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Abstract. In a recent paper, Naz and Chaudry provided two solutions for the model
of Lucas-Uzawa, via the Partial Hamiltonian Approach. The first one of these solu-
tions coincides exactly with that determined by Chilarescu. For the second one, they
claim that this is a new solution, fundamentally different than that obtained by Chi-
larescu. We will prove in this paper, using the existence and uniqueness theorem of
nonlinear differential equations, that this is not at all true.
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1 Introduction

The model of Lucas-Uzawa is characterized by the well-known optimization
problem.

Definition 1. The set of paths {k, h, c, u} is called an optimal solution if it
solves the following optimization problem:

V0 = max
u,c

∫ ∞
0

c(t)1−σ − 1

1− σ
e−ρtdt,

subject to {
k̇(t) = γk(t)β [u(t)h(t)]

1−β − πk(t)− c(t),
ḣ(t) = δ[1− u(t)]h(t), k0 = k(0), h0 = h(0),

where k0 > 0 and h0 > 0 are given, β is the elasticity of output with respect to
physical capital, ρ is a positive discount factor, the efficiency parameters γ > 0
and δ > 0 represent the constant technological levels in the good sector and,
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respectively in the education sector, k is physical capital, h is human capital,
c is the real per-capita consumption and u is the fraction of labor allocated
to the production of physical capital. σ−1 represents the constant elasticity of
intertemporal substitution, and throughout this paper we suppose that σ 6= β.

The dynamical system that drives the economy over time is given by

k̇

k
= γ

(
hu

k

)1−β

− π − c

k
,

ḣ

h
= δ(1− u),

λ̇

λ
= ρ+ π − βγ

(
hu

k

)1−β

,

µ̇

µ
= ρ− δ,

ċ

c
= −ρ+ π

σ
+
γβ

σ

(
hu

k

)1−β

,

u̇

u
= ϕ− c

k
+ δu, ϕ =

(δ + π)(1− β)

β
.

(1.1)

In two recent papers Naz et al. [10,11] developed a new methodology for solving
the dynamical system of first-order ordinary differential equations arising from
first-order conditions of optimal control problems. They derived closed-form
solutions for the Ramsey model [13], in their first paper and for the Lucas-
Uzawa model [6, 15], in the second paper. More recently Naz and Chaudry
[9], give some clarifications on these solutions and made some comparisons
with other solutions, previously provided by Boucekkine and Ruiz-Tamarit [2],
Chilarescu [3] and, Marsiglio and La Torre [7,8]. As it is well-known for the two
models there are some other papers which have found closed-form solutions like
those of Barro and Sala-i-Martin [1], Smith [14], Ragni et al. [12], Viasu [16],
Hiraguchi [5] and, Chilarescu and Viasu [4].

Naz and Chaudry obtained three first integrals, denoted by I1, I2 and
I3, the first two with no restrictions on parameters and the last one with a
restriction on parameters. Among the two first integrals, only I1 enables us to
obtain directly the solutions for the Lucas model. It is impossible to obtain
solutions for the Lucas model by using only the second integral I2. That is why
it is necessary to combine the two first integrals I1 and I2 in order to obtain
the solutions. The solutions thus obtained for the variables k and c, coincide
exactly with those of the previous case, but the solutions for the variables h
and u do not coincide with those of the previous case.

If the solution for u is really a new solution, then the authors have to
prove that it is an admissible solution, i. e., 0 < u < 1 and then they have to
determine the starting values for the control variables u and c, because these
initial values are unknown. None of these requirements can be found in the
papers of the cited authors. In the next section we will prove that the Lucas-
Uzawa model admits a unique solution and thus the claim of Naz and Chaudry
on the existence of multiple solutions is inexact.
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2 The unique solution for the model of Lucas-Uzawa

In order to solve the system (1.1), Chilarescu [3] introduced the new variable
z = hu/k and thus he obtained the following differential equation

ż =
[
(δ + π)/β − γz1−β

]
z,

whose solution is given by

z(t) =

 z1−β∗ z1−β0(
z1−β∗ − z1−β0

)
e−ϕt + z1−β0

 1
1−β

.

As was proved by Chilarescu [3] and by Naz and Chaudry [9], the solutions for
k and c of the system (1.1) are given by

c(t) =
h0u0
A∗

[z(t)]
− β

σ e
δ−ρ
σ t, k(t) =

h0u0
A∗

[A∗ −A(t)] [z(t)]
−1
eφt,

φ =
δ + π(1− β)

β
,
c(t)

k(t)
=

[z(t)]
σ−β
σ e−ξt

A∗ −A(t)
, ξ = φ− δ − ρ

σ
, (2.1)

where

A(t) =

∫ t

0

z(s)
σ−β
σ e−ξsds, A∗ = lim

t→∞
A(t).

Substituting (2.1) into the last equation of the system (1.1) we arrive at the
following nonlinear differential equation

u̇ =

[
ϕ− z

σ−β
σ e−ξt

A∗ −A(t)
+ δu

]
u.

As was proved by Chilarescu [3], the starting value u0 can be determined and
is the unique solution of the equation

(ϕ+ δu0)A∗(u0; k0, h0)− δu0B∗(u0; k0, h0) = 0.

Consequently, since the function

F (t, u) =

[
ϕ− z

σ−β
σ e−ξt

A∗ −A(t)
+ δu

]
u

is continuously differentiable, than via the existence and uniqueness theorem
for nonlinear differential equations, there exists one and only one solution to
the initial value problem

u̇ = F (t, u), u0 = u(0).

This solution is given by

u(t) =
ϕu0[A∗ −A(t)]

[(ϕ+ δu0)A∗ − δu0B(t)] e−ϕt − δu0[A∗ −A(t)]
,
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where

B(t) =

∫ t

0

z(s)
σ−β
σ e−(ξ−ϕ)sds, B∗ = lim

t→∞
B(t).

Therefore, the claim of Naz et al. [11] and Naz and Chaudry [9] concerning the
existence of multiple solutions for the Lucas-Uzawa model is inexact.

In fact, the second set of solutions determined by Naz and Chaudry is iden-
tical to that in the first case, but is only written in a different mathematical
formulation. The solutions for the state variable k and for the control variable c
coincide exactly to those determined in the first set of solutions (the same solu-
tions were determined by Chilarescu). Only the solutions for the state variable
h and for the control variable u were determined in a different mathematical
formulation. These solutions, written in accordance with the notations used in
this paper, are:

h(t)=

{
[A∗−A(t)]

[
γβ(1−σ)−(ρ+π−πσ)z(t)β−1

]
+σz(t)β−

β
σ e−ξt

}
eφt

δ−1γ(1− β)(ρ− δ + δσ)c−10 z
− β

σ
0

, (2.2)

u(t) =
δ−1γ(1− β)(ρ− δ + δσ) [A∗ −A(t)]

[A∗−A(t)] [γβ(1− σ)− (ρ+π−πσ)z(t)β−1] +σz(t)β−
β
σ e−ξt

. (2.3)

If in the paper of Chilarescu, we express the function B in terms of the function
A, i.e.,

B(t) =
ϕ+ δu0
δu0

A∗ − [A∗ −A(t)]
[
1 + µ− χz(t)β−1

]
eϕt − ωz(t)β−

β
σ e−(ξ−ϕ)t,

with

µ =
γβϕ(1− σ)

η
, χ =

ϕ [ρ+ π(1− σ]

η
, ω =

σϕ

η
, η = γ(1− β) [ρ− δ(1− σ)]

and then substitute this result into the corresponding equations of u and h
given in the paper of Chilarescu, we obtain exactly the same results as those
of the equations obtained by Naz and Chaudry.

The cited authors also claim that under the specific restriction

σ =
(ρ+ π)β

πβ − (δ + π)(1− β)
=

1
π
ρ+π −

δ+π
ρ+π

1−β
β

there exists another solution of the Lucas-Uzawa model. The problem here is
that we cannot choose arbitrarily the values of all parameters in the model
of Lucas. As it is well-known, β represents the capital share of income. For
example, if we choose π = 0.05, δ = 0.06, ρ = 0.04 which are acceptable values,
then we have to choose (for example) β = 0.8, value that generates for σ = 4.
These two values, for β and σ are certainly beyond the values confirmed by
the econometric estimations and consequently this second solution could be
considered only as a purely mathematical alternative.

In the next section we present some numerical simulations in order to show
that the trajectories determined by Naz et al. or by Naz and Chaudry (equa-
tions (2.2) and (2.3)), coincide exactly with those provided by Chilarescu.
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3 Conclusions

The uniqueness of the solutions of Lucas’s model was proved for the first time
by Boucekkine and Ruiz-Tamarit and later by Chilarescu, by using completely
different mathematical techniques. Naz et al. and Naz and Chaudry recently
published several papers in which they claim that Lucas’s model, without
any restrictions on the parameters, presents multiple solutions. Obviously
this claim is not true and this paper clarifies definitively this subject. We
proved our result, via the theorem of existence and uniqueness of the non-
linear differential equations. Examining the results presented in the papers
by these authors, results obtained via the partial Hamiltonian approach, we
conclude that this method could not provide new general results, but only to
confirm the old results obtained by other papers. What is really new to this
method is the fact that it can produce some particular solutions, obtained by
using different restrictions on the parameters. In order to give more credibil-
ity to the results obtained in this paper, we present below, some numerical
simulations. To do this, we consider here a well-known benchmark economy:
β = 0.25, γ = 1.05, δ = 0.05, π = 0.01, ρ = 0.04, σ = 1.5, h0 = 10, and k0 = 80
and the results are presented into the four graphs, denoted by Figures 1–4.

Figure 1. Transitional dynamics for
h(t) - Chilarescu

Figure 2. Transitional dynamics for
h(t) - Naz et al.

Figure 3. Transitional dynamics for
u(t) - Chilarescu

Figure 4. Transitional dynamics for
u(t) - Naz et al.
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As we can observe from the these graphs, the trajectories for the variables
h and u obtained by Naz et al. coincide exactly with those obtained by Chi-
larescu.
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