eHHH YCJIOBHH TCJ<Y'ICCTH rpaHH 3JICMCHTa Bhipa)l(aiOTC5I 

HepaBeHCTBOM 

HJIH (33) 
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r.n:e f1 (s7r) = f[ct( x)f r(s7r( x))dL, 
L, 

fot (s6t) = f[ct ( x)f fot (s6t (x))dL, 
L, 

(34) 

r1 (s~) = f(G 1(x)f r(s~(x))dL, 
L, 

fot (sot)= f[c, (x)f fot (sot ( x))dL. 
L, 

(35) 

Bhl6HpaH BecoBhle <l>YH~HH corJiacHo pa3HhiM MeTo,n:aM KOJIJIOKaiiHM, IIO.JI)"'HM 

pa3Hhle Bhlpa)l{eHHH .Il:HCKpeTHhlX YCJIOBHM TeK)"leCTH (33) ,IJ:JIH rpaHe:tl: KOHelJHhiX 

::)JleMeHTOB, aHaJIOfHlJHhle YCJIOBHHM (27), (28) H (30). 

3.3. AHaJIH3 .UHCKpeTHhiX ycJIOBHH TeKyqecTH 

PaccMoTpeHhl TpH crroco6a ,n:HcKpeTH3a1IHH ycJIOBH:tl: TeK)"leCTH. qame Bcero B 

HaCTOHIIIee BpeMH HCIIOJih3yeMble TOlJelJHhle YCJIOBHH TeK)"leCTH COOTBeTCTBYJOT MeTo,n:y 

T01Je1JHOM KOJIJIOKaiiHH. 0HH o6ycJIOBJIHBaiOT Y.Il:OBJieTBopeHHe YCJIOBHM (4), (5) TOJibKO B 

yJJiax KOHelJHhiX 3JieMeHTOB. I1HTerpaJihHbie ycJioBHH TeK)"leCTH He rapaHTHpyroT 

co6mo,n:eHHH ycJIOBH:tl: (4), (5) B Y3JIOBhiX TOlJKaX. O,n:HaKo H3BecTHo, liTO ,n:HcKpeTH3aiiHH 

,n:H¢¢epeHI1HaJihHhlX HJIH <l>YJI~HOHaJihHhlX 3aBHCHMOCTe:tl:: MeTO,IJ:OM KOJIJIOKaiiHH 

Ey6HoBa-faJiepKHHa rrpHBO.Il:HT K HaHMeHhiiiefi cyMMapHo:tl: rrorpeiiiHoCTH. HH)I{e 3TO 

IIO.Il:TBep)I{.Il:aeTCH KalJeCTBeHHhlM HCCJie,n:oBaHHeM .Il:HCKpeTHhlX YCJIOBHM TeK)"leCTH, 

rrocTpoeHHbiX pa3HhlMH crroco6aMH .I1:JIH KpHTepHH rrpollHocnr Xy6epa-MH3eca 

(36) 

TOlJHOe Bhlpa)l{eHHe BeKTopa IIJiaCTH'leCKHX ,n:e¢opMaiiHM, OTBelJaiOIIIero 3THM YCJIOBHHM 

TeK)"leCTH, 

r.n:e [ct>ki] = f HJcki(x)[Hk(x)f[rrl[Hk(x)]dA. (38) 

Ak 

01IeHKa ycJIOBH:tl: TeK)"leCTH OCYIIIeCTBJIHeTcH cpaBHeHHeM Bhipa)l{eHHH (37) c 

Bhlpa)l{eHHHMH BeKTOpOB IIJiaCTW:IeCKHX ,n:e¢opMaiiHli, aCCOIIHHpOBaHJihiX C .Il:HCKpeTHhlMH 

ycJIOBHHMH TeK)"leCTH Xy6epa-MH3eca. 

CorJiacHo BhliiierrpHBe,n:eHHhlM 3aBHCHMOCTHM rro.JI)"'aiOTCH cJie,n:yromHe Bhlpa)l{eHHH 

,IJ:HCKpeTHhlX ycJIOBHil TeK)"'CCTH H OTBelJaiOIIIHX HM BeKTOpOB IIJiaCTW:ICCKHX ,n:e¢opMai~MI1:: 

a) TO'IClJHaH KOJIJIOKaiiHH -

i = 1, 2, ... ' .; ; 
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6) KOJIJIOKaiJ.IDI B IIO,I(06JiaCTM -

r,Ile 

rk(sk) = sk[<t>k]sk s s~dr k ]sok, 

e pk = u k[ <l> k ] s k> 

[<t>k) = f[H k(x)( [n][H k(x)]dA, 
Ak 

B) KOJIJIOKaiJ.IDI oy6HOBa-faJiepKMHa-

!' 
~ 

[rk]= fHok(x)ll~k(x)dA; 
Ak 

(39) 

(40) 

e pk =In ki[<t> ki ]sb (41) 
i=l 

[<t>ki) = f Gki(x)[H k(x)f[n][H k(x)]dA, [rki] = f Gki(x)H0k(x)H~k(x)dA. 
Ak Ak 

Bbipa)l{eHIDI (39) M (40) OTJIWiaiOTCH OT TOqHofO Bblpa)l{eHIDI BeKTopa IIJiaCTWieCKMX 

ne<PopMaiJ.MH (37). Pa3IIMIJ.a Me)KJJ,y HMMM HBJIHeTCH rrorpeiiiHOCThiO ,I(MCKpeTM3aiJ.MM 

YCJIOBMH Te~eCTM MeTO,I(aMM ToqeqHoif KOJJJlOKaiJ.MM If KOJIJIOKalJ.MM B IIO,I(06JiaCTM. Ec;r:;.~ 

IIpMHHTh Hui(x) = Gki(x), TO Bblpa)l{eHIDI (37) If (41) IIOJIHOCThiO COBIIa,IlaiOT, T. e. 

Bblpa)l{eHMe BeKTopa E> pk , orrpe,IleJieHHOe ,I(JIH ,IlMCKpeTHhiX YCJIOBMH Te~eCTM, COBIIa,I(aeT 

C Bblpa)l{eHMeM 3TOfO BeKTOpa, OIIpe,IleJieHHOfO ,I(JIH <PYHKIJ.MOHaJihHhiX ycJIOBMll Te~eCTM 

(36). 3TM BbiBO,I(bl ,I(eHCTBMTeJihHhi He TOJihKO ,I(JIH ycJIOBMH (36), HO If ,I(JIH JII06biX YCJIOBMH 

Te~eCTM. 3TO CBM,I(eTeJihCTByeT 0 TOM, qro MeTO,I( KOJIJIOKaiJ.MM oy6HOBa- faJiepKMHa 

,I(aeT HaM60Jiee TOqHyro arrrrpOKCMMall.MIO YCJIOBMH Te~eCTM If IIJiaCTWieCKMX 

,I(e<PopMaiJ.MH, qro II03BOJIHeT HaM60Jiee TOqHo orrpe,IleJIMTh ,Ile<PopMMpOBaHHOe COCTOHHMe 

KOHCTpYKIJ.MM. MeHee TOqHhi ToqeqHble ycJIOBIDI Te~eCTM (27). 0.I(HaKO OHM OTJIWiaiOTCH 

IIpOCTOTOH. HaMMeHbiiiaH TOqHOCTh arrrrpOKCMMaiJ.MM MeTO,Ila KOJIJIOKaiJ.MM B IIO.I(06JiaCTM. 

BbiHCHMM <PM3WieCKMH CMbiCJI IIJiaCTWieCKMX MHO)I{JITeJiell:, OTBeqaJOIIIMX ,I(MCKpeTHbiM 

ycJIOBMHM Te~ecTM. B cnyqae ToqeqHhiX ycJIOBMH Te~ecTM 

fAr (x)r(sk(x))dA ~ f fAr (x)[H fki(x)] rki(ski)dA = IA1rki(ski). 
Ak i=l Ak i=l 

0TCIO,I(a 

A ki = f[H fki( x)( A k(x)dA. 
Ak 
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3,ll;eCh MMeiOT MeCTO He JIOKaJihHhle, a B3BellieHHhle IDiaCTWieCKMe MHO:>KMTeJIM. 

CJie)J;OBaTeJihHO, BeKTop e pk Bhlpa:>KaeT He .neftcTBMTeJihHhle IDiaCTWieCKMe .ne<PopMaiJ;MM 

B Y3Jiax ::meMeHTa, a JIMllih MX B3BerneHHhle 3Haqemrn, rrpe.ncTaBIDIIOlli;Me co6o:H: 

CYMMapHhle .ne<PopMau;MM OKpecTHOCTeft Y3JIOBhiX ToqeK 3JieMeHTa. HecMOTpH Ha 3To, 

nocJie perneHMH Ja.naqM MO)I{f[O onpe.neJIMTh M .neftcTBMTeJihHhle 3Ha~IeHMH IDiaCTWiecKMX 

MHO:>KMTeJieft B Y3JiaX 3JieMeHTa, pernaH CMCTeMY ypaBHeHMft 

f[H fki(x)([HAk(x)]"-kdA =A.~, i = I, 2, ... , .;', 
Ak 

f)J;e A ~i - BeKTop B3BellieHHhiX IDiaCTWieCKMX MHO:>KMTeJieft, nonyqeHHhiH perneHMeM 

Ja.naqlf. ITocJie 3Toro Moryr 6h1Th onpe.neJieHhl M .neftcTBMTeJihHhie 3HaqeHMH 

ITJiaCTWieCKMX ,ll;e<l:JopMaiJ;MH. 

)lJrn MHTerpa.JihHhiX YCJIOBMH Te~eCTM 3JieMeHTa B IJ;eJIOM 

f "-I (x)r(sk(x))dA ~"-I f r(sk(x))dA = t..Irk(sk). 
Ak Ak 

0TCIO)J;a A. k ( x) = A. k =canst E Ak . ~JIH MHTerpaJihHhiX Y3JIOBhiX ycJIOBMII Te~eCTM 

fA. I{x)r(s k(x))dA ~ f "-1 f[H ,ua( x)] r(sk(x))dA = f "-1 f[cki(x)] r(sk(x))dA =I t..1rki(s k), 
Ak i=l Ak i=l Ak i=l 

TOr.na 

BhlrnecKa3aHHoe no3BOJIHeT c.neJiaTh cJie.nYIOmMe BhiBO)J;hl. ~McKpeTM3au;MH ycJioBMft 

Te~eCTM MeTO)J;OM ToqeqHOH KOJIJIOKai.J;lil-1 COOTBeTCTByeT npe,ll;ITOJIO}[{eHMIO 0 llpMHHTMM 

annpOKCMMaiJ;MH (32). I1pMMeHeHMe MeTO)J;a KOJIJIOKaiJ;Mli B llO)J;06JiaCTM COOTBeTCTByeT 

rrpe)J;ITOJIO}[{eHMIO 0 llOCTOHHCTBe IDiaCTWieCKMX MHO:>KMTeJieft BO Bceft ITO)J;06JiaCTM. 

ITocTpoeHMe }[{e ycJIOBMH Te~ecTM MeTo.noM By6HoBa-faJiepKMHa 03HaqaeT npMHHTMe 

¢lYHKIJ;MH ¢lopMhl IDiaCTWieCKMX MHO:>KMTeJieH liJili ycMJIMH B KaqecTBe BeCOBhiX ¢lYHKIJ;MH. 

3TO ern;e pa3 ITO)J;TBep}[{)J;aeT BhiBO)J; 0 TOM, ~0 C TOqKlf 3peHMH TeOpeTWieCKOH li 

TOqHoCTM ou;eHKM ~C npe.nno~MTeJihHhi MHTerpaJihHhle Y3JIOBhle ycJIOBMH Te~IeCTM, 

XOTH B rrpaKTWieCKOM OTHOilieHMM HaM60Jiee npoCThl ToqeqHhle ycJIOBMH Te~eCTM. ~JIH 

060MX BM)J;OB MHTerpaJihHhiX ycJIOBMH Te~eCTM llpOMCXO}[{)J;eHMe IDiaCTWieCKMX 

MHo:>KMTeJieft JIOKa.JihHOe. O.nHaKo B reoMeTpWiecKMX ypaBHeHMHX Bee paBHO 

npMcyrcTBYIOT B3BerneHHhle IDiacTWiecKMe, KaK M .npyme, .ne<PopMau;MM . 
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3.4. MaTeMaTH'ICCKue MO)J.CJIH 

lJpRMOfl nocmaH06Ka. BHeunme B03)J.efiCTBIDI )J.:UCKpeTHOll MOJJ:eJI:H KOHCTp)'Kl~H:H 

OII:HCbiBaiOTCH BeKTopaM:H F, 8 0 :H u0 , a rrepeMemeHIDI - BeKTopOM U. H)J,C Bcex 

KOHeqHhlX 3JieMeHTOB OII:HCbiBaeTCH BeKTOpaM:H 

T { }T S={SI>S2 , ••• ,ss}, Sv= stlos~1 ,Stz,S~z, ... ,S;z,S~z , 

ii={ul,uz, ... ,usf, A.={A.l,A.z, ... ,A.s}T. A-v={A.t,A.!,A.2,A.2, ... ,A.;,A.;r. 
1' T 

So ={SOl,Soz, ... ,Sos} , E>o ={E>Ol,E>oz, ... ,eos} 

:H 3aB:HC:HMOCTHM:H 

P=[As]s + [Av]sv, f(S)~fo(So). 

(D]S+E>o +[f(S)t A.- [As r ii = 0, 

fv(Sv) ~ fov(So), 

[fv(Sv)f Av- [Av( ii=O, 
(42) 

r.n:e [f(S)], [fv(Sv)] - MaTp:H~hl rpa.n::ueHTOB YCJIOB:HH Te~eCT:H KOHeqHhJX 3JieMeHTOB :H 

:ux rpaHeit; [As]• [Av]• [D] - KBa3:u.n::uaroHaJibHbie MaTp:H~hi, .n::uaroHaJibHhlMH 6JIOKaM:u 

KOTOphiX HBJIHIOTCH MaTp:H~hl [Ask], [Avk], [ Dk]. 3.n:ecb ypaBHeHIDI OJJ:HOfO 3JieMeHTa He 

CBH3aHhl C COOTBeTCTBYJOm:HM:H ypaBHeHIDIM:H .n:pyr:ux 3JieMeHTOB. 

06neJ(:HHeH:ue CB060JJ:HhlX KOHeqHbiX 3JieMeHTOB B JJ,:HCKpCTHYJO MOJJ:eJib KOHCTp~:H:H 

OCyuJ;eCTBJIHeTCH IIp:H IIOMOmlf ypaBHeH:HH COBMeCTHOCT:H rrepeMemeH:HH 

u = (c]u +[C0 ]u 0 • (43) 

3T:HMH ypaBHeHIDIMH orrpe.n:eJIHeTCH CBH3h Me)KJJ:y rrepeMemeHIDIMH y'3JIOB 3JieMeHTOB :u 

.li::HCKpeTHOH MOJJ:eJI:H. YpaBHeHIDI paBHOBeCH.H JJ::HCKpeTHOfi MOJJ:eJI:H CTpOHTCH Ha OCHOBe 

IIp:HHU:HIIa B03MO)I(HhlX rrepeMemei-IHH, COfJiaCHO KOTOpOMY 

{oo} T P ={au} T F. 

Yq:HThlB8H 38BHCHMOCTH (42), (43) H IIpOH3BOJibHOCTb BapHai(HH au, OHM IIOJiyqaiOT TaKOI':J: 

B:HJJ: 

(CfP=F (44) 

HJI:H [As ]S +[Av ]Sv = F (45) 

r.n:e (As]=[cf[A"s]· [Av]=[cf[A"v]· (46) 

.[(JIH Y3JIOB Ha OIIOpHOM KOHType, r.n:e '3aJJ:aHbi rrepeMell(eHIDI u 0 , COCTaBJIHKJl'CH 

ypaBHCHIDI paBHOBeCIDI 
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(47) 

r.LJ:e Fr- BeKTop orropHhiX peaKII,Hfr; 

(48) 

MaTpHIJ.hi [C] 11 [Co] 6yJieBbie. Tlo::rroM)' ypanHemrn pannoneciDI (45) 11 (47) Moryr 6hlTb 

IIOCTpOeHhl IlpSIMhlM ¢opMHpOBaHHeM MaTpHl{ [As], [Av]· [Aos] H [Aov]. 

I1ciiOJib3YSI 3aBHCHMOCTH (42)-(48), .LJ:JISI .LJ:HCKpeTHOII MO.LJ:eJIH KOHC11JYKII,HH 

IIOJIYllaiOTCSI CJie.LJ:YJOIUHe ypanHeHIDI reoMeTp:wieCKOH COBMeCTHOCTH 

(D]S + [f(S)f A- [As r D = (Aos f Do- eo, 

[fv(S,.)f Av- [Av]T D=O. 

Toma 3a.LJ:aqa aHaJIH3a I-l,[(C yrrpyroiiJiaCTWiecKolt KOHCTpyKII,HH rrpM o;uwKpaTHOM 

Harp)'}Kemm MO)I{eT 6biTh rrpe,ll;CTaBJieHa CHCTeMOH ypaBHeHHH 

[A . .)S+[Av]Sv =F, [D]S +[f(s)t A- [Asf D=(Aosf Do- eo. 

[t .. (s .. )f Av- [Avf D=O, f{S)~f0 (S 0 ), r .. (s .. )~fov(S 0 ), (49) 

AT{r0 (S0 )-f(S)}=O, Aqfov(S 0 )-rv(s .. )}=O, A;:::O, Av;:::o. 

HeH3BeCTHbiMH B HeM SIBJI51IOTCSI BeKTOphl YCHJIHH S H S v , BeKTop nepeMeiUeHHH D H 

neKTophi IIJiacTWiecKMX MHo:>KIITeJielt A, A v. MaTeMaT:wiecKasr MO.LJ:eJih rro;cyqeHa rrpsrMhiM 

rrocTpoeHHeM ypanHeHHH. ITo3TOM)' ee MO)I{HO Ha3BaTh rrpsrMOH rrocTaHOBKolt 3a.LJ:aqw 

aHaJIH3a I-l,[(C. 

ITpH '3a,ll;aHHhiX IIJiaCTWieCKMX. .LJ:e¢opMaiJ,H51X e p ' e pv l-I,[(C KOHCTpYKf~HH 

OIIHCbiBaeTCH CHCTeMOH ypaBHeHHH 

(As]S+[Av]S,.=F, [Avf D=epv• 

[D]S -[As f u = [Aos f Do- 8o -e P. 
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HJUf 

H BCKTOpbi YCIDUfM 

lUUf 

3,n:ecb 

S v = [ K v ] -1 [A v ] T { K] - 1 F ~ - [ K v ] -1 8 pv = [ H v ] T F ~ - [ K v ] -1 8 pv , 

-1 { T ]T } [ ]-1 S=[D] [As] D+[Aos Do-D ep 

S v = [ H v ] T F + [ H v] T (As ] [ D] -
1 

{ 8 P + 8 o - ( Aos ] T Do} - [ K v ] -
1 8 pv , 

S = [a.]F +[G]{e P +8 0 -[Aosf Do} +[Gv ]e pv. 

[H] =[P][As ](Dr1 = [a.f, 

[Hv]=[Kr1[Av] [Kvr1
; 

[G] =[Dr1[As f(p](A1 ](Dt -(Dr1
, 

(Gv ]=(Dt(Asf(Kt(Av ][Kv t · 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

0cTaTO'IHble ycrunrn H rrepeMClUCHHSI OIIHCbiBaiOTCH CJie,n:yrorn:e:ti: CHCTCMOM ypaBHCHHM 

(As]S,. +[Av]Srv =0, 

(D]S,. - (A.dT D,. =-8P, (Avf D,. =8pv· 

PernaH 3TY cncTeMY, IIOJIYIIaeM 

Dr =[H]e P +[Hv ]e pv, 

S,. =[G]e P + [Gv ]e pv, 

S,.v =[H v([As ](Dr1 8 p- [K v rl 8 pv. 

(59) 

(60) 

(62) 

OcTaTOl!Hhle rrepeMem:eHHH n ycHJIHH J,n:ech o,n:HoJHal!Ho Bhrpa)KaJOTCH qepe3 

mracTHl!ecKHe ,n:eQ:>opMarrnn. B 3THX JanncnMocnrx yqHThiBaiOTCH IIJiaCTHl!ecKHe 

,n:eQ:>opMaiiHH B IIOBepXHOCTHX pa3,[1eJia KOHel!HhiX 3JICMCHTOH. 3T.HM Bhipa)l{eHHH (60) H 

(61) OTJIWiaiOTCH OT rrpe,n:cTaBJieHHbiX B [3] Bbipa)l{eHHII OCTaTOqJibiX YCHJIMlf H 

rrepeMerrreHn:ti:, me yqHTNBaiOTCH JIHllih wracTHl!ecKHe ,n:e¢op:\mrrnn mryrpn 3JieMeHTOB. 
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3aBMCMMOCTM (51)-(56) M (60)-(62) Il03BOJUIIOT onpe~eJIMTb YCMJIIDI M IICpeMelll;eHIDI 

KOHCTPYJ<U:MM OT pa3HbiX BHCIIIHMX B03~ei1:cTBMM, B KaqeCTBC KOTOpbiX MOryr 6biTb M 

ITJiaCTWICCKMC ~ecpopMaiJ,MM. 0~HaKO OHH MOryr 6biTb IlpHMCHCHbl JIHIIIb B TCX CJryqaffi(, 

KOr~a ITJiaCTWICCKMC ~ecpopMaiJ.HH H'3BCCTHbi MJIM MOryr 6biTb onpe~eJICHhl peiiiCHMCM 

OT~CJibHOII 3a~aqu KaK, HaiipHMep, B cnyqae JIHHCMHbiX yCJIOBHii TCKyqeCTH (CM. HH)KC). 

Tor)J.a MX npwMenenwe nenecoo6pa3no. 

BapUGl(UOHHbte nocmanoeKu. PeiiienMe npHMofr nocTaHOBKM 3a~aqw ( 49) :JaTPYJ(Heno 

w3-3a 60Jibiiioro qwcna neH3BCCTHhlX 11 ypaBHCHH:it, a TaK)Ke npMCyTCTBIDI nepaBeHcTB. Ha 

OCHOBC BapHaiJ.HOHHOfO IIpMHIJ.Hna 0 MHHMMYMC IIOJIHOM ~OnOJIHHTCJibHOM ::meprHH H 

MCTO~a MHO)KMTCJICM flarpaH:>Ka CTPOMTCH ~BOIICTBCJIHaH napa ~HCKpeTHbiX paBHOBCCHbiX 

MaTeMaTWICCKMX Mo~ene:H: 3a~aqw onpe~e;reHIDI CYMMapnhiX ycwnwit H nepeMeu~enwH:. 

CTaTWiecKaH nocTaHOBKa 3a~aqw -

1 T[ ] T T[ ]T . 
2s D S + S 8 0 -S Aos u 0 ~mm 

npw ycJIOBHID( (63) 

f0 (S 0 )-f(S)~o. 

Ona no3BOJIHCT onpe~eJIMTb BCKTOpbl ycMJIHM s H s v ' MeTO~OM MHO)KMTCJICII narpaH:>Ka 

ona npeo6pa3yeTCH B 3a~aqy onpe~eneniDI ce~JIOBO:it ToqKM <PYHKIJ.Honana 

ITR = _!_Sr(D)S + ST E>o- ST[Aosf Uo +A. T {f(S)-fo(So)} +A.qf v(Sv )-fov(So)}+ 
2 

uT{F-[As]S-[Av]Sv}; A.~O. "-v~O. 

YcnoBHe cTau.wonapnocTH 3Toro ¢YHKIJ.HOHana no BCCM nepeMeHHhiM npe~cTaBJIHeT 

CHCTCMY ypaBHCHHM ( 49). flpHHHMaH, '"ITO YCJIOBHC CTaiJ.HOHapHOCTH no nepeMCHHbiM S 

H S v BbiiiOJIHHCTCH B KaqecTBC npe~BapMTCJibHOfO ycJIOBIDI, nonyqaeTCH MaTeMaTWJCCKaH 

MO~CJib KMHCMaTWICCKOM IIOCTaHOBKM 3a~aqw: 

npH ycJIOBHID( 

[D]S + [f(s)f A.- [Asf u=[Aosf uo- E>o, 

[f~.(Sv)f"-v-[Avfu=O, A.~O, "-v~O . 
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HeH3BCCTHhiMH B Hell SIB.illliOTCSI BCKTOpbi yciDIHH S H S v , BCKTOpbl IIJiaCTHqecKHX 

MHO)I{lffeJielt A. A v H BeKTop rrepeMeiiJ,eHHH u. 

,}J,BoiicTBCHHaSI napa paBHOBCCHhiX MaTeMaT~eCKHX MO)J,eJieH 3a)J,aqH pacqeTa 

OCTaToqHhiX YCHJIHJI H rrepeMCIIJ,CHHH HMCeT TaKOll BH)J,: 

a) CTaT~eCKaSI ITOCTaHOBKa -

.!.s[[ D]S,. ~min 
2 

ITpH ycJIOBHSIX (65) 

fo(So)-f(Se +8,.)20, fov(So)-fv(Sev +Srv)20, [As]S,. +[Av]Srv =0; 

6) KHHeMaT~eCKaSI ITOCTaHOBKa -

ITpH ycJIOBHSIX 

-±sflD]S,. -AT[f(Se +S,.)]s,. -Aqfv(Sev +S,.v)]srv + 

+AT {r(se +S,.)- f0 (S 0 )} +A~ {t'v(Sev +Sn.)- fov(So)} ~ max 

(D)S,. + [J(Se+S,.)r A- [Ast u,. =0, 

[!v(Sev +Sn.)r Av- [Av( u,. = 0, Av 20. 

B c~ae JIHHeHHhiX ycJioBHn Te~ecTH 

(66) 

(67) 

KHHCMaT~eCKHe ITOCTaHOBKH 3aJJ,aq MO}I(HO 3HaqJfl'eJibHO yrrpOCTifl'b. Bo-nepBbiX, 

HCITOJih3YSI reoMeTp~CCKHe ypaBHeHHSI, MO)l{IIO HCKJIIOqHTh YCHJIH.SI 

-1 { T T } S,. =(D) [As] u,. -(cv) A . 

Tor.na rroJiyqaeTcH 1a.naqa 

-±unKJu,.- ±A T[<t>)[Dt (cvf' A-u'[ [As] (Dr1(cvf A + 

+AT {[cv)Se -(p)So} +A~ {[cvv]sn. -[Pv]So} ~max, 

(68) 

rrpH ycJioBHSIX (69) 

[cvv(Av-[Av(u,.=O, A20, Av20 . 
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KpoMe Toro Moryr 6biTh HCKJIK)'ICHhi mmeil:Ho 3aBHCHMhie nepeMeu~enmJ. ,[{JHI :noro 

IIpC.ll,BapHTCJiblfO HC06XO)l,HMO OllpC)(CJIIITh pemetme ypaimCHl111 COBMCCTHOCTH 

rrepeMCU(CIIHti MC){()(y 3JICMCIITi::lMH B IHI)(C: 

wm (70) 

3JJ,CCb 

[ A,2 f' - 6a·mcHa5I MaTpm~a fCOMCTpl14CCKl1X ypaBHCHHii KOHClJHhlX 3JICMCJITOB, 

OTllC'lalOJI(a5I 6a·mcy U r2 HJ!l1 U 2 ; [I']- MaTpHUa npeo6pa·~oBaHHH, orrpe)~CJIHIOIU:aH CBH'3h 

ur =[r]u, me 

HanpHMCp, 1a;(a4a (66) C y<ICT0\1 (68) H (70) npco6pa'3YCTCH K CJIC,JJ,YIOJHcti la)(a'IC 

KBa)l,paTH'IHOro nporpaMMHpOBi::lliH5I: 

1 T[ 1 T[ 1 T l T [ T T -lurl il 11 ]url-lA. <t>l]A.-lA.,[D, A.,- Drl Du,.]A..,+A.,.[DA.]A.+urt[n,A.]A.+ 
(71) 

+ A. 1 
{[ <l>] S (' - [ p] S 0 } + A.~ {[ <1> ., ] S ('>' - [ p v ] So } ~ max , 

A.:::: 0, Av ::0:0. 

[ <1> 1 j = [ CIJ}[Dt [ <t>f' , [D., j = [(D.,]( Lf [K}[ LJ [(D v ( , 

[nu ]=[L1 ([K}[Lt ], [Du.-]=[Lt ([K](Lj[(tJ., f, 
[nA.]=[<t>.,j[L)T (As)[D)-I (<t>)1 , (n 11 A. j =(l.t)T [ As)[D]' 1 [<D)T. 

Bo-nTophiX, orn«MaJibHhie pemcH«5I m.ualJ (64), (66) y,JJ,OBJieTnopsrKrr He TOJihKo 

fCOMCTJJI1'ICCKI1M ypaBIWBAAM, HO l1 ypaBHCliAAM paBHOBCCMH. no::rroMy ypaBIICHHSI 

panuoBeciDI ·~apance MO)!(}IO npwcoe)\MIIMTh K orpaHwreHMHM :JTHX m;(a'L Toma, 

MCHOJih'3YH pCUICinfC CMCTCMbi ypaBIICIIMii (50) l1Jil1 (59), H'3 'IMCJJa IICH'HICCTHh!X 1\10)[(110 

MCKJ!K)1H1Th BCC ycHJ!l15! l1 IICpCMCli~CIIHH. Hcw·meCTIIbiMH OCTaiOTOI TOJibKO orpal!Yl'!Cilllh!C 

l!O llli:IKY IIJli::lCTHlfCCKMC MHO)!(YITCJnl l1 la)(a'la (66) CBO)(MTCSI K 'la)(a'IC OC'lYCJIOBIIOii 

Mi:IKCI1Ml1lal(HW 

A. 2 0 , A. ,. 2: 0 . (72) 
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3,ll,CCb 

HeH3BCCTHhiMH B :noll: 3a,ll,aqe HBJUIIOTCH JIHIIIh IIJiaCT:HqCCKHe MHO)KJITCJIH. Tio::noMY 

OThlCKaHHC ee pCIIICHHH ITPOiliC. 

AHaJIOfJilqHhlM o6pa30M MO)I(CT 6hlTb ITpeo6pa30BaHa H MaTCMaT:HqCCKaH MO,ll,CJib (64). 

0,ll,HaKo ITpH 3TOM ITo.rryqaeTcH 6oJiee cJio)I(HaH ITO cpaBHCHHIO c (72) 3a,ll,alJa. Tio3TOMY ,ll,llil 

oiTpe,ll,eJieHHH IIJiaCTJilqCCKHX MHO)I(lffeJie:H ueJiecoo6pa'3HO peiiiHTh '3a,ll,aqy (72). Toma 

ITJiaCTJilqCCKHC ,ll,CcpOpMai!HH 

T e pv =[<l>v] "-v· 

A ,ll,llil pacqeTa ycHJIHH H ITepeMemenHH: ueJiecoo6pa3HO ITpHMCHHTh 3aBHCHMOCTH (51)

(56) HJIH (60)-(62). TaKo:H aJiropHTM perneH:HH '3a,ll,alJH an:aJIH'3a I-UJ:C yrrpyroiiJiaCT:HqeCKOH 

KOHCTpYKIIHH IIpOiliC ITO cpaBHCHHIO C IIpHMhlM peiiiCHHCM ,ll,BOHCTBCHHOII ITaphl '3a,ll,alJ 

(63), (64) HJIH ITapbi (65), (66). Bo3MO)I(HOCTh ITOCTpOCHHH MaTCMaTJilqCCKOH MO,ll,CJIH (72) 

ITOHBJUICTCH JIHIIIb B TOM c.rryqae, KOf,ll,a ypaBHCHHH paBHOBCCHH H fCOMCTpJiqCCKHC 

ypaBHCHAA CTpOHTCH C C06JIIO,ll,CHHCM ,ll,BOHCTBCHHhlX CBH3CH. 3TO ITOKa'3biBaeT, ~0 

cpOpM)'JIHpOBKa 3a,ll,alJ aHaJIH3a yrrpyroiiJiaCTJilqCCKHX KOHCTpYKIIHH C C06JIIO,ll,CHHCM 

,ll,BOHCTBCHHhlX CBH3CH IT03BOJUICT yrrpoCTHTb aJiropHTM peiiiCHHH 3THX 3a,ll,alJ. 

4. Y'leT pa3pbiBOB o 3a.uaqax auaJIH3a H,II,C npu nooTopubiX uarpy)l(eHHBX 

B pa6oTax [2, 3] H .upyrHX ITPHBC,ll,CHhl ,ll,BOHCTBCHHhle MaTeMaTJilqCCKHe MO,ll,CJIH '3a_uaq 

aHaJIH3a H OIITHMH'3a!IHH yrrpyroiiJiaCTJilqCCKHX KOHCTpYKIIHH, B TOM lJHCJIC IUiaCTHHOK, 

ITPH ITOBTopno-ITepeMeHHhlX narp~eHHHX. O.unaKo B0'3MO)I(HOCTh o6pa3oBaH:HH pa3phlBOB 

ITOJICH ITCpCMCiliCHHH H JIHHCHHhlX IIJiaCTJilqCCIGIX rnapHHpOB (JIHHHH pa3pyrneH:HH) B HHX 

ne YlJHThmaeTcH. BhiiiiCH3JIO)I(CHHaH MCTO,ll,HKa IT03BOJUICT 3TO c_ueJiaTh. YtJeT B0'3MO)I(HhiX 

pa3phlBOB ITepeMCiliCHHH B ,ll,BOHCTBCHHhlX MaTCMaT:HqCCKHX MO,ll,CJIHX '3a,ll,alJ aHaJIH3a H 

OIITHMH3a!IHH ITpH ITOBTOpHhlX Harp~CHHHX HH)I(C HJIJIIOCTpHpyeTCH Ha ITpHMepe Ja,ll,alJH 

an:aJIH3a ocTaTolJHhlX ycHJIHH. 

CTaTWieCKaH ITOCTaHOBKa 3a,ll,atJH: 

ITpH YCJIOBHHX (73) 

fo{So)-r(s,. +Se;,max) 2 0, fov(So) -fv(S,.v +Sevr.max) 2 0, 

fo{So)-r(s,. +Se1,min)20, fov(So)-rv(srv +SevJ.min)20, 

[As)S,.+[Av)S,.v=O: j=L2 ..... p. 
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3)J.eC:b S ej ,max, S ej,min - BeKTOpDI 3a)J,aHHDIX 3KCTpeMaJThHDIX ycJ.IJIJfi:i:, COOTBeTCTBYJOJ.UHC j -

:H: nape cHMMeTpWIHDIX BepiiiHH ro)J.orpa<Pa yrrpyrn:x ycJ.IJIJfi:i: [3]: p- 'IHCJIO nap 

CHMMCTpWIHDIX BepiiiHH 3TOfO fO)J.Orpa<Pa. 

KJrneMaTWieCKaH nocTaHOBKa 3a)J.a'lll HMeeT TaKOH BJ.f)J.: 

-±snn]s,-~J. Imax [t(s, +Sej,max)]s, - ~J. Imin [t(s, +Sej,min)]s,-
J J 

- ~J.~,max[fv(s,v +Se~,max)]srv- LJ.~,min[fv(s,v +Se~,mm)]srv + 
J J 

+ ~ J. Imax {r(s, +Sej,max}- fo(So)}+ ~ J. Imin {r(s, +Sej,min}- fo(So)}+ 
--+max 

J J 

+ ~ J.~,max {rv(srv +Se~,max}- fov(So)} + ~ J. ~,min {rv(srv +Se~,min}- fov(So)} 
J J 

rrpH YCJIOBIDIX (74) 

[D]s, + ~[t(s, +Sej,max )r J. 1,max + ~[t(s, +Sej,min )r J. ;,min- [As f u, = o, 
J J 

~[!v(s,v +SeiJ',max)r J.IJ',max + ~[!v(s,v +SeiJ',mm)r J.IJ',min- [Av f u, = o, 
J J 

}. j,max ~ 0, }. j,min ~ 0, J.~,max ~ 0, J.lj,min ~0; j = 1,2, ... ,p. 

"'leTBepTDIH H IIHTDIH lJJICHDI WYHKUHH :u;eJIH 3TOH 3a)J,a'lll BDipa:>KaiOT 3HeprHIO )J.HCCHIIa:u;HH 

B nOBCXHOCTIDC pa3pDIBa nepeMern;emrn. BTOpoe ypaBHeHHe B orpaHWieHIDJX 3a)J.a'lll 

rrpe)J.CTaBJUieT co6oii: reoMeTpJNCCKHe ypaBHCHHH noBepXHOCTCH pa3)J,eJia KOHelffiDIX 

3JICMCHTOB. EcJIH IIJiacTWieCKHe .D.e<PopMa:u;HH B HHX OTCyTCTBYJOT, TO OHH BDipa:>KaiOT 

Tpe6oBaHHe HenpepDIBHOCTH nepeMern;eHHii. 

5. 3aKJIIO'IeHHe 

,Zl;.Jm KOHClffi03JieMeHTHDIX MO)J.eJieH yrrpyroiiJiaCTWieCKHX KOHCTp}'KIUIH rrpe)J.CTaBJICHDI 

.D.Boil:cTBeHHDie napDI o6IIJ;HX MareMaTWiecKHX MO)J.eJieil: 3a)J.alJ aHaJIH3a CYMMapHDIX, a 

TaiOKe OCTaTO'IHDIX ycHJIHil: H nepeMern;eHHii rrpH pa3HDIX BJ.f)J.ax Harpyxemrn. B HHX 

rrpe)J.nOJiaraeTCH B03MO)I{}{OCT:b pa3pDIBOB noJieil: nepeMern;eHHH H YlJHTDIBaeTCH 

)J.HCCHIIa:u;HH 3HeprHH B MeCTaX 3THX pa3pDIBOB. Ha OCHOBe annpOKCHMaiJ;HH noJieil: 

ycJ.IJIJfi:i: HJIH HanpiDKeHHii pa3pa6oTaHDI )J.HCKpeTHI:ile BDipaJKeHHH ypaBHeHHii: paBHOBCCHH, 

reoMeTpWiecKHX ypaBHeHHii H ycJioBHii TeKyqeCTH. IloKa3aHo, 'ITO )J.JIH )J.HCKpeTH3a:u;HH 

YCJIOBHH TeKyqeCTH MOTyT npHMCHHThCH KJiaCCWICCKHe MCTO)J.DI KOJIJIOKa:u:Hii: TOlJClffiaH 

KOJIJIOKa:u;HH, KOJIJIOKa:u;HH B no)J.06JiaCTH H MeTO)J. Ey6HOBa-faJiepKHHa. IlocJie)J.HHH H3 
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HHX IIpHBOAUT K HaH.JIYtillle:fi annpOKCHMaUHK ycJIOBHit TelcyliCCTII H IIJiaCTWICCKHX 

AC<l>opMal(Hit, a 3aOAHO H AHCCHIIaTHBHOH ::mepnrn. Pa3pa6onma 06Il(aH AJ1H 

fCOMCTPJfliCCIQ[ JIHHCihJniX JaAaq ynpyroiiJiaCTWICCKHX KOHCTPy:KI.UI:fi MCTOAHKa 

AHCKpCTII3aUlfil ypaBHCHHit paBHOBCCHH H ycJIOBHit TCicyliCCTII. 

IlOCTPOCHa IIOJIHaH CHCTeMa ypaBHCHHit H ABOHCTBeHHhle rraphl AHCKpCTHhiX 

paBHOBCCHhiX MaTeMaTWieCKHX MOACJICH CTaT~CCKOH H KHHCMaT~CCKOH IIOCTaHOBIQ[ 

3aAaq aHaJIH3a rrapaMCTpOB H.LJ:C. ,[(Jm HX IIOCTpOCHHH IIpHMCIDIIOTCH paBHOBCCHhle 

KOHeqnJlle 3JieMeHThl H MCTOA MHO}I{J{"reJICH JlarpaiDKa. MaTeMaTWiecme MOACJIH 

o6ecrretnmaiOT nerrpephiBHOCTh rroJie:fi rrepeMell(eHHit B rex MeCTax pa3AeJia KoneqnniX 

3JieMeHTOB, rAe IIJiacTWiecme Ae<l>opMaUHK H Tpell(HHH OTCYTCTB)'IOT. IloKaJaHo, 1ffO 

<l>oPMYJIHPOBKa 3aAaq aHaJIH3a ynpyroiiJiaCTWICCKHX KOHCTpYKI(Hit C C06JIIOACHHeM 

ABOHCTBCHHhiX CBH3e:fi II03BOJIHCT yrrpOCTIITI> anropHTM perneHHH 3THX 3aAaq. 

IlpoHJIJIIOCTpHJ>OBaH TaiOKe yqeT pa3phiBOB rroneii: rrepeMemen:mt B JaAaqax aHaJIH3a H.D:C 

IIpH IIOBTOpHhiX Harp)'}KCHHHX. 

IlOCTpOCHHhle paBHOBeCHhle MaTeMaTWICCKHe MOACJIH 3aAaq II03BOIDIIOT OIIpCAC.JIJITb 

BepXHHC 3HaqeHHH rrapaMeTpOB H.LJ:C KOHCTpYKI(Hit. XOTH HCCJICAOBaHHH KaCaiOTCH 

TOHKOCTCHHhiX KOHCTpYKI(Hit, OAHaKO HX AHCKpCTHhiC MaTeMaTWICCKHe MOACJIH 06Il(He H 

pacrrpoCTpaHHIOTCH KaK Ha crep:>KHeBHe cHcreMH, TaK H Ha TpeXMepHHe Tena. 
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TAMPRilJ-PLASTISKQ KONSTRUKCUl) SU TRUKIOMIS POSLINKil) FUNKCUOMIS 

ANALIZES UZDAVINil) DUALUS MATEMATINIAI MODELIAI 

S. Kalanta 

Santrauka 

Nagrinejami idealiai tampriq-plastiSkq konstrukcijq, veikiamq ivairiq iSoriniq poveikiq (apkrova, 

iSankstinis deformavimas, atramq sedimas ), itempto-deformuoto biivio analizes uzdaviniai. Remiantis 

ekstreminiais energetiniais principais ir dualumo teorija sudaryti bendri ir diskretiniai dualiis siq uzdaviniq 

matematiniai modeliai. Jq naujumas - ivertinami galimi poslinkiq funkcijq triikiai ir energijos disipacija 

plastiniuose pavirsiuose tarp baigtiniq elementq. Pagrindiniq priklausomybiq (statikos ir geometriniq lygciq, 

takumo S!llygq) diskretines iSraiSkos ir diskretiniai matematiniai modeliai sudaryti panaudojant pusiausvirq 

baigtiniq elementq metod~! ir yra pusiausviriis. Jie leidzia nustatyti ir~ (itempimq) ir poslinkiq virsutines 

reikSmes. Parodyta, kad iS visq klasikiniq kolokacijos metodq, kurie gall biiti naudojami takumo Sl!lygq 

diskretizacijai, tiksliausiai plastines deformacijos ir energijos disipacija modeliuojamos diskretizuojant 

takumo Sl!lygas Bubnovo-Galiorkino metodu. 

DUAL MATHEMATICAL MODELS OF ELASTOPLASTIC STRUCTURES ANALYSIS 

PROBLEM ESTIMATING DISCONTINUITY OF DISPLACEMENTS 

S. Kalanta 

Summary 

A problem of ideal elastoplastic structures stress-strain field determination is considered in the article. 

The general dual mathematical models (static and kinematic formulation) of analysis problem is derived on 

the basis of the extremal energy principles and theory of duality. The different external effects are estimated, 
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namely: load, initial strains, prestressing and support settlements. At first, on the basis of the complementary 

energy principle the mathematical model of static formulation of the problem is made. The kinematic 

formulation of the problem is obtained on the basis of Lagrange's multipliers method; this corresponds to 

the minimum total energy principle for a kinematically admissible displacements. In these mathematical 

models the possible discontinuity of displacements and the dissipation of energy in the place of those 

discontinuities are estimated what was not done in the previous publications. 

The discrete expressions of fundamental relationships (equilibrium and geometric equations, yield 

conditions) and a dual pair of discrete equilibrium mathematical models are obtained on the basis of general 

static formulation of the problem using equilibrium finite elements. They permit to determine the upper 

meanings of the stress and displacements of structures. In the article it has been shown, that the 

approximation of yield conditions by Bubnov-Galiorkin's collocation method gives the more accurate 

results. 
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