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ABSTRACT

The paper is devoted to the study of the one�dimensional integral equation involving the
Gauss hypergeometric function in the kernel� The necessary and sucient conditions for
the solvability of such an equation in the space of summable functions are proved and two
forms for its solution are given�

�� INTRODUCTION

The present paper is devoted to the study of the integral equation

�x� h��

����

Z x
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�x� t����F

�
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x� t

x� h

�
��t�dt � f�x� �a � b� �����

with h � a� �� � � R and � � R �� � � � �� on a 	nite interval �a� b� of
the real axis R � ������� The kernel of this equation contains the Gauss
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hypergeometric function F �a� b� c� z� �� de	ned for jzj � � by

F �a� b� c� z� �� F��a� b� c� z� �

�X
n��

�a�n�b�n
�c�n

zn
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where �z�n is the Pochhammer symbol�

�z�� � �� �z�n � z�z � �� � � � �z � n� �� �n � �� �� � � ��� �����

The equation ����� genalizes the classical Abel integral equation ���� Section
� being obtained from ����� in the case � � �� because F ��� �� �� z� � ��
Therefore� such an equation is called the Abel�type hypergeometric integral
equation�
One�dimensional Abel�type integral equations involving the Gauss hyper�

geometric function in the kernel have been studied by many authors ��� ���
������� ���� ���� Section ����� ���� ��� � see also ���� Such equations have
arisen in the boundary value problems for partial di�erential equations with
boundary conditions involving generalized integro�di�erentiation operators
��� �������� �������� ���� ���� ���� ���� One such multidimensional in�
tegral equation of non�convolution type was investigated in ��� Section ������
In the papers above� the integral operators of the equations considered were
represented as compositions of simpler fractional integration operators with
power weights� On the basis of these representations and the known properties
of fractional calculus operators� the su�cient conditions for the solvability of
the integral equations were given and their inversion formulas were obtained
in some function spaces�
The investigation of necessary and su�cient conditions for the solvability

of the above equations is more di�cult� This problem is closely connected
with characterization of the range of the corresponding integral operators�
The classical Tamarkin�s statement ���� Section ��� on the solvability of the
Abel integral equation in the space L��a� b� of summable functions is known�
A similar result for the multidimensional Abel�type integral equation over
pyramidal domain was proved in ���
Our paper is devoted to obtain the aformentioted results for the integral

equation ����� which was investigated in ��� in the particular case when h � a�
with �� � and � being replaced by �� �� � � and �� respectively� Solution
of the equation ����� is given in Section �� A preliminary lemma is proved
in Section �� Section � deals with the solvability of this equation in L��a� b��
Section � is devoted to obtain su�cient conditions for the solvability of the
equation ����� and another form for its solution�

�� SOLUTION OF THE INTEGRAL EQUATION

We suppose that the integral equation ����� is solvable and 	nd its solution
��x� in the following way� Replacing x by t and t by � and multiplying both
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sides of the resulting equation by �x� t���F
�
��� � � � � �� �� �� x�t

x�h

�
and

then integrating over �a� x�� we obtain
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�t� h���dt
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Interchanging the order of integration at the left�hand side of ������ and mak�
ing the change of variables t � � � �� � s��x � ��� we rewrite the left�hand
side of ����� in the form�

�x � h���
Z x

a

����d�

Z �

�
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�
�� s
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x� h
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x� h

�
ds�

By using ��� ������ the latter is seen to be equal to

B��� �� ���x� h���
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and therefore ����� is rewriten as
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f�t�dt�

�����
It follows from ����� that the solution ��x� of the equation ����� has the form�
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�� A PRELIMINARY LEMMA

To obtain the solvability conditions of the equation ����� in the space L��a� b��
we put

f�����h �x� �
�x � h��

���� ��

Z x

a

�x� t���F

�
��� � � � � �� �� ��

x� t

x� h

�
f�t�dt�

�����
The following preliminary assertion holds�
Lemma �� Let f�t� � L��a� b�� h � a� �� � � R� � � � � �	 If

f�t� � O ��t� a��� � 
 � �� �t� a�� �����

when h � a or

f�t� � O ��t� a��� � 
 � max�� � �� �� � �t� a�� �����

when h � a� and

f�t� � O ��b� t��� � � � � � � �t� b�� �����

then f�����h �x� � L��a� b�	
P r o o f� Using ����� and interchanging the order of integration� we have

Z b

a

f�����h �x�dx �

�
�

���� ��

Z b

a

f�t�dt

Z b

t

�x�h���x�t���F

�
��� � � � � �� �� ��

x� t

x� h

�
dx�

�����
To evaluate the inner integral� we apply the series expansion ������ make the
change of variables � � �x�t�	�b�t�� and by using the integral representation
for the Gauss hypergeometric function ��� ������� and ������ we obtain

I �
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t
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where we have also used the relations

����k���� k�m�k � ����m� ��� ��k��� � � k�m�k � ��� ��m�

Applying again ������ and changing the order of summation k � j � m� in
accordance with ������ we have
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Using the relations
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and ����� and ������ we evaluate the inner sum in ������

mX
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Substituting this relation in ������ we have

I �
�t� h���b� t����

�� �
F

�
������ �� ���

b� t

t� h

�
�

Then� from ����� and ������ we 	nd that
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When h � a� by ������ F �����
h �t� � O ��t� a����� as x � a� If h � a�

according to ����� and asymptotics of the Gauss hypergeometric function �����

at in	nity ��� ����
�� we obtain the asymptotic behaviour of F �����
h �t� near

t � a�

F �����
h �t� � O ��t� a��� �O

�
�t� a������

�
�t� a�

in the case of noninteger � � � with addition of log�t � h� for the case of
integer �� �� Equation ����� gives the asymptotics near t � b�
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�
�b� t������
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So f�����h �x� is integrable on �a� b�� and by ����� we have
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Hence f�����h �x� � L��a� b�� This completes the proof of the lemma�
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�� SOLVABILITY OF THE INTEGRAL EQUATION

We denote by AC�a� b the space of absolutely continuous functions on �a� b�
It is known �see� for example� ���� Section ���� that this space coincides with
the space of primitives of Lebesgue summable functions on �a� b� namely

AC�a� b � ff � f�x� � c�

Z x

�

g�t�dt�

Z b

a

jg�t�jdt ��� �����

Theorem �� Let �� � and � � � � � be real numbers and let f�����h �x�
�h � a� be given by �����	 The Abel�type hypergeometric integral equation �����
is solvable in L��a� b� if and only if

f�����h �x� � AC��a� b�� f�����h �a� � �� �����

Under these conditions� the equation ����� has a unique solution given by �����	
P r o o f� To prove the neccesity part� let ����� be solvable in L��a� b�� Then

all steps described in Section �� in which the change of order of integration
in ����� is justi	ed by Fubini�s theorem� are true� Thus ����� is valid� Hence
����� follows from ������
To prove the su�ciency part� let the conditions in ����� hold� Then

�
f�����h �x�

�
�

�
d

dx
f�����h �x� � L��a� b��

in view of ����� and ���
�� We show that it is a solution of ������ Substituting
��x� from ����� into the left�hand side of ����� and denoting the resulting
expression by g�x�� we have
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�
�� �� ��

x� t

x� h
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This is an integral equation of the form ����� involving the prescribed function�
f�����h �x�

�
�

� It is certainly solvable� and so by ������ we have

�
f�����h �x�

�
�

�
�
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�
�

� �����

where g�����h �x� is expressed similarly to ������
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x� h

�
g�t�dt�
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Equation ����� shows that f�����h �x� and g�����h �x� di�er by a constant k� that

is f�����h �x� � g�����h �x� � k for any x � �a� b� But f�����h �a� � � by ����� and

g�����h �a� � �� because ����� is a solvable equation� Hence k � � and

�x� h��

���� ��

Z x

a

�x � t���F

�
�� � � � � �� �� ��

x� t

x� h

�
�f�t�� g�t�dt � ��

�����
This is an equation of the form ����� and the uniqueness of its solution leads
to the result f�t� � g�t�� The proof of Theorem � is complete�

�� SUFFICIENT CONDITIONS FOR THE SOLVABILITY AND

NEW FORM FOR THE SOLUTION

The criterion of solvability of the Abel�type hypergeometric integral equation
����� was obtained in Theorem � in terms of the auxiliary function f�����h �x��
The result below gives su�cient conditions in terms of the function f�x� itself�
To prove such a result� we need in the preliminary assertion contained in
Lemma �� Let f�x� � AC��a� b�� h � a and let �� � and � be real numbers

such that � � � � �� when h � a� and

� � � � �� � � �� � � � � � � �� � � � � �� �����

when h � a	 Then f�����h �x� � AC�a� b and
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�
��� � � � � �� �� ��
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�
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x� h

�
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In particular� when h � a

f�����a �x� �
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��� � �� ������ ��
�x� a������

�
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Z x
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�x� t���� F

�
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x� t

x� a

�
f ��t�dt� �����

P r o o f� Since� by hypothesis� f�t� � AC�a� b� in view of ������ f�t� is
representable in the form�

f�t� � f�a� �

Z t

a

f ����d�� �����
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Substituting this relation into ������ we have

f�����h �x� �
�x� h��f�a�

���� ��

Z x
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�x � t��� F
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x� h
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� Ih�x� � Jh�x�� �����

According to ������ we evaluate Ih�x��

Ih�x� �
�x � h��f�a�

���� ��

�X
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����k�� � � � ��k
��� ��kk�

�x� h��k
Z x
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�x � t�k��dt
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�x � h���x� a����f�a�

���� ��
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x� h
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� �����

In particular� when h � a and � � �� � � � we have

Ia�x� �
��� � �� ��f�a�

��� � �� ������ ��
�x� a������ �����

in accordance with ������ As for Jh�x�� after interchanging the order of inte�
gration and evaluating the inner integral with using ����� we have

Jh�x� �
�x� h��

���� ��

Z x
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�x�t��� F
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f ����d�

�
�x� h��

���� ��
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�x� t���� F
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x� t

x� h

�
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If h � a� it is clear� that Ih�x�� Jh�x� � AC�a� b and hence f�����h �x� �
AC�a� b in ������ When h � a� Ia�x� in ����� is an absolutely continuous
function� because

�x� a������ � ��� � � ��

Z x

a

�t� a����dt ���
�
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and �t � a���� � L��a� b� by the condition � � � � � � � in ������ To prove
that Ja�x� � AC��a� b�� we 	rst note that� in accordance with asymptotic
behavior of ����� at in	nity ��� ����
��

F

�
��� � � � � �� �� ��

x� t

x� a

�
� O

�
�x� a���

�
�O
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�x� a������

�
�x� a�

for noninteger ������ �� with addition of log�x� a� in the case of integer
� � � � � � �� Therefore� Ja�a� � �� by the condition � � � � � � � � � in
������ So we can represent Ja�x� in the form

Ja�x� �

Z x

a

h�t�dt� h�x� �
d

dx
Ja�x�� ������

By using ����� and ����� and making term�by�term di�erentiation� being jus�
ti	ed under he conditions in ������ it is easily seen that

h�x� � h��x� � h��x�

�
�x� a��

���� ��
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a

�x� t��� F

�
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x� t
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�
f ��t�dt
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Z x

a

�x� t���� F

�
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x� t

x� a

�
f ��t�dt�

������
It is proved similarly to those in ����� and ���
� that
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h��x�dx �
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h��x�dx �
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where
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�
������ �� ���

b� t
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jg��t�jdt ���
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a

jg��t�jdt ���

Hence h�x� � L��a� b� and Ja�x� is also an absolutely continuous function in
accordance with ����� and ������ and f�����a �x� � AC��a� b��
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The representation ����� follows from ������������ This completes the proof
of Lemma ��
Corollary� Under the conditions of Lemma �� f�����h �a� � ��
The following result gives a new form of the inversion formula for the equa�

tion ����� applicable to absolutely continuous functions�
Theorem �� Let f�x� � AC��a� b�� h � a and let �� � and � be real

numbers such that the conditions in Lemma � are satis
ed	 Then the Abel�

type hypergeometric equation ����� is solvable in L��a� b� and its solution �����
can be expressed in the form�
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When h � a� this solution takes the form
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P r o o f� By Lemma � and its corollary� f�����h �x� � AC��a� b� and

f�����h �a� � �� So the conditions ����� of Theorem � are satis	ed and the

equation ����� is solvable in L��a� b�� Since ��x� �
�
f�����h �x�

�
�

� ������ is

obtained by di�erentiating ������ The theorem is thus proved�
Remark �� The results in Lemmas � and � and Theorems � and � generalize

the corresponding statements for the classical Abel integral equation studied
in ���� Section ����
Remark �� The results of Sections � and � given in Theorems � and �� and

in particular the new forms ������ and ������ for the solution of the equation
������ can be used to other similar types of integral equations involving mod�
i	ed and particular forms of Gauss hypergeometric function F �a� b� c� z� �see
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��� and ����� For example� if we put h � a in ����� and replace � by �� ��
� by � and � by �� in ������ we obtain the equation with the generalized
fractional integral operator in the left�hand side introduced in ���� Theorems
� and � with the above spesializations yield new forms of results concerning
the solvability of this equation and they can be applied to solve the boundary
value problems where such equation arise �see ��� �������� �������� ���� ����
���� �����
Remark �� The results in Theorem � leads to the de	nition of the gener�

alized fractional integration and di�erentiation operators de	ned by the left�
hand side of the equation ����� and the right�hand side of the equation ������
respectively� Theorem � gives su�cient conditions for the existence of such a
generalized fractional derivative and its another forms ������ and �������
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