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STATYBA, 1995, Nr. 1 (1) 

Statybine mechanika 

,I.J:MCTOPCMR B CTPOMTEJibHOH MEXAHMKE 

10.10. ATKO'IIOH&C 

1. Bse.r.eHHe 

MeTO,nWieci<Me rroJioxemm o pacqeTe ycHJm:ii:, ,ne<f:>opMal.Ufii: H rrepeMem;eHHii 

yrrpymx KOHCTPYKIJlfii llpH Ja,ll;aHHhiX Harpy3KaX F H pa3HhiX BHeiiiHHX B03,neii:CTBIDIX 

( 3a_naqa aHaJIH3a) B CTPOHTeJThHOH MeXaHHKe XOpOIIIO H3BeCTHhl ( 1]. ,[(HCTOpCIDI q - 3TO 

,ne<f:>opMaUIDI, B036yx,naeMaH ¢>aKTopaMH, He CBH3aHHhiMH C peryJIHpHhiM reoMeTPWieCI<M 

COBMeCTHhiM _ne¢>opMHpOBaHHeM KOHCTPYKI.UfH· 0Ha MOXeT 6hiTb o6ycJIOBJieHa pa3HhiMH 

llpl{qi{HaMH: H3MeHeHIDIMH TeMIIepaTYPhi t , oca,nKOH OIIOp Uc, rrpe,nBapHTeJThHhiM 

HarrpHXeHHeM, _ne¢>eKTaMH H3fOTOBJieHIDI (IIJiaCTWieCI<Me ,ne<f:>opMaUHH 8p - CBOero 

po_na llpHMep ,nHCTOpCHH) (2-4]. IJOHHTHe ,nHCTOpCHH MO)I{eT BhiCTYJI1ITb CBH3YJOlll;HM 

3BeHOM KaK B rrpe,neJiaX yrrpyroro pacqeTa CHCTeMhi IIpH pa3HhiX BH,naX B03,neii:CTBHH, TaK 

H ,nJIH yrrpyroii: H yrrpyroiiJiaCTWieCKOH CTa,nHii: pa60Thl CaMOH KOHCTPYKI.UfH· ITOHBJIHeTCH 

B03MOXHOCTb IIOCTPOeHIDI e,nHHOH (IIOJIHOH) MaTPifqHOH CHCTeMhi ypaBHeHHH peiiieHIDI 

Ja,ll;aqH aHaJIH3a yrrpymx H yrrpyroiiJiacTWiecKHX CTPOHTeJibHhiX KOHCTPYKIJlfii rrpH 

3a,naHHhiX BHeiiiHHX Harpy3Kax F H B03,neii:CTBIDIX q ( .ne<f:>opMaUIDIX ep ). B HaCTOHm;e:H 

pa6oTe e,nHHaH CHCTeMa ypaBHeHHH IIO~eHa H Ha OCHOBe 3KCTPeMaJThHhiX 

3HepreTWieCKHX IIpHHIUf.IIOB (4-7] . I1pHBO,nHTCH He CBH3aHHhle C KOHKpeTHhiM MeTO,nOM 

,nHCKpeTH3aUHH MaTeMaTWieCI<Me MO,neJIH 3KCTPeMaJThHhiX 3a_naq aHaJIH3a, B TOM qi{CJie H 

rrpHcrroco6llillOm;HXcH KOHCTPYKUHii rrpH HaJII{qi{H ,nHcTopcHH ( .nJIH K03<l><t>HI.UfeHTa 

Jarraca rro rrpHcrroco6JIHeMocTH 6JIH3Koro K 1). ITpH aJiropHTMHJaUHH peiiieHIDI 

yrroMHHYTOH e,nHHOH CHCTeMhi ypaBHeHHH MOfYT HCIIOJib30BaThCH pa3Hhle MeTO,nhi: MeTO,n 

KOHe~hiX pa3HOCTeii:, MeTo,n paBHOBeCHhiX KOHeqHhiX 3JieMeHTOB (MK3; OCHOBHhle 

HeHJBeCTHhle - ycHJIIDI; y,noBJieTBopHJOTCH ypaBHeHIDI paBHOBeciDI) [8-13]. 3,necb 

B03MOXHO HCIIOJib30BaHHe XOpOIIIO pa3pa6oTaHHhiX rrpoue,nyp ¢>opMHpOBaHIDI MaTPHU 

xecTKOCTH H rro,naTJIHBOCTH paBHOBeCHhiX 3JieMeHToB. Tor,na rroHBJIHeTcH - H 3TO BaXHoe 

KaqecTBo ,nHCTOpCHH B03MOXHOCTb HCIIOJib30BaHIDI IIO~eHHhiX "yrrpymx" 

3JieMeHTHhiX MaTPHU ,nJIH aHaJIH3a KOHCTPYKUHH H B ee IIJiaCTWieCKOH CTa,nHH pa60Thi. 
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IlpHBe.n;eM HecKOJibKO o6IIU~X 3aMeqamrn o MaTepHaJie HacTom.u;e:H cTaThH. B 

HaiiieH pa60Te ( 5], HMeiOrn;e:H rrpmme OTHOIIIeHHe TOJibKO K TeOpHH pacqeTa Jf,l:(eaJibHO 

ynpyroiiJiaCTM:qeCKHX CHCTeM rrpH IIOBTOpHhiX Harp)'}KeHIDIX, IIOIIYTIIO BhiCKa3aHa H 

o6rn;aSI H,neSI 0 B03MO>KHOCTH rrpHMeHeHHSI .ll;HCTOpCHH B C'TpOHTeJibHOH MeXaHHKe (6e3 

a.JI.JII03HH Ha .neTaJibHhle arrropHTMH KOHKpeTHhiX MeTo,noB ,nHcKpeTH3aiUfil). B Hacmm.u;e:H 

pa6oTe Ha OCHOBe 3KC'l'peMaJibHhiX 3HepreTM:qCCKHX rrpHHI.UrnOB H ,I:\CJiaeTCSI 

OIIpe,I:\eJieHHaSI IIOIIhiTKa .ll;aJibHCHruero pa3BHTHSI pa60T (14-16]. IlpH 3TOM Ba:>KHbiM 

06CTOSITeJihCTBOM SIBJUieTCSI TO, qm B KaqecTBe OCHOBHhiX HCH3BeCTHhiX rrpH HaJII{qHH 

,ll;HCTOpCHH rrpHBJieKaiOTCSI, KaK rrpaBHJIO, He Cy-MMapHble YCHJIHSI, ,neQ:>opMaiUfil H 

rrepeMern;eHHSI, a CaMOypaBHOBeiiieHHble (B TOM qi{CJie H OCTaTOlJHble) COCTaBlliiiOrn;He 

HarrpiDKCHHo-,ne<t>opMHpOBaHHOro COCTOSIHHSI (H.lJ:C) KOHC'l'pYKJ.I;HH. TOJibKO B 3TOM 

cnyqae Herrocpe,ncTBeHHO MO>KHO yqecTh cyrn:ecTByrorn;He B KOHCTPYKIJ;HH IIJiaCTM:qecme 

,neQ:>opMaiUm KaK e,nHHCTBeHHbiH <l>aKTop BHeiiiHHX B03,ll;eHCTBHH. 3m CTaHOBIITCSI 

oqeBH.n;HhiM rrpH aHaJIH3e MHHHMaJibHoro rrpHHwrna Ko:Hrepa .ll;JISI cy-MMapHhiX 

HarrpiDKCHHH [6]. IlpH IIO.ll;CTaHOBKe 3a,ll;aHHhiX IIJiaCTM:qeCKHX ,neQ:>opMal.l)lli B 

OTBeqarorn;He 3TOMY rrpHHwrny MaTeMaTM:qeCKHe BbipaXeHHSI rronyqaeTCSI MHHHMaJibHhiH 

rrpHHI.Urn Ko:Hrepa .ll;JISI ocTaTOlJHhiX HarrpiDKeHHH:, He 'l'pe6yrorn:HH YKa3aHHH KOHKpeTHhiX 

rrpl{qi{H B03HHKHOBeHHSI IIJiaCTM:qeCKHX ,neQ:>opMal.l)lli [6]. IlOC'l'pOeHHe 3a,naq pacqeTa 

H.D:C B repMHHax oCTaTOlJHhiX ero cocTaBlliiiOliUfX 3HaqHTeJibHO o6nerqaeT pa3pa6oTKY 

ruaroBhiX MeTO,ll;OB aHaJIH3a ynpyroiiJiaCTM:qCCKHX KOHC'l'pyKI.J)lli ( 17]. 

2. E.In1H&H cacTeMa MaTpH'IIIbiX ypaBHCHHH 

H.lJ:C ynpyro:H KOHC'l'pYKIJ;HH aHaJIH3HpyeTCSI perneHHeM H3BeCTHOH CHCTeMbl 

ypaBHeHHH ('Tpa,ll;~OHHO B C'TpOHTeJibHOH MexaHHKe OHa IIpHBO,l\HTCSI .ll;JISI .ll;HCKpCTHOH 

MO,ll;eJIH B n;eJIOM): 

(A)Sef = F, (1) 

(Af Uef =8ef• (2) 

Bef =(D]Sef· (3) 

McKOMbiMH J,necb BhiCTYIIaiOT n -MepHhle BeKTOpbl ycHJIHH: S ef, .neQ:>opMal.l)lli e ef H 

m - MepHhiH ooKTop rrepeMern;eHHH: Uef ynpyroro pacqeTa (cTerreHh CTaTM:qeCKOH 

Heorrpe,neJIHMOCTH ko = n - m; HH,neKC e OTHOCHTCSI K a6COJIIOTHO ynpyrOH CHCTeMe, a 

f YKa3biBaeT Ha TO, qm COCTaBlliiiOrn;He H.lJ:C paCCqM:TaHI>l OT BHCIIIHeH Harpy3KH F). 

3,necb [A] - m X n - MepHaSI Ma'l'pHn;a K03WWHn;HeHTOB ypaBHeHHH paBHOBeCHSI, 

[D] - KBa3H,nHaroHaJibHaSI Ma'l'pHU:a IIO,ll;aTJIHBOCTH. PerneHHe CHCTeMbl (1)-(3) 

rrpe,nCTaBJISieTCSI BblpaxeHHSIMH: 
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( 
1 r -J 

u,I ·· [AJ[nr [A]) "''[fl]F, (4) 

S,I = [ nr1f A(([ A)[ nr1f A(f
1 
F = [rljfo'. (5) 

I '/' ]j(CCh 1111 ) c.c [AJI/)r [A] - MaTpMJJa .IKCCTKOCTI-f KOJICTpyKill-fl-f (B MCTO)(C KOIIC 1Uli:.IX 

')JICMCIITOII Olla Tpaj(l-fll.l-fOIIIIO Ofi<nJia•taCTCH 'ICpC'l lkj), 111] 1-f lrll - MaTpl-f!lf>l BJIJ-fHIII-fH OT 

F. vh ypaBIICIIJ-fH paBJIOBCCH~ 

(6) 

OIIPCJ(CJI~IOTCSI OIIOpllhiC pcaKHHH Ref 

(7) 

YpaBIICll~ COBMCCTIIOCTJ-f [B)(~) ef = 0 )J)IH )~CQX>pMaU,HH 8 ef TIOJIY'IaiOTCH H3 

fCOMCT{)H'ICCKHX ypaBHCHHfi (2) HCKJII04CHHCM H3 HHX nepCMClUCHHfi Uej · 3.llCCb 

MaTpHUa (B]=[[A"(((A'(r\ -[11] 3aBHCHT TOJihKO OT fCOMCTpHH KOHCTpYJUUm H 

)J,CfiCTBHTCJlbHa )J.JlH ynpyrofi H ynpyrOIIJiaCTH4CCKOfi CTa)J,Hfi CC pa60Till (B paMKaX 

npHHHMaCMbiX )J.JlH H)J,CaJibHOfi IIJiaCTWIHOCTH fCOMCT{)H4CCKHX .llOIIYliiCHHH). llpH 3TOM 

CliHTaeTCH, liTO )J,JlH llO)J,MaT{)HUbl [A,] CYliiCCTBYCT [A, r 1 . )J,e¢opMal{HH 3JICMCHTOB 

KOHCTPYKUHH, SIBIDIIOlUHCCH COCTaBJI.SOOII{HMH BCKTopa q, JliDl KOTOporo [B]q :t:O , B 

HaCTOHII(Cfi pa60TC H OTHOCHTCH K IIOHHTHIO )J,HCTOpCHH. ilOHHTHC )J,HCTOpCHH HC 

HBJffiCTCH CT{)OfO perJiaMCHTHpOBaHHhlM (ITO)), )J,HCTOpCHCH MOJKIIO IlOHHMaTh HC TOJlbKO 

JJ.C¢opMaUHH KaK TaKOBbiC, HO, H HaiipHMCp, 3a)J,aHHiliC IICpCMClUCH~ HJlH OCa)J,KH 

orrop; B03MOXCH H T{)a)J,HUHOHHiliH - CMCIIIaHHbiH IIO)J,XOJJ.). B HaCTOHlUCH pa60TC C 

UCJibiO IIOCT{)OCH~ C)J,HHOH MaT{)HIJHOH CHCTCMbl ypaBHCHHfi peiiiCH~ 3a)J,aliH aHaJIHJa 

yrrpyrHX H yrrpyroiTJiaCTWICCKHX KOHCT{)YKl{HH ITO)~ )J,HCTOpCHCH IIOHHMaiOTCH TOJibKO 

JJ.C<l>OpMaUHH. 

)J,HCTOpC~ q MO}I{CT 6b1Th HHTCpnpeTHpOBaHa H KaK CYMMa JJ.C¢opMaUHH 

IIO)J,p06Hee. 3aKpCIIJICHHOfO 

.llHCKpcTnoi1 MO.llCJIH KOHCTPYKUHH no)J,6HpaeTcH ocHoBnaH CHCTCMa. B pacqernMX 

CC4CUHID< OCHOBHOH CHCTCMhl ITO H3BCCTHbiM <PopM)'JiaM, Ta6JIHUaM HJIH C 

HCI10Jlb30BaHHCM 

3aBHCHT OT 

)J,aHHiliX 

CJIO.IKHOCTH 

COOTBCTCTBYJOIJ(HX 

HCCJIC.llYCMOH 

3TO 

KOHCTPYKUHH OIIpC)J.CJIHIOTCH 

OT TCMITepaTypHhlX B01)J,CHCTBHH H IlpC)J.BapHTCJlbHOfO 

nanpH.IKen~. TaK onpeJJ.CJIHIOTCH BCKTOPhl e qt, e qe .llJlH JJ.HCKpernoi1 MOJJ.CJIH 

KOHCT{)yKilHH B UCJIOM. 3)JCCb 8 qt - BCKTOp JJ.C!l>OpMaUHH 3JICMCHTOB )J,HCKpCTHOH 

. 5 . 



MO,ll;eJIH KOHCTp)'KIJ)IH OT TeMIIepa1}'PHhiX H3MeHeH1rn t 0 8 qe - ,n;e<l>opMal(ml OT 

rrpe,n;BapHTeJIDHoro HarrpiDKemrno e qc - .n;e<PopMal(ml oT Ja,n;aHHoro cMern:emrn oiTop 

uc: 

B KOHCTp)'KIJ)IH ,ll;HCTOpCIDI q (HJIH IDiaCTINeCKHe ,n;e<l>opMal(ml) o6yCJiaBJIHBaeT 

B03HHKHOBeHHe CaMoypaBHOBeilieHHhiX yc:H.JIHit Seq H ITepeMern:emtit U eq: 

(8) 

PemeHHeM CHCTeMhl ypaBHemtit: (8) OTHOCHTeJII>HO U eq, Seq (6e3 paCCMOTpeHIDI 

KOHKpeTHhiX IlpHliiDI B03HHKHOBeHIDI ,ll;HCTOpCHH q) ITO.n:yqaeTCR CHCTeMa MaTpWIHhiX 

ypaBHeHJfii [14-16]: 

Deq == ([A][Dr1[A]r) -
1
[A][Dr1q == [a]r q == [H]q, 

Seq== {(Dr1(Af((A][Dr1(Af)-
1
(A][Dr1-(Dr1 }q == 

== {la][A][Dr1 -(Dr1
} q ==[a ]q. 

(9) 

(10) 

,n;HcTopcH:biM BOJ,n;eiicTBHRMo HarrpHMep, .n;.ID1 reMIIepa'fYPHOro H3MeHeHIDI y3JIOB:ble 

ycHJIJ.~R 3JieMeHTOB Sqt MOiyr 61fl"b orrpe,n;eJieH:bl ITO 3aBHCHMOCHI Sqt ==(Dr1
eqt H B 

KOHeqJIOM cqere (A) Sqt == Fqt. 

06'be,n;HHeHHeM 3aBHCHMOCTeif: (4), (5) H (9), (10) ITO.n:yqaeTCH e,n;HHaH CHCTeMa pacqeTa 

ycHJIHii Se, ITepeMern:eHHii De H .n;e<PopMa:uH:ii Se OT Ja.n;aHHhiX Ha:rpy3KH F H 

,ll;HCTOpCHif: q: 

De ==Dej+Deq ==(J3)F+[H]q, 

Se == Sef+Seq == (a)F+[G ]q. 
(11) 

0ITOpHI>Ie peaKI.(ml Re, HCITOJII>3YH 3aBHCHMOCTH (6), (7) H (11), paCC'IHThiBaiOTCH ITO 

<l>opMYJI:bl ( 11) 3Ha11HTeJIDHO yrrporn:aiOTCH, ecJIH BeKTOp F == 0 o TiepeMern:eHIDI H 

ycHJIJ.~R B 3TOM cnyqae o6ycnaBJIHBaiOTCH TOJIDKO ,n;HcropcHeii qo B 3TOM c.n:yqae 

ITOJIY'IaiOTCH ypaBHeHIDI paBHOBeCIDI ,ll;llil CaMoypaBHOBeilieHHOif: CHCTeMbl: 
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3TO HeTpy,UHO llOKa3aTb, aHaJIM3MpyH S e COfJiaCHO WOPM)'Jie (11), HarrpMMep, ,llJIH c.rryqaH 

rrpe,UBapMTeJibHOfO ,ne<t>opMMpOBaHMH: 

M, rrpMMeHHH orrepaTop [A], rro.rryqaeM 

[ A)Se = [ AJ{[a][ A)Sqe-Sqe) = [ A)Sqe -(A)Sqe = 0. 

IJpM HaJIWIHM IIJiaCTMlleCKMX ,ne<l>opMaUMH B <l>oPM)'JiaX (11) S e M U e He HBIDIIOTCH 

ycMJIMHMM M rrepeMeiUeHMHMM yrrpyTOfO pacl.leTa M II0:3TOM)' l.laCTO Ha3biBalOTCH 

cyMMapHhlMM ycMJIMHMM s M rrepeMeiUeHMHMM u. YcMJIMH, o6ycJIOBJieHHhle 

IIJiaCTMlleCKMMM ,ne<t>opMaUMHMM 8 p M B llpHMOM CMbiCJie 3TOfO CJIOBa HBJIHIOIUMeCH 

OCTaTOl.IHhlMM, T.e. CYJUeCTByroiUMMM M y,noBJieTBOpHIOIUMMM ypaBHeHMHM paBHOBeCMH 

rrpM F = 0, rrpmurro o6o3Hal.laTh qepe3 S r, a ocTaTOl.IHble rrepeMeiUeHMH - qepe3 u r 

(3TH o603Hal.leHMH 6y,nyr MCllOJib30BaTbCH M ,llJIH 3a,Ual.l MaTeMaTMlleCKOfO 

rrporpaMMMpOBaHMH, llOCTpOeHHhlX Ha OCHOBe rrpMHUMllOB MMHMM)'Ma ,llOllOJIHMTeJibHOH 

M rroJIHo:H rroTeHUMaJibHOH :3Heprn:H). Ha <PoPMYJibl (9), (10) MH,lleKc r He 

pacrrpOCTpaHHeTCH, TaK KaK rrpM y,naJieHMM BHeiiiHero B03,UeifcTBMH q 

caMoypaBHOBerneHHble ycMJIMH Seq , rrepeMeiUeHMH u eq, .ne<PopMaUMM e eq MCl.leJaroT. 

O,nHaKo MaTpMUbl [ H] M [a], BXO,llHIUMe B <PoPMYJibl pacl.leTa KoHel.IHbiX 3Hal.leHMit 

COCTaBIDIIOIUMX H.,ZJ:C KOHCTpYKUMM (9),(10) KaK M3BeCTHO, <l>opMaJibHO O,UMHaKOBhl ,llJIH 

yrrpyroit M yrrpyTOIIJiaCTMlleCKOH CTa,nMit pa60Thl. 

IJ0:3TOM)' 3a,UaHHble IIJiaCTMlleCKMe ,ne<t>opMaUMM 8 ~ B ,llaJibHeHrueM OTO}IQ]:eCTBJIHIOTCH C 

u .a.* s s* * ,llMCTOpCMeM q = ~ P• a eq = n Deq =Dr· 

MaTpMUa [a] HBJIHeTCH BhlpO}IQ]:eHHOH, T. e. He CYJUeCTByeT ee o6paTHOH MaTpMIU>I. 

HeM3BeCTHble Seq M Ueq HBJIHIOTCH o,nHopo,nHhlMM <PYHKUMHMM ,UMCTopcM:H (B TOM l.IMCJie 

OT 3a,UaHHhlX 8~ ). IJ0:3TOM)' ,llJIH Seq M Ueq ,neHCTBMTeJieH rrpMHUMll cyrrepll03MUMM M, 

HarrpMMep, ,llJIH COCTOHHMH rrpMCllOC06JIHeMOCTM yrrpyTOIIJiaCTMlleCKOH KOHCTpYKUMM 

B03MO:>KHO rrpMMeHeHMe rrpMHUMrra E:3TTM [2,3). 

Orrpe,neJieHMe IIJiaCTMlleCKMX ,ne<PopMaUMH 8 p OT BHeiiiHMX Harpy30K M pa3HhlX 

B03,UeHCTBMi.J B CBOIO Ol.lepe,Ub HBJIHeTCH OT,UeJibHOH rrpo6JieMOH MeXaHMKM 

.UMCCMllaTMBHhlX cMcTeM. B KOHTeKcTe rroHHTMH ,nMcTopcMM :3TOT Bcrrpoc 6oJiee rro,npo6Ho 

6y,neT paccMaTpMBaTbCH B 3aKJIIOl.IMTeJibHhlX pa3,neJiax pa6oThl. 3,necb )l{e ,nJIH aHaJIM3a 
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H,[(C ynpyrnx H ynpyrOIDiaCTJilleCKHX CHCTeM IIO <I><>PMYJiaM (9), (10) IIpHHHMaeTCH, lffO 

a• * up -H3BeCTHhln BeKTOp. 

J. )htCTOpciUI B paBHOBecllbiX KOHe'lllbiX 3JJeMelll'ax 

OcHoBonoJiaraiOII(He TeopeTII'IecKHe pa3pa6oTKH MeTo.n:a paBHOBeCHhiX KOHetffihtx 

3JieMeHTOB rrpe,IJ;CTilBJieHhl B (10), (13) H .n:pyrnx pa6oTaX. MK3 B HaCTOHID;e:fi CTaTbe 

3a'IJ)Ol!Yf TOJibKO B KOHTeKCTe ytleTa .lJ:HCTOpCH:fi .li:JIH ynpyrnx H ynpyroiiJiaCTII'IeCKHX 

CHCTeM. 

,lJ;HCKpeTHaH MO,IJ;eJib KOHCTJ)yKUHJI (pacCMaTJ)HBaiOTCH TOJibKO TJ)a,zumHOHHhle 

06'beKThl CTJ)OHTeJibHO:fi MeXaHHKH, a HMeHHO, CTep}I{HeBhle CHCTeMhl H H3niDaeMhle 

IIJiaCTHHhl) IIOJiyqaeTCH ee pa3,IJ;eJieHHeM Ha S KOHetfllhiX 3JieMeHTOB. COCTaBJIHIOII(He 

BeKTOpa F o6ycJiaBJIHBaiOTCH pacrrpe.n:eJieHHO:fi 3JieMeHTHO:fi Harpy3KO:fi H Harpy3KOH 

JIHHH:fi CThiKa (cocpe,IJ;OTOtieHHhle CHJihi IIpHKJia,IJ;hiBaiOTCH K OCHOBHhiM y3JiaM 

3JieMeHTOB). ,lJ;JIH CTep}I{HeBhlX CHCTeM rrpHHHMaeTCH JIHHe:fiHhl:fi 3aKOH pacrrpe,IJ;eJieHHH 

Set(x). ,lJ;JIH H3niDaeMoit IIJiaCTHHhl HcrroJib3yeTCH 3JieMeHT BTOporo rropH.n:Ka c 

KBa.n:paTHtiHhiM pacrrpe.n:eJieHHeM ycHJIH:fi. BeKTOphl o6o6meHHhlX cHJI paBHOBecHoro 

KOHetiHoro 3JieMeHTa Pk H Y3JIOBhlX ycHJIH:fi s ek CBH3aHhl ypaBHeHHHMH paBHOBeCHH 

[ 10, 11, 13]: 

(12) 

06'be,IJ;HHHTb 3JieMeHThl B aHcaM6Jib MO}I{HO, rrpHMeHHH MaTJ)HUhl [Bu] H [Be]. 3TH 

Ma'IJ)HII;hl orrpe.n:eJIHIOT CBH3b Me:>KJzy rrepeMemeHHHMH 3JieMeHTOB 

H rrepeMeiUeHHHMH .li:HCKpeTHO:fi MO,IJ;eJIH KOHCTJ)yKUHJI Ue H De: 

(13) 

Mn.n:eKc f .li:JIH BeKTopoB De, Se H .n:pyrnx 3.ll:eCb qacro rrporrycKaeTCH. C 

HCIIOJib30BaHHeM pe3yJibTaTOB pa60Thi ( 13] ypaBHeHHH paBHOBeCH:fi (1), (6) H 

reoMe'IJ)HtieCKHe (2) ypaBHeHHH 3aiiHChiBaiOTCH TaK: 

T ~ [ ]T [ Bu] P = F , HJIH ~ Bu,k Pk = F ; 
k=l 

(14) 

(15) 

(16) 
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3,LJ:eCb p - BeKTop o6o6rn;eHHhiX CIDI BCeX ::meMeHTOB: P = {P1,P2 , .•• ,Pt.···•PdT, 

[Bu,k r [ C k] = [ Ak ], a MaTpHIJ:a JIO,LJ:aTJIHBOCTH ( D k] orrpe,LJ:e.IDieTCH CJie;:J:yrorn;HM o6pa30M: 

[ D k ] = f[ N sk (X) ( [ d k ][ N sk( X)] dA. (17) 
A 

3,LJ:ecb [Nsk(x)] - MaTpHIJ:bl cp)'HKIJ,HH cpopMhl 3JieMeHTa: Sek(x)=[Nsk(x)]sek· ~ 

IIO.JiyqeHHH (17) HCJIOJih30BaJiaCb 3aBHCHMOCTh E>ek{x) = (dk ]sek (x), f,LJ:e [tft] = [dk ]dA -

MaTpHIJ:a JIO,LJ:aTJIHBOCTH 3JieMeHTa dA, [dk] - MaTpHJJ;a cpH3lf'IeCKMX rrapaMeTpOB. 

HeTpy;:J:Ho 3aMeTHTh, lffO 

l1CIIOJib3YH (16), MO}I(HO JIO.rryqHTh Tpa,LJ:HJJ;HOHHble B CTpOHTeJihHOh MeXaH.HI(e ypaBHeHHH 

.Il:llil JJ:HCKpeTHOH MO,LJ:eJIH (2): 

(Af Def =(D]Sef• 

3,LJ:eCb (D] = [diag(Dk ]], k = 1,2, ... ,/;;. TaK MO}I(HO cpopMHpOBaTh CHCTeMY ypaBHeHHil (1), 

(2). <DopMYJia (17) MO.>KeT 6b1Th 3aJIHcaHa H TaK [ 18]: 

[Dk] = J [N sk (x)]T [N sk(x)]dA [diag[dk ]] = [v][diag[dk ]]. 
A 

3,LJ:ecb [diag(dk ]] - JJ:HaroHaJihHaH MaTpHu;a, a MaTpHIJ:a 

Pa3pa6aTbiBaiOTCH reoMeTpWiecKHe ypaBHeHHH, KOr;:J:a JJ:HCTopcHH E>q(x) 3a,LJ:aHa. B 

TaKoM c.rryqae ,LJ:ecpopMaU:HH 3JieMeHTa: 

E>eq,k (x) = (dk ]seq,k(x) +E> qk (x) = [Jk ]seq,k (x) +(dk ]sqk(x). 

PaBeHCTBO BHPTYaJihHhiX pa6oT rrpHBOJJ:HT K B3aHMoCBH3H rrepeMern;eHHH Deq c 

,LJ:ecpopMaJJ;HHMH 3JieMeHTa E> eq,k : 

l..JJieH [ D k] S qko HCJIOJih3YH BeKTop ):lecpopMau;Hll: E> qko MO.>KeT 6b1Th rrepeJIHCaH 

CJie):IYJOll~HM o6pa30M [ 16): 

(Dk]sqk =[vk](diag(dkl]sqk =[Vk] E>qk· 

TaK rro.rryqaeTcH paBeHCTBO 

(18) 

-9-



IDIH 

,lLJur BCeit KOHCTpYKJ-Ufil ypaBHeHIDI (8) npH Ha.JIHtiiDI )J,HCTOpCHH: 

[Af Deq ==[D]Seq +q. (19) 

KaK H3BeCTHO, IIpaJ<TillleCKa.H pea.Jrn3al(IDI MeTO,D,a KOHelJHhlX 3JieMeHTOB OCHOBaHa 

Ha IIpHMeHeHHH ero MaTp.HIU>I }KeCTKOCTH. 0,D,HHM H3 cnoco60B ee orrpe,D,eJieHIDI MO}KeT 

6biTb cJie,D,yroi.IUiil:. YpaBHeHIDI ( 16) rrpe,D,cTaBIDIIOTC.H: 

(20) 

T 
PerneHHeM CHCTeM (12), (20) orrpe,D,eJI.HeTC.H Pk. ,[(eHCTBY.H onepaTOpOM [Bu,k] H 

rrpoH3BeM CYMMifPOBaHHe no k , orrpe,D,eJI.HeTc.H 

tFk= t [Bu,kf[kkl[Bu,k]ue, IDIH [k]ne=F. (21) 
k=l k=l 

3,D,eCb MaTp:mJ.a }KeCTKOCTH paBHOBeCHOfO KOHeqHOfO 3JieMeHTa 

(22) 

lfMe.H B BH,D,y, ~0 t [Ak][Dkrlqk =Fq (Fq- o6ycJIOBJieHHble )J,HCTOpCHeit q 
k=l 

s 
CHJibl Fq == L Fq,k ), MO}KHO c HaHMeHblliHMH KOMIIbiOTepHbiMH pecypcaMH no cxeMe 

k=l 

}KeCTKocreit KOHeqHbiX 3JieMeHTOB cpa3y orrpe,D,eJIHTh Ueq H Seq (ecJIH 3a ocHoBy 

rrpHHHMaiOTc.H rrpe,li,JiaraeMble <PoPMYJibi (9),(10) [ 15]). Tpa,D,:mJ.HOHHa.H }Ke cxeMa 

}KeCTKQCTeH KOHelJHbiX 3JieMeHTOB )J,JI.H OIIpe,D,eJieHIDI, HarrpHMep Seq , Tpe6yeT 

,n:onOJIHHTeJibHOfO IIpHCYMMifPOBaHIDI K HHM ycH.JlJfit -[Drl q (npe,D,BapHTeJibHOfO, B 

3TOM c~ae, Hanp.H}KeHIDI). CJie.n:yeT .n:o6aBHTh, ~o OT 3a,ll,aHHbiX IIJiacTJ~qeCKHX 

e* p BeKTop orrpe,D,eJI.HeTc.H no Toil }Ke caMoit <PoPMYJie 

t [Ak ][Dk rl e~ = Fq 
k=l 

[ 5]. TaKHM o6pa3oM, H rrpH HaJ!HqHH IIJiaCTJ~qeCKHX 

,D,e<l>opMau;Jfit )J,JI.H 60JiblliOfO qJICJia KOHelJJibiX 3JieMeHTOB He Tpe6yeTC.H IIp.HMOfO 

<l>opMifPOBaHIDI MaTpHI.J; [Hj H[G], a TeM 6oJiee IIpHBJieqeHIDI MaTp:mJ. [A] H [D) ,D,JI.H BCeit 

)J,HCKPeTHOit MO)J,eJIH B u;eJIOM. 
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4 . .Uncropcna npn Y'JeTe pacnpe.aeJieuuoii uarpy3KH 

ITpH npHMOM yqeTe HemrneM:Horo pacnpe,n:eJiemrn ycHJIHil: .IlJUI cTep:>KHeBoM: 

KOHCTp}'KUHH YBCJIWIHJIOCh 6bl qlfCJIO nepeMeHHhiX B pa3pernaiOIUHX ypaBHCHIDIX. 

Pacnpe,n:eJieHHaH Harpy3Ka p MO)I{CT 6h!Th cocpe,n:oToqeHa B OCHOBHhiX Y3Jiax 3JieMeHTa H 

B cJiyqae npHBJieqeHHH nOHHTHH ,[IHCTOpCHH q ( OCTaCTCH B CHJIC JI11HCMHOC 

pacnpe,n:eJieHHe ycHJIHM S ef ( x ). 

B CHCTCMC ypaBHCHHM (12) .IlAA k-ro KOHeqHOfO 3JICMCHTa BBO.IlHTCH .IlHCTOpCHH qb 

o6ycJIOBJieHHhle pacnpe,n:eJieHHOM Harpy3KOM p: 

(23) 

BeKTop Y3JIOBhiX cHJI .IlJUI ,n:HcKpeTHoM: Mo,n:eJIH: 

s [ ]T s [ ]T -1 Fq = L Bu,k Pq,k = L Bu,k (Ck](Dk] qk · 
k=l k=l 

(24) 

)1,JI5l MaTpliT(hl [ C k] no <l>oPMYJIC (23) Bhi.IleJI5[10TC5£ no,n:MaTpHilhl [ C k] H [ Cf~] : 

(25) 

)1,JI5l 3aKpCIIJICHHOfO 3JICMCHTa Bbi.IlCJICHHC no,n:MaTpHilhl [ C k] 3KBHBaJICHTHO no,n:6opy 

OCHOBHOM CHCTeMhl, ,n:JUI KOTOpOM H 6biJia nOCTpOeHa MaTpHila [Dk]. TaK orrpe,n:eJI5[10TC5£ 

CTeneHH CB060.Ilhl 3JieMeHTa, KaK a6COJIIOTHO )l{eCTKOfO. IJo,n:MaTpHile [C~] OTBeqaiOT 

HeHyJieBhle cocTaBJI5[10IIJ:He P~'q,k BeKTopa o6o6rn:eHHhiX CHJI Pcq,k a6coJIIOrno )I{CCTKoro 

3JieMeHTa npH ,n:eMCTBHH p : 

{P~q,k} {0 } 
Pcq,k = P/;q,k = P/;q,k . 

(26) 

CocTaBJI5[10IIJ:HMH BCKTOpa P/;q,k HBAAIOTCH onopHhle peaKUHH B CTaTlfqeCKH 

orrpe,n:eJIHMOM cHcTeMe, B3HThle co 3HaKoM MHHyc. BeKTop Y3JIOBhiX cHJI Fcq 

paccqHThiBaeTcH no <l>oPMYJie 

Fcq = ~ [ Bu,k t Pcq,k • 
k=l 

Tor,n:a BeKTop F = Fcq (rrpH HaJII{qlfH H ,n:pymx BHernHHX Harpy3oK F npe,n:cTaBAAeT HX 

CYMMY). CJie,n:oBaTeJinHO, npw ,n:eM:cTBHH p .IlJUI <PoPMYJI (11) BBO.IlHTCH BeKTOphl Fcq H q 

(MaTplfqHaH <PopMa MCTO,n:a nepeMern:eHHM B CTpOHTeJihHOM MeXaHHKe CTep:>KHCBhiX 

CHCTeM [ 14]). 

0T Bhi6opa no,n:MaTpHlU>I [Ck:] (OT Bhi60pa CTaTlfqeCKH orrpe,n:eJIHMOM CHCTeMhl) 

,[IOnOJIHHTCJihHaH 3HeprHH He 3aBHCHT. 3TO yqHThiBaJIOCh B MaTeMaTlfqCCKHX MO,[IeJI5£X 

. 11 • 



OU:eHI<H OCTaTO'IHbiX rrepeMe:m;emrn yrrpyroiDiaCTJilleCKHX CHCTeM IIpH p;eii:CTBHH 

IIOBTOpHbiX HarpyxeHHii: ( 19). 

5. 3KcTpeMaJILHLie 38,IJ.a'IH wur ynpyroii KOHCTPYKIUIH 

3aBHCHMOCTH (11) HB.IDIIOTCH peiiieHHeM CHCTeMbi ypaBHeHHii: 3ii:.JJ:epa-JlarpaiDKa (1) 

- (3), (8) AIDI yrrpyroii: CHCTeMbi IIpH H<UIWIHH Harpy3KH F H )J;MCTOpCHH q . YCIDIIDI, 

rrepeMe:m;emrn H .ne¢opMau:HH Moryr 6biTh orrpep;eneHI>I H perneHHeM p;ooii:cTBeHHoii: 

rrapbi 3ap;aq MaTeMaTJilleCKOfO rrporpaMMHpOBaH:HH. TiepBaH H3 3THX 3a)J;aq IIOCTPOeHa Ha 

OCHOBe IIpHHU:HIIa MHHHMYMa )J;OIIOJIHHTeJibHOH 3Hepi'IDf (2, 4, 16): 

Haii:TH 

(27) 

IIpH YCJIOBHHX 

(A)Se =F. (28) 

BTOpaH 3a)laqa <lx>PMYJIHPYeTCH c rrpHBJietieHHeM rrp:HHIJ:HIIa MHHJIMYMa rroJIHoii: 

IIOTeHIJ:HaJibHOH 3Hepi'IDf: 

Haii:TH 

(29) 

IIpH ycJIOBHHX 

(30) 

YpaBHeH:HH (28), (30) rrpe.ncTaBlliDOT co6o:M: o6o6:m;eHHYJO 3a)laqy J1arpaiDKa (1) - (3), 

(8). 

TipH HaJIJiliHH TOJibKO )lHCTOpCHH q IIOJIYl!aeTCH CJie.lzylOIIJ;aH napa 3ap;aq: 

(31) 

IIpH ycJIOBHHX 

(32) 

(33) 

IIpH ycJIOBHHX 

(34) 

-12. 



YcnoniDI-orpamiiiemrn (32), (34), 3arrncaHHhie BMecTe, HBJUUOTCH o6o6IIJ;eHHo:it 3a;:~aqe:if 

JlarpaH:>Ka (8). KaX<;LJ:aH H3 rrpe;:~cTaBJieHHhiX 3a;:~aq MaTeMaTHIIecKoro rrporpa:MMHpoBaHIDI 

MO)I{eT 6hiTh CBe):leHa K rrpo6JieMe 6e3yCJIOBHOH MHHHMH3aiJ;HH. 

6. 3KCTpeM8JibHble 38.1UlqH MH ynpyroDJI8CTuqecKOH KOHCTpyKIUIH 

6. 1. .l(HCTOpCHH B ynpyronJiaCTuqecKOH CTeplKHeBOH CHCTeMe 

B pa6oTax [ 4, 6, 7] rrpe;:~cTaBJieHhi e>KCTpeMaJihHhie e>Hepi ~THIIecme rrpMHIJ;HIIhi 

,UJUI orrpe):leJieHIDI ;:~e¢opMa.U:HH 8 p H)J,eaJihHO yrrpyroiiJiaCTH'!eCKOH KOHCTpYKIJ:HH IIpH 

3a):laHHOM TOJihKO BeKTOpe BHeiiiHHX Harpy30K F. 3):1eCh OHM IIpHMeHHIOTCH H ):IJUI 

3a):laHHhiX ):IHCTOpCHH q = 8 qt + 8 qe + 8 qc , KOf):la B03MO)I{HaH pa3rpy3Ka He yqHThiBaeTCH. 

lliacTHIIecme ):lecpopMa.U:HH JIOKaJIH3HpYJOTCH B y3Jlax crep)I{HeBoro e>JieMeHTa 

(rrpHHHMaeTCH KOHIJ;erru;IDI H)J,eaJihHOfO IIJiaCTH'!eCKOfO rnapHHpa). 

CTaTHIIeCKH ;:~orrycTHMhiH caMoypaBHOBerneHHhiH BeKTop ycHJIH:it Srq= S,+Seq 

y):IOBJieTBOp.HeT ypaBHeHH.HM paBHOBeCIDI 

H YCJIOBH.HM TeKY'!eCTH 

3;:~ech Sef = [a)F, S0 - 3a):laHHhie BeKTOphi KBa3HyrrpyrHX H rrpe;:~eJihHhiX ycHJIH:it (B 

rrpe):lenax KaX<;LJ:oro H3 e>JieMeHTOB S0c:;; = const ). 

B uiJelJ.IlbHO ynpyrowwcmultecKoii cucme.Me iJo iJocmuJK:eHUR ee wwcmultecKoeo 

p03pyuteHUR U3 6cex cmamulteCKU iJonycmuMbiX ca.Moypa6H06euteHHbiX 6eKmopo6 ycwlUu S rq 

OeUCmBUmeJlbHbiM Jl6JlJlemCJl mom, npu KOmopoM iJonOJlHUmeJlbHOJl 3HepeUR MUHUMOJlbHO. 

3TOMy IlpHHU:Hrry OTBeiiaeT CJie):IYJOIIJ;aH :3KCTpeMaJihHaH 3a):la1Ja: 

Ha:itTH 

IIpH YCJIOBHHX 

(A)Srq = 0, 

[<t>] (sef +Srq) :o; So. 

(35) 

(36) 

3;:~ech KOHCTama c 1 = ~siq[D)Seq. B Ka'!eCTBe HeH3BeCTHoro 3):1ecb BhicryrraeT BeKTop 

caMoypaBHOBerneHHhiX ycHJIH:it Srq. JJ:no:itcTBeHHo:it K 3a;:~aqe 

CJie):IYJOIIJ;aH 3a;:~aqa ( ecnH ¢YHKIJ:HIO u:enH YMHO)I{HTh Ha -1 ): 

. 13. 

(35)-(36) HBAAeTCH 



rrpH YCJIOBIDIX 

A.zO. 

(38) 

(39) 

B KaqecTBe HeH3BeCTHhiX 3,UeCb BbiC'fYIIaiOT BeKTOpbi s,q' A H Urq. YpaBHeHIDI (38) 

BMeCTe C orpaHJ~qeHHeM (39) A;::>: 0 orrpe,n;e.IDIIOT, KaK H3BeCTHO, KHHeMaTJ~qeCKH 

.uorrycTHMhlit BeKTop rrepeMem;eHHit u rq . 3~ecmpeMaabHllJl 3000'IO (37)-(39) o17t6e'loem 

:mepumU'IeCICOM}' npUHU,Uny MUHUM}'MO nDJlHOU nomeHU,UOJlbHOU 3HepeUU OAR ICUHeMOmu'JeCICU 

iJonycmUMbiX nepeMeUJ,eHUU U rq . 

YpaBHemm: (38) IIOKa3DIBaiOT, qro TOJIDKo JIHlllb .n;HCTOpciDI q H IIJiaCTJiqeCKHe 

reoMeTpJiqeCKoit 

COBMeCTHOCTH .n;e<PopMaiWiJ:. 3TO KX 06De.UHHIDOIIJ;ee CBOHCTBO H 6biJIO HCIIOJib30BaHO 

rrpH OOOCHOBaHHH rrpHMeHeHim: <l>oPMYJI (9), (10) B aHaJIH3e H,[{C yrrpyrKX H 

yrrpyroiiJiaCTJ~qeCKKX KOHCTpYKIWit. C .upyroit CTOpoHbi, o6o6m;eHHasi Ja,Uaqa narpaiDKa 

TaKOBa: 

(A]Srq =0, 

(cD](set+Srq) ~So, 

(A( Drq =(D]Srq+q+(cD( A., 

A.zO, ~cT(s0 -(cD1(sef+Srq))=o. 

,[LID~ orrpe,n;eJieHIDI rrepeMeHHbiX U rq , S rq , IIpOHCXO.LVIlnHX OT .n;HCTOpCHit H IIJiaCTJ~qeCKKX 

.ue<PopMaiWiJ:, MOryT HCIIOJib30BaThCH Te :xre CaMI>Ie MaTpJ~qHble 3aBHCHMOCTH MeTO.UOB 

KOHe~biX pa3HOCTeH HJIH KOHe~hiX 3JieMeHTOB, pa3pa60TaHHble .n;JIH yrrpyrKX CHCTeM: 

Drq = ((A](Dr1(Afr
1
(A](Dr1( q+(cDf A.)= (af( q +(cDf A.) =[H]( q+[cD]T A.), 

Srq = {(vr1(A(((A](Dr1(Af) -l(Al(Dr1-(Dr1 }( q+(cD( A.)= 

= {la](A](vr1-(vr1} ( q +[cD("') =[a]( q +[cDf "'). 

(cD]( Set+[aJ(q+[cD{ A.)) ~S0 , 

A. zO, ~cT(s0 -[cD](seJ+[G ]( q +[cDf A.)))= o. 
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CJie)l,OBaTCJibHO, IIOHHTHe )l,HCTOpCHH KaK HCCOBMCCTHOM )l,e<tJopMai_(HH BhlC1)'11aCT 

CBH3YJOlQHM 3BCHOM )l,.llil 3a)l,aq aHaJIH'3a B yrrpyroif. H yrrpyroiiJiaCTlfqCCKOM CTa)l,IDIX 

pa60Thl CHCTCMbi: 

MaTeMaTlfqCCKHe MO)l,CJIH 3a)l,aq (35)-(36), (37)-(39) y).(06HO HCIIOJib30BaTh B rnaroBhlX 

aJiropHTMax pernemrn 3a)l,aq aHaJIH3a yrrpyroiiJiaCTlfqCCKHX KOHCTPY'GIHM. 

PerneHHe 3a)l,aqH (37)-(39) yrrporn;aeTcH, ecJIH HCIIOJib30BaTh ypaBHeHHH 

COBMCCTHOCTH 

[B]erq = 0 

)J,.llii ).(e<tJopMaU:Hif [5,19] Brq = [D)Srq+q+[<t>f A. : 

[B~-.]A. -[Br ]Srq =- [B]q. (40) 

0HH MOryT 6hlTh rronyqeHhl H H3 ypaBHCHHM (38) HCKJIIoqeHHCM rrepeMClQCHHM Urq. 

3).(ecb 

MarpHUa [B~-.)=[B](<t>f. Tor)l,a MaTeMaTlfqCCKaH MO)l,CJib (37)-(39) MO)I{CT 6b!Tb 

3aiiHcaHa cJie,D.yrolQHM o6pa3oM: 

HaifTH 

rrpH ycJioBIDIX 

(42) 

(43) 

I1pH OIITHMaJibHOM peiiieHHH 3a)l,aqH (41)-(43) S~, A.* IIOCJIC)l,HHM qJICH <l>YHKUHH U:CJIH 

( 41) paBeH HYJIIO: 

(44) 

3TO OTHOCHTCH H K OIITHMaJibHOMY perneHHIO 3a)l,aqH (37)-(39) S* '* * rq • "- • 0 rq · 

BBO)l,OM OCTaToqHhlX ycHJIHM S r = S rq- Seq (Seq= [a]q ), rrepeMern;eHHif 

Dr == Urq - Ueq MaTeMaTlfqCCKHe MO)l,CJIH (35) - (36), (37) - (39) rrpHHHMaeT BH)l,: 

HaifTH 

(45) 
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IIpH ycJIOBIDIX 

[A]s, = o, 

[<t>](sef+ Seq+S, ):s;s0 • 

PerneHHCM 3a.n:aqH (45)-(46) orrpe.n:elliiiOTCH ocTaTo~He ycHJIHH 

MaTeMaT:HqCCKOH MO,l(CJIH (37) - (39) : 

HaHTH 

IIpH YCJIOBIDIX 

A.~ 0. 

(46) 

* Sr. ,lLJrn 

(48) 

(49) 

HeH3BCCTHhiMH 3,l(CCb BhiC'fYIIaiOT s r ' u r ' A . .lJ:eQ>opMal.Ulli e rq orrpe,l(ClliiiOTCH c 

yqeTOM (48): e,q = [D]Srq+q+[<I>f A. EcJIH q = 0, MaTeMaT:HqCCKHC MO,l(CJIH (45)-(46), 

(47)-(49), yqHTHBaiOIIUfC TOJibKO F, IIpH06peTaiOT H3BCCTHhiH ITO pa6oTe [7] BH.l(: 

Haii:TH 

(50) 

npH ycJIOBIDIX 

(A]S, = 0, 

[<t>](sef +S,) :s; So. 
(51) 

B KaqecTBe HCH3BCCTHhiX 3,l(CCb BblC'fYIIaiOT OCTaTO~hiC ycHJIHH S r . .lJ:BOHCTBCHHa.si K 

Ja.n:aqe (50)-(51) 3a.n:aqa TaKoBa: 

Haii:TH 

npH YCJIOBIDIX 

A.~ 0. 

Orrpe.n:eJIHIOTc.sr BeKTopbi s;, A.*, u; . Tor.n:a 3a.n:aqa JlarpamKa: 

(A]S, = 0, 

[<t>](sef +S,) :s; So, 

(A{ u, = (D]S,+[<l>]T A., 

A-~0, A-T(s0 -[<t>1(Set+S,))=o. 

-16-
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(56) 

CHCTCMa (55) yrrpoll(aCTCS£: 

A~ 0, 

S0 -[<t>l(seJ+[G]A) ~o, (57) 

AT (s0 -[<t>l(Sej+[G]A)} = 0. 

PemeHHCM CHCTCMhl (57) .siB.IDICTCS£ A* , a COfJiaCHO <l>OPMYJiaM (56) - H u; = [H]A •, 

s; =[G) A* . <l>OPMYJihl (56) 3KBHBaJICHTHhl <l>oPMYJiaM (9)-(10), Kor.n:a Jl:HCTOPCHH q 

3aMeHS£eTcsr H3BecTHhiMH IDiacTJifllecKHMH .n:e<PopMa~UffiMH E> ~ = [ <t>f A* . 

/J:aJiee paCCMaTPHBaeTCH MaTeMaTJifliCCKaH MOJl:CJib (52) - (54), KOr.n;a H3BCCTCH BCKTOp 

A* , T.e. BeKTop E> ~ = [ <t>f A* . Tor.n:a 

(58) 

ITpw o6o3HaqeHHH ::noll: KOHCTaHThl qepe3 c2 3a.n;aqa (52)- (54) rrpe.n:cTa.BJUICTCH TaK: 

Hall:TH 

(59) 

rrpw ycJioBIDIX 

(60) 

Orrpe.n:e.IDIIOTCH BeKTOphl u;, H s;. MareMaTJiflleCKaH Mo.n;eJib (59)-(60) orneqaeT o.n:Hoit 

H3 Jl:BOMCTBeHHhiX <l>oPMYJlliPOBOK MHHHMaJihHOro IIPHHUIDia KoitTepa .D:llil ocTaToqHhiX 

HarrpiDKeHIDi [ 6]. B ypaBHCHIDIX ( 60) 3a.n;aHHhle IDiacTJifllecKHe .n:e<PopMaUHH E> ~ 

yqHThiBaiOTCH C IlpHBJieqeHHCM OCTaToqHhiX, a He CYMMapHhiX yclf.JIJiit H rrepeMCII(CHHM. 

c .n:pyroit CTOpOHhl, cqHTaH, ~0 q = [ <t>f A*' Jl:llil rro.n;cqeTa OCTaToqHhiX YCHJIHM s:q = s; 

H rrepeMell(CHHM U =q = U; MO>KHO HCIIOJib30BaTh MareMaTJifliCCKHC MOJl:CJlll 3a.n;aq (31)-

(32), (33)-(34), rro.n;pa3YMCBaH KBa3HyrrPYfOCTh KOHCTPy:KI(HH. B 3TOM cnyqae ycJIOBHS£ 

TCKyqCCTH 
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Bcer.n:a 6y.zyr y.n;oBJieTBOpeHbl. 

C yqeTOM ypaBHeHlrn (40) ,lWI OCTaTO'IHbiX .n;e<l>opMarurn 

MaTeManwecKaH Mo.n;eJID (59)-(60) rrpmnrnaeT mm: 

HafiTM 

min (61) 

rrpM ycJIOBIDIX 

(62) 

3a.n;aHHbiM 3)l;eCb HBJIHeTCH BeKTop ').... Orrpe.n;eJIHeTCH OIITMMaJibHOe perneHMe s;. 

6.2. .[(HCTOpcHJI B ynpyroUJI3CTH'ICCKHX H3rH6aeMLIX UJI3CTHH3X 

B i-oM Y3Jie k-ro KOHe'!Horo 3JieMeHTa ( k = 1,2, ... , t; ) M3rn6aeMofi IIJiacnrnbl .n;efiCTBYJOT 

M3rn6aiOIUMe MOMeHTbl ( 15) 

Mef,k,i = {Mn,k,i•M22,k,i•Ml2,k,i }T. 

YpaBHeHMH paBHOBeCMH )l;MCKpemoii Mo.n;em [A)Mef = F (.lWI OCTaTO'IHbiX MOMeHTOB 

[A] M r = 0 ) . ,[{eqmpMai.J;MM 3JieMeHTa rrpe.n;cTaBJIHIOTCH TaK: 

MaTp~ma rro.n;aTJIKBOCTM 3JieMeHTa dA. YpaBHeHMH, 

aHaJIOfJf'IHble ypaBHeHMHM (16), ,lWI KOHe'IHOfO 3JieMeHTa If BCeii )l;MCKpeTHOH MO)l;eJIM 

IIJiaCTMHbi TaKOBbl: 

,[{aJiee 3aiiMCbiBaiOTCH feOMeTpJflleCKMe ypaBHeHMH 3JieMeHTa rrpM HaJIJfliMM )l;JfCTOpCMM 

eq(x) If IIJiacTJflleCIOIX .ne<t>opMarurn ep(x); epk(x) =[N pk{x)]e pk. Tor.na 

8rq,k(x) = [dk ]Mrq, k(x)+eqk{x)+8 pk(x) 

M ypaBHeHMH k-ro 3JieMeHTa 

(63) 

3.n;ecb [vpk]= f[Nmk(x)t[Npk(x)]d4. [vk]=[vpk], ecJIM [Nmk{x)]=[Npk{x)]. 
At 
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06o3HaiJaeM [Vk]E>qk =qk ([Dk]Mqk=[vk)[diag[dk])Mqk= [Vk]E>qk =qk )o Tor.n:a 

cpopM)'Jia (63) IIpHHHMaeT BH,n:: 

[Ak]T Urq =[Dk]Mrq,k +qk +E>pk H [A r Urq =[D]Mrq +q+E>p. 

BeKTop 8 pk{x) CBH3aH C BeKTopoM IIJiaCTHIJeCKMX KplmH3H: 8 pk(x) = [ N pk(x)]d4Kpk o ,lLJrn 

rrponepHeMhlX B Y3JIOBhlX TOlJKaX 3JieMeHTa ycJIOBHit TeKYIJeCTH MH3eca IIJiacTmecKHe 

KPHBH3Hhl K pk,1 rrpe,n:cTaBJIHIOTCH cJie.n:YJOW:HM o6pa3oM: 

Mk,i = Mrq,k,l + M~f,k,i 0 

3,n:ecb [<pk] - MarpmJ;a MH3eCao ,lLJrn KOHelJHOfO 3JieMeHTa B :u;eJIOM 

B cJIYllae HHTerpaJihHoro ycJIOBHH TeK}'lleCTH ypanHeHHH (63) .n:JIH 3JieMeHTa rrpliHHMaiOT 

BH,n:: 

TaK BhlHBJIHeTcH MarpmJ;a HHTerpaJihHoro ycJIOBHH TeK}'lleCTH [ <P k ] : 

C yqeTOM ycJioBHit TeK}'lleCTH MH3eca MaTeMaTHIJecKHe MO,n:eJIH HeJIHHeitHhlX 3a,n:aq 

aHaJIH3a IIJiaCTHHhl CTPOHTCH aHaJIOfHlJHO MaTeMaTHIJeCKHM MO,n:eJIHM 3a,n:aq (35)-(36), 

(37)-(39): 

(64) 

rrpH YCJIOBHHX 

[A]Mrq = 0, 

[rk(Mrq,k,i + Mef,k,i )r [nk ](Mrq,k, i +Mef,k,i) :S; ck (65) 

,n:JIH ncex k = 1,2, ... ,1;;, i=l,2, .. o,s 0 

3,n:ecb Met =[a] F - BeKTop MOMeHTOB yrrpyroro paciJeTa, ck - BeKTop IIJiaCTHIJeCKMX 

KOHCTaHT (Ci =(Moi) 2
)o Orrpe,n:eJIHeTCH M*rqo 

KHHeMaTHIJecKaH cpopMYJilfPOBKa 3a,n:aiJH (oHa 3arrHcaHa c rrpHBJieiJeHHeM MaTPHU 

.li:JIH BCeH .li:HCKpeTHOH MO,n:eJIH KOHCTPyKUHH): 
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min { ±M;q(D]Mrq + nT[r(Mrq +Met )r (II]Mrq + 

+ 1..T { c-[r{Mrq +Met )r [ rr](Mrq +Met)}} (66) 

npH ycJioBIDDC 

(67) 

PerneHHeM (66)-(67) orrpe~elliiiOTcR * * * U rq,M rq,A. .[(aJIDHe:ihuee 

COBeprneHCTBOBaHHe MaTeMaTWJeCKHX MO~eJieH 3a~aq (64)-(65), (66)-(67) ~OJDKHO fihi.Th 

CBR3aHO C yqeTOM ::mepnrn: ~HCCHIIaUHH B MeCTaX COe~HHeHHR KOHe~hiX 3JieMeHTOB. 

MaTeMaTWiecKHe Mo~eJIH 3~aq HeTpy~Ho rrpeo6pa30BaTh ~ MeTo~a KOHe~hiX 

pa3HOCTeH. 

6.3 0 38,Ua'le 81WIH38 npacnoca6JIHuaiOm,eiicB KOHCTpyKIUIH 

PaccMaTpHBaeTCR lf,l:(C yrrpyrmmacTWJecKo:R rrpHcrroca6JIHBarom;e:RcR KOHCTpYKJlHH, 

6JIH3KOe K ee UHKJIH'IecKH-IDiaCTH'IeCKOMy pa3pyrneHHIO (K03<l><t>HJlHeHT 3aiiaCa IIO 

rrpHcrroco6JIReMoCTH 6JIH30K K 1). B 3TOM CJiyqae ~ ncex HCTopH:R HarpyxeHHR 

cyrnecTByeT e~HHCTBeHHhiH BeicrOp OCTaTO~hiX ycHJIH:R S; . ITyCTh BHelliHRR Harpy3Ka 

F(t) 3~aHa rrpe~eJiaMH cooero H3MeHeHHR Fsup :S: F(t):;;; F;nt , a ~HcropcHR q = const. 

3KCTpeMaJihHble ycHJIHR yrrpyroro pacqeTa Sef,j,max• Sef,j,min orrpe~eJIRIOTCR C 

Fsup• Fint (~ orrpe~eJieHHR Set,J,max• Set,J,min MO:>KHO Herrocpe~CTBeHHO HCIIOJlh30BaTh 

H aJITOpHTMhl MK3). BeKTOphl Set,J,max• Set,J,min rrpe~CTaBJIRIOT co6o:R Bee BeplliHHhl 

MHO)I{eCTBO J). CaMoypaBHonerneHHhle ycHJIHR oT ~HcropcHH q pacctJJITbiBaiOTcR 

OKoHqaTeJlhHO 3KCTpeMaJIDHhle ycHJIHR yrrpyroro 

pacqeTa Bhlf~RT TaK: 

Sej,max =Set,J,max +Seq' Sej,min =Set,;,min +Seq· 

<l>opMHpOBaHHeM HOBOH MaTpHIJ,hl BJIHRHHR [(a.],[G]) MO:>KHO yqeCTh IIOBTOpHo

rrepeMeHHhlH xapaKTep H3MeHeHHR q (~ rro~cqeTa BeKTOpoB Se;,max• SeJ,min). 
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Hemmeii:HaH MaTeMaTWieCKaH MO.I{eJTh 3a.I{allll aHaJIHJa rrpHcrroca6JIHBaiOmeitcH 

KOHCTpYJ<I-(HH B CTanflleCKOM $OpM}'.JIHpOBKe TaKOBa: 

Haii:TH 

(68) 

rrpH YCJIOBIDIX 

Orrpe.I{eJIHeTcH neKTop S; . 
KHHeManwecKaH <t>opM}'JIHpOBKa 3a,I{allll: 

rrpH ycJIOBIDIX 

min {O.S. sl'(D]S,+ ~). J.ma.x[ vr(s,+ Sej,ma.x )] s, + 
J 

+ ~)·Imin[vr(s,+ Sej,min)] s, + ~AJ.ma.x[c- r(s,+ Sej,ma.x)]+ (70) 
J J 

+ L)·J.min[c-r(s,+Sej,min)] } 
j 

[D]Sr + I[vr(sr +SeJ,ma~: )r A J,ma~: + 
j 

+ I[vr(sr +Sej,min)r Aj,min - [Ar Dr =0, ,I{JIH ncex j eJ. (71) 
j 

A j,ma~: ~ 0, A j,min ~ 0. 

3.I{eCb [vf ] - MaTpHIJ,a rpa.I{HeHTOB Hemmeii:HbiX ycJIOBHM TeK}"'eCTH. YcJIOBHH (71) 

HBAAIOTCH reoMeTpHIIeCKHMH ypaBHeHHHMH [Af Dr= Br . PerneHHeM 3a,I{aqH (70), (71), 

orrpe,I{eJIHIOTCH * * * * s r' D n ')... j,max' ')... J,min . MaTeMaTWieCKHe MO,I{eJIH 3a,I{aq ( 68) - ( 69) ' 

(69) (B HHX BBO.I{HTCH Srq, Sef, max• Sef,min ); Haii:TH min (70) (BBO,I{HTCH Srq, 

Sef,;,max• Sef,j,min, ) IIPH YCJIOBIDIX 

[D]Srq +q+ I[vr(srq +Sef,J,max)r 'A. ;,max+ 
j 

+ I[vr(srq +Sef,;,min)r f... 1,mrn - [Af Drq =0, .I{AA ncex J eJ. 
J 

')... j,max ~ 0, ')...;,min~ 0. 

-21 -



7. IlpHMep paC'IeTa ynpyroDJiaCTH'IecKOH DJI8CTHHbl 

MeTo~oM KOHC'IHhiX pa3Hocre:H orrpe~elliiiOTCH rrporn:6hl yrrpyroiiJiacnNecKo:H 

IIJiaCTIIHhi (pHC.1) ,WISI Harpy3KH, 6mt:3KOH K rrpe~eJibHOH: pacrrpe~eJICHHOH 

p= 1.1126 M 0 I 112 = 17.816 M0L~2 (mar /1=0.25 L), H CKOirnBliiHXCH IIJiaCTH'IecKHX 

~e¢opMa~Ulli 

e P ={ eu,I, 822,1, eu.2, e22.2, eu,J, E>22,J, eu,4, 822,4, e11.s, e22,s e12.s, eu,6, 

822,6, e12,6, ei2,7, e12.s, ei2,9, e12,1o } r ={ 0.1568 , o.so83, 0.2034, 0.6915, o, o, o, o, 

0.0313,0.0707, -0.1223,0.0825,0.1637, -0.4609, -0.0933, 0., -0.2433, -0.2998 }T. 

Til 
_JI 
l[l 

01 

J 
l[ll 
0 

---

- - - -

I X2 
I 

8 9 !011 

4 5 6 71 

1 2 3 I 

I I 

I 

~~~~~----~---------J 

F----- 0.7 5 L ---1----- 0.7 5 L ------! 
Pnc.l. llpRMOYJ'OJihHIDI H3rn6aeMaR rmaCTHHa 

3a~aqa pernaeTCH COfJiaCHO MaTeManftleCKHM MO~eJIHM (64) - (65), (66) - (67), IIpHHHB, 

lff() ~HCTOpCHH q = e p. Yrrpyrn:e MOMCHThi Mef npe~cTaBJICHhi BCKTOPOM: 

={0.8973 ' 1.4525' 0.8628 ' 1.3030' 0.6728 '0.8311 ' 0.6642 ' 1.1227 ' 0.6409' 1.0142 

' -0.1931 ' 0.5096 ' 0.6624 ' -0.3800 ' -0.4780 ' -0.2770 ' -0.5571 ' -

0.7548 f. 
PeiiiCHHCM HCJIHHCHHOH 3a~alJH aHaJIH3a (64) - (65), KOf~a IIpHBJICKaiOTCH ycJIOBHH 

TCK)"'CCTH MH3CCa, orrpe~eJICHhi MOMCHThi 

M;q = { -0.0860 -0.3345 -0.0561 -0.1838 -0.1622 0.3210 0.1929 -0.2807 0.2296 

0.1300 -0.0837 0.2001 0.1946 0.0285 -0.0993 -0.3003 -0.02018 0.1775 }r. 

Pe3yJibTaTaMH perneHHH 3a~atJH (66) - (67) HBJISIIOTCH BeKTophi IIJiaCTH'IecKHX 

~. * * MHO}IGffCJien A. , MOMCHTOB Mrq H HCKOMhiX nepeMCIIl;CHHH: 
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u;q = { 14.994 12.206 5.8735 7.3118 7.1601 4.4829 f. 
IT * * PHMeHIDI <f>OPMYJIY M, = Mrq - Meq, MO)I(HO orrpe,n:eJHITb (JCTaToqHhle MOMeHThl 

IUiaCTHHhl . ..QiuJ: :3TOfO MOMeHThl Meq = {-0.0850 , -0.2900 , -0.0597 , -0.1423 , -

0.1190, 0.2034 ' 0.0670 ' -0.1801 ' 0.08057 ' -0.07508 ' -0.1352 ' 0.1034 ' 0.1024 ' 

-0.0500, -0.1113 , -0.0971 , -0.0343 , 0.1583} T paccqHThlBaiOTCH COfJiaCHO 

<PoPMYJie Seq= [c ]q . A.HaJIOfHqHO paccqHThlBaiOTCH ocTaTO~hle rrepeMei.IJ:eHHH u;. 
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DISTORSION IN STRUCI'URAL MECHANICS 

J.AtkoCiiinas 

Summary 

The behaviour of elastic perfectly plastic structures under given loadint} and distorsion is 
examined until plastic failure (analysis problem). "Distorsion" is here for the strain which does 
not satisfy the compatibility equations. A distorsion can be caused by prestressing, supports 
displacements or lack of precision during fabrication stage (the plastic strain is the example of 
distorsion, too). The mathematical models for analysis problems are created by the help of 
extremum energy principles - principles of complementary energy and total potential energy 
minimum The emphasis is put on traditional to the structural mechanics bar and plate bending 
systems. The main unknowns are the self-equilibrium forces, displacements and strains. In the 
case of bar systems the analysis problem is formulated by means of linear yielding conditions as a 
quadratic programming problem The analysis of Lagrange's generalised problem shows that the 
displacements and forces from given distorsions and plastic strains should be obtained by the 
same expressions. For the algoritmisation of Lagrange's problem different methods can be used: 
finite difference or finite element methods. Very convenient are well-known procedures of the 
equilibrium finite elements (with forces as main unknowns; the conditions of equilibrium 
satisfied) for building of stiffness and flexibility matrices. In the present paper only on the 
estimation of distorsion in the self-equilibrium finite elements and in the structural shakedown 
problems are given. The numerical example of plate analysis is presented . 
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