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�� INTRODUCTION

The solution of a second kind Fredholm integral equation with weakly singular
kernel is typically nonsmooth near the boundary of the domain of integration
�its derivatives are unbounded� see� for example� ����� �� ���� �	��
�� If one
wants to obtain a high order convergence of a numerical method for these
equations one has to take into account� in some way� the singular behavior
of the exact solution The purpose of the present paper is to discuss how it
can be done using polynomial splines on special graded grids in the numer�
ical solution of a su�ciently wide class of nonlinear two�dimensional weakly
singular integral equations

�� INTEGRAL EQUATION

We consider the nonlinear equation

u�x��

Z
G

K�x� y� u�y��dy � f�x� � x � G � ���

where

G � fx � �x�� x�� � 	 � x� � d�� 	 � x� � d�g � IR��

The kernel K�x� y� u� is assumed to be m times �m � �� continuously di�er�
entiable with respect to x� y and u for x � G� y � G� x �� y� u � IR� whereby
there exists a real number � � IR� � � �� such that� for any nonnegative
integer k � Z� and multi�indexes � � ���� ��� � Z
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with k � j�j� j�j � m� the following inequalities hold�
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and the functions b� � �	���� �	��� and b� � �	���� �	��� are assumed
to be monotonously increasing
Note that the assumptions ��� and ��� hold� for example� for the kernels

K�x� y� u� � K��x� y� u�jx� yj��

and

K�x� y� u� � K��x� y� u� log jx� yj

where 	 � � � � and K��x� y� u� is a m� � times continuously di�erentiable
function with respect to x� y� u for x� y � G � f�x�� x�� � 	 � x� � d�� 	 �
x� � d�g� u � IR �see ��� and ��� with � � � and � � 	� respectively� In the
case � � 	 the kernel K�x� y� u� is bounded but its derivates may be singular
For the right hand term of equation ���� we assume that f � Cm���G� �with

the same m and � as in ��� and ���� The space Cm���G� is de�ned as the
collection of all m times continuously di�erentiable functions u � G� IR such
that

kukm�� �
X
j�j�m

sup
x�G

�	j�j�������x�jD
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and ��x� � infy��G jx� yj is the distance from x � G to �G� the boundary of
G

�� SMOOTHNESS OF THE SOLUTION

The following results state the regularity properties of a solution u � L��G�
of equation ��� and give a basis for a discussion of the optimal �global and
local� order of convergence of piecewise polynomial collocation methods for
equation ��� �see Sections � and 
�
Theorem � ��
��� Let f � Cm���G�� and let the kernel K�x� y� u� satisfy

conditions ��� and �	�� If integral equation �
� has a solution u � L��G��
then u � Cm���G�� i�e�� the growth of its derivatives D�

xu�x� near the boundary
�G can be estimated as follows�

jD�
xu�x�j � const

��
�

�� j�j � �� �
� � j log ��x�j� j�j � �� �
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Denoting� for x � G�

�k�x� � minfxk� dk � xkg � k � �� � �

we have ��x� � minf���x�� ���x�g Introduce the space C
m��
� �G� consisting of

functions u � Cm���G� such that

�����
lu�x�

�xlk

���� � const
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�� l � �� �
� � j log �k�x�j� l � �� �
�k�x�

����l� l � �� �

��
� �

x � G � l � �� � � � �m� k � �� � � ���

Theorem � ��
� �� Let f � Cm��
� �G�� and let the kernel K�x� y� u� satisfy

conditions ��� and �	�� If integral equation �
� has a solution u � L��G�
then u � Cm��

� �G��

Note that the estimates �
� and ��� for a solution u of equation ��� on the
conditions of Theorem � are sharp in many cases This complicates an e�ective
solution of the integral equation ��� In Section � the piecewise polynomial
collocation method is presented which is adapted to the possible singularities
of the solution and is of the same accuracy as if there were no singularities in
the solution at all Moreover� in Section 
� using special collocation points�
error estimates at the collocation points are given� showing a more rapid
convergence as the global uniform convergence in G available by piecewise
polynomials
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Notice also that Cm�G� � Cm���G� � Cm��
� �G�� where Cm�G� is the space

of m times continuously di�erentiable functions u � G � IR On the other
hand� a function u � Cm��

� �G� always can be extended up to a continuous
function on G

�� COLLOCATION METHOD

To introduce the partition of G into cells we choose the vectorN � �N�� N�� of
natural numbers and introduce in the intervals �	� dk�� k � �� �� the following
�Nk � � grid points�

xjkk�N � dk
�

�
jk
Nk

�r

� jk � 	� �� � � � � Nk �

xNk�jk
k�N � dk � xNk�jk

k�N � jk � �� � � � � Nk �
���

Here r � IR� r � �� characterizes the degree of the non�uniformity of the grid
��� If r � � then the grid points ��� are uniformly located
Denote

JN � fj � �j�� j�� � jk � �� � � � � �Nk� k � �� �g �

Using points ��� we introduce the partition of G into closed cells Gj
N �

Gj
N � fx � �x�� x�� � xjk��k�N � xk � xjkk�Ng � G � j � JN �

We determine the collocation points in the following way We choosem points
��� � � � � �m in the interval ���� ���

�� � �� � � � � � �m � � � ���

By a�ne transformations we transfer them into the interval �xjk��k�N � xjkk�N � �jk �
�� � � � � �Nk� k � �� ���

jk�qkk�N � xjk��k�N �
�qk � �

�
�xjkk�N � xjk��k�N � � qk � �� � � � �m � ���

Note that jk���mk�N � jk��k�N � xjkk�N if �� � ��� �m � � �jk � �� � � � � �Nk � ��
We assign the collocation points

j�qN � �j��q���N � j��q���N � � q � Q � ���

Q � fq � �q�� q�� � qk � �� � � � �m � k � �� �g �

to the cells Gj
N � j � JN 
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For a function u � G � IR we construct a piecewise polynomial interpola�
tion function PNu � G� IR as follows�
�� on every cellGj

N � j � JN � PNu is a polynomial of the degree not exceeding
m� � with respect to both of arguments x� and x��
�� PNu interpolates u at points 

j�q
N � q � Q Thus� PNu is uniquely de�ned in

every cell Gj
N separately and may have jumps on the hyperplanes xk � xjkk�N �

jk � �� � � � � �Nk � � We may treat PNu as a multivalued function on these
hyperplanes In the case �� � ��� �m � �� PNu is a continuous function on
G
Let us denote by EN the range of the interpolation projector PN  This is

the �nite dimensional space of piecewise polynomial functions uN on G which
on any cell Gj

N � j � JN � are polynomials of degree not exceeding m� � with
respect to any of arguments x� and x�
The approximate solution uN � EN of the integral equation ��� we deter�

mine by the collocation method from the following conditions�

h
uN �x��

Z
G

K�x� y� uN�y��dy � f�x�
i
x��i�p

N

� 	� p � Q � i � JN � ��	�

We can de�ne uN � EN by the formula

uN �x� �
X
q�Q

cj�qN �j�qN �x� � x � Gj
N � j � JN � ����

where

�j�qN �x� � �j� �q���N �x���
j� �q�
��N �x��

and �jk �qkk�N �xk�� k � �� �� are the polynomials of one variable of degree m� �
such that

�jk�qkk�N �jk�pkk�N � �

�
� if pk � qk
	 if pk �� qk

�
� pk � �� � � � �m � ����

Now the collocation conditions ��	� will take the following form of a nonlinear
system which determines the coe�cients cj�qN � uN �

j�q
N ��

ci�pN �
X
j�JN

Z

Gj

N

K

i�pN � y�

X
q�Q

cj�qN �j�qN �y�
�
dy � f�i�pN � � p � Q� i � JN �

��	��
If �� � �� or �m � � then all collocation points j�qN � q � Q� j � JN � are

di�erent and there are ��m��N�N� collocation points Thus� in this case the
system ��	�� has ��m��N�N� equations and the same number unknowns If
�� � ��� �m � � then part of the collocation points coincide The number of
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di�erent collocation points is ��N��m � �� � ����N��m � �� � �� � dimEN

and the system ��	�� has the same number of equations and unknowns
Theorem � ��
� Let the following conditions be ful�lled�

� graded grid ��� and collocation points �� are used�
�� kernel K�x� y� u� satis�es ��� and �	�
	� f � Cm��

� �G��
�� integral equation �
� has a solution u� � L��G� whereby the linearized

equation

v�x� �

Z
G

K��x� y�v�y�dy � K��x� y� �
�K�x� y� u�

�u

����
u�u��y�

� ����

has in L��G� only the trivial solution v � 	�
Then there exist N�

k � 	 �k � �� �� and �� � 	 such that� for Nk � N�
k

�k � �� ��� the collocation conditions ��	� de�ne a unique approximation
uN � EN to u� satisfying kuN�u�kL��G� � �� The following error estimates
hold�

sup
x�G

juN�x� � u�j � consthm for

��
�

r � m
��� if �� � � m

r � � if �� � � m
r � � if �� � � m

��
� � ��
�

�N � consthm for

��
�

r � m
������ � r � � if �� � � �

r � m
����� if � � �� � � m� �

r � � if �� � � m� �

��
� �

����
where

h � max

�
d�
N�

�
d�
N�

�
����

and

�N � max
q�Q� j�JN

juN�
j�q
N �� u��

j�q
N �j ����

is the maximal error of uN at collocation points ���
Note that an estimate supx�G juN �x� � u�x�j � O�hm� is of optimal order

even for a function u � C��G� Theorem � shows that� for the collocation
method ��	�� the accuracy O�hm� can be achieved using su�ciently great val�
ues of the scaling parameter r of the grid ��� There are possibilities to reduce
r restricting ourselves to uniform estimates at the collocation points only �see
����� Moreover� using special collocation points� the accuracy �N � o�hm�
can be achieved �see next Section� Thus� the superconvergence phenomenon
at collocation points takes place �
� �
� �� ��
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�� SUPERCONVERGENCE AT THE COLLOCATION POINTS

Now we assume that ��� � � � � nm �see ���� are the nodes of a quadrature formula

�Z
��

���d 	

mX
k��

wk���k� � �� � �� � � � � � �m � � � ����

which is exact for all polynomials of degree m � �� � � Z� 	 � � � m �
� Actually� the weights w�� � � � � wm of the quadrature formula ���� will not
be used in our discussion The case � � m � � corresponds to the Gauss
quadrature formula and is of the greatest interest in the following theorem
Theorem � ��� Let the following conditions be ful�lled�

� kernel K�x� y� u� and �K�x� y� u���u are m � � � � times �m�� � Z�

m � �� 	 � � � m��� continuously di�erentiable with respect to x� y and u for
x � G� y � G� x �� y� u � IR� and satisfy ��� and �	� for j�j�j�j�k � m����
with a � � IR� � � ��
�� f � Cm�	����

� �G��
	� equation �
� has a solution u� � L��G� and the linearized equation �
	�

has in L��G� only the trivial solution v � 	�
�� graded grid ��� is used with the scaling parameter r � r�m� �� �� � � sat�

isfying the corresponding restrictions in �
�� strenghend to the strict inequality
r � m���� nu� if �� � � �� �� and the additional conditions

���
��

r �
m� �� �

�� �
if �� � � �� �

r �
m� �� �

�� �
if �� � � �� �

���
�� �

�� collocation points �� are generated by the nodes ��� of a gvadrature
formula �
�� which is exact for all polynomials of degree m��� 	 � � � m���
Then

�N � consthm

�
�
��
�

h	��� �� � � �� �
h	���� � j loghj�� �� � � �� �
h��� � �� � � �� �

��
�

�

��
�

h�� � � 	
h��� � j loghj�� � � 	
h��� � � � 	

��
�
�
�

where h and �N are de�ned in �
�� and �
��� respectively�
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