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D1 = {z ∈ C : |z| < r} j ²ª¶lk�² Æ�ÊÂEmVÃnJo6·	Æ�Ê+p�Â
r < 1

·	¸�Æ
D = {z ∈ C : r <

|z| < 1} j ²ª¶Ek�² ·	¸�¸>p�Åqp#Â8Ã	¸º¶Ek�²7m?Ã	Èsr�Å²utvr�Å·	¸�²
C

�"i�²S¶
D0 = {z ∈ C : |z| > 1}

j ²ª·	¸º²�t�¶>²�oðÊÃ�oßÃn�¶lk�²Fp�¸�Ê ¶"Æ�ÊÂEmVÃ	¸º¶Ek�²E²ut�¶>²:¸�Æ�²(ÆYm?Ã	Èsr�Å²utwr�Å·	¸�²
Ĉ = C ∪ {∞}

�
�"²:¸�Ã<¶ð² j>x Γ1 = {z ∈ C : |z| = 1}

¼
Γ2 = {z ∈ C : |z| = r}

¶Ek�²smSÃ�oEoð²:Âlr#Ã/¸�Æ�Ê¸zy
j Ã1p�¸�Æ�·�o x mup�ol{/²:Â:�|i�²S¶�¶lk�²smupzoE{	²

Γ2 j ² Ã�oðÊ ²:¸-¶ð·Y¶ð²:Æ�Ê¸}m?Ã�p�¸-¶ð²�o~mSÅÃ>m���Ä³Ê ÂH² ÂH²:¸�Â>²	¼
·<¸�Æ

Γ1 j ²"Ã�oðÊ²?¸-¶ð·<¶>²:Æ�Ê¸wm?Å ÃNm���Ä³ÊÂ>²"Â>²?¸�Â>²	��i2²?¶
n = (n1, n2) j ²+¶lk�²"Ã�p�¶µÄ�·�oðÆ�p�¸�Ê ¶

¸�Ã�oðÈb·<ÅN{	²�m�¶ðÃ�o�¶>Ã
Γk

¼
(k = 1, 2)

�
��k�²³¸�Ã�oðÈb·<Å�Æ�²�o>Ê+{Y·Y¶>Ê+{	²�Ê Â
Ê ¸-¶Eo>Ã�ÆNp�m?²:Æ ·	Â�n£Ã/Å ÅÃYÄ8Â

∂

∂n

= n1

∂

∂x
+ n2

∂

∂y
.

� ²<m?Ã	¸�Â>Ê Æ�²�o
¶Ek�²+ÂH¶>²(·	Æ x k�²(·Y¶Tm?Ã	¸�ÆNp"m�¶>ÊÃ	¸bÊ¸b¶Ek�²8ÅÃ	¸zyFm x Å Ê¸�ÆNoðÊ+m:·<Å�m?Ã	Èsr�Ã/Â>Ê ¶ð²:Â
Ä³Ê ¶EkwmSÃ-·Y¶>²(Æ�m x ÅÊ ¸�Æzo>Ê-m?·	Å�Ê¸�mSÅ+p�Â>Ê Ã/¸bÊ ¸b¶Ek�²+Æ�Êqoð²�mS¶>ÊÃ	¸bÃ�o>¶lk�Ã�y	Ã/¸�·<Å�¶ðÃE¶lk�²+·/t�Ê Â Ã�n�¶Ek�²
m x Å Ê¸�Æ�²�oðÂ:�1��k�²<rzoðÃ j Å²?È Ã	¸ ¶lk�²�Æ�²:ÂEmuoðÊqr�¶>ÊÃ	¸bÃnÔ¶Ek�²�k�²:·<¶3��²?Å Æ�m:·<¸ j ²<p�¸#Æ�²�o6Âµ¶ðÃ�Ã�Æ
·	Â�rzpzoð²?Å x ¶µÄ�Ã<¿�Æ�Ê È�²:¸�ÂHÊÃ	¸#·<Å�Ã	¸�²/�N��¸®¶Ek�ÊÂGr�·r�²�oßÄ�²~m?Ã	¸�Â>Ê Æ�²�oßÃ	¸�Å x r�Ã<¶ð²?¸-¶>Ê ·<Å�m:·	Â>²	�
� ²ºÂepzr�r#Ã-ÂH²b¶Ek�·Y¶�·<ÅÅTr#·o>¶ðÂªÃ�nß¶lk�²YmSÃ	Èsr�Å²ut�r�Å ·<¸�²

D, D0, D1

·�o>² ÃNm�mupzr�Ê²:Æ
j�x È�·<¶>²�o>Ê ·<Å Â�Ä³Ê ¶Ek ¶Ek�²�r�Ã/Â>Ê ¶ðÊq{/² ¶Ek�²�oðÈb·<Å3mSÃ/¸�ÆNp�mS¶>Ê+{�Ê ¶ðÊ ²(Â

1
¼
λ0

¼
λ1

¼Qo>²(Âer�²�mS¶>Ê+{	²?Å x



� À � ��� � ����-���

� k�²�o>²
λ0

·<¸#Æ
λ1

·oð² r#Ã-ÂHÊ ¶>Ê+{	²�	��\i�²S¶b¶Ek�²cmSÃ/¸-¶ð·�mS¶ j ²?¶µÄÚ²:²?¸ Èb·Y¶>²�o>Ê ·<Å Â
D, D0

Ê Â
r#²�oen£²�m�¶:¼/·<¸�Æ j ²?¶µÄÚ²:²?¸

D, D1

Ê Â Ê Èsr�²�oln£²�mS¶:�� ²8·oð²ÚÊ¸-¶>²�o>²(Âµ¶ð²:Æ�Ê ¸�¶lk�²ß¶ð²?Èsr�²�o6·Y¶lp�o>²
Æ�ÊÂH¶loðÊ j p�¶>ÊÃ	¸�Ã/¸

Ĉ
Ä k�Ê-m�k�ÊÂªÆ�²:ÂEmuoðÊ j ²:Æ j>x ·Yn p�¸"m�¶>ÊÃ	¸

u(z)
� �ó¶ Ê Âª·/Â>Âlp�È�²:Æ�¶lk�·<¶

¶lk�²E²�t-¶ð²�oð¸�·<Å,�#²?Å Æ Ê Â³Æ�²(Âlm�o>Ê j ²(Æ j>x · Â>Ê¸zy�p�Å ·oðÊ ¶ x ·Y¶³Ê ¸z��¸�Ê ¶ x ���k�²\rzoðÃ j Å ²:È{Ê Â�¶>ÃG�#¸�Æ ·Gn p�¸�m�¶ðÊ Ã/¸
u(z)

k�·�o>È�Ã	¸�Ê+m
Ê¸
D, D0, D1

¼/mSÃ	¸-¶ðÊ ¸>p�Ã1p�ÂHÅ xÆ�Ê�
~²�oð²?¸-¶ðÊ· j Å ²®Ê ¸�¶Ek�²vm?Å Ã-Âepzoð²:ÂªÃnß¶lk�²YmSÃ/¸�ÂHÊ Æ�²�o>²(Æ Æ�Ã	Èb·<Ê¸�ÂE²�tNm?²�r�¶
z = ∞

¼ ·<¸�Æ
Â>·<¶>Ê Â4n x Ê¸zy ¶lk�²~n£Ã/Å ÅÃYÄ³Ê ¸�y�m?Ã	¸�Æ�Ê ¶>ÊÃ	¸#Â

∂u−

∂n

(t) = λ1

∂u+

∂n

(t), |t| = r,
� ¹/� ¹�	

λ1

∂u+

∂n

(t) + γ1(u
+(t) − u−(t)) = 0, |t| = r,

� ¹/� � 	

u+ = u−,
∂u−

∂n

(t) = λ0

∂u+

∂n

(t), |t| = 1,
� ¹/� ½�	

�ó¶8ÊÂ³Âlpzrzr�Ã/Â>²:Æ ·<Å Â>Ã ¶Ek�·Y¶
u(z) − RepN (z)

ÊÂ j Ã�p�¸�Æ�²:Æº·Y¶8Ê¸N��¸�Ê ¶ x ¼�Ä k�²�oð²

pN (z) = A1z + A2z
2 + . . . + ANzN

� ¹	� �	

ÊÂ³·�y	Ê+{	²:¸wr�Ã	Å x ¸�Ã	È�Ê ·<Å~Ãn Æ�²�y1o>²:²
N
mSÃ1oloð²:Âlr#Ã/¸�Æ�Ê¸zyª¶ðÃ ¶lk�²V²ut�¶ð²�oð¸�·<Å|��²:ÅÆ ·r�r�Å Ê²:Æ

·Y¶³Ê ¸z��¸�Ê ¶ x ���k�² mSÃ	¸<´4pzy/·<¶>ÊÃ	¸vm?Ã	¸�Æ�Ê ¶ðÊ Ã/¸�Â � ¹/� ¹�	�� � ¹	� � 	ÚÆ�²:ÂEmuoðÊ j ²�¶lk�²EÊ Èsr�²�oln£²�m�¶<m?Ã	¸-¶ð·1m�¶ j ²S¿
¶µÄÚ²:²?¸�Èb·Y¶>²�o>Ê ·<Å Â
Ã/¸

Γ2

� Â>²?²�� ��� 	�¼-·<¸�Æ�m?Ã	¸�Æ�Ê ¶>ÊÃ	¸#Â � ¹/� ½�	�mSÃ�oEoð²:Âlr#Ã/¸�Æª¶ðÃV¶lk�²<r#²�oen£²�m�¶
mSÃ	¸-¶6·�m�¶³Ã/¸

Γ1

� ÂH²:²	¼�²/� y#� ¼��  � 	��
��¸®¶Ek�²�n£Ã	ÅÅ ÃYÄ³Ê¸zy�ÄÚ²�Ê Æ�²?¸-¶>Êqn x ¶Ek�²E¸�Ã1o>Èb·<Å,{/²�m�¶ðÃ�o

n = (n1, n2)
Ä³Ê ¶lkº¶lk�²~m?Ã	È ¿

r�Å ²�t ¸>p�È j ²�o
n = n1 + in2

�zi2²S¶Gp#Â³Ê ¸-¶Eo>Ã�ÆNp�m?²�¶lk�²�m?Ã	Èsr�Å²utwr�Ã<¶ð²?¸-¶>Ê ·<Å

ϕ(z) = u(z) + iv(z),
� ¹	� ¾�	

Ä k�Ê+m�k�Ê Â�·<¸�·	Å x ¶>Ê-mEÊ¸
D

¼
D0

¼
D1

¼|m?Ã	¸-¶>Ê¸>p�Ã�p�Â>Å x Æ�Ê�
�²�o>²:¸-¶>Ê · j Å²ªÊ¸�¶lk�²�mSÅÃ/Âlpzoð²:Â³Ã�n
¶lk�²smSÃ/¸�ÂHÊ Æ�²�o>²(Æ�Æ�Ã	Èb·	Ê ¸�Â+²utzm?²�r�¶

z = ∞
�
ϕ(z)

k�·	Â+¶Ek�²7r�o>Ê¸�mSÊ+r�·	Å*r�·�oH¶
pN (z)

·Y¶
Ê ¸N�#¸�Ê ¶ x ¼ÔÊT� ²	�¼

ϕ(z) − pN (z)
ÊÂ j Ã�p�¸#Æ�²:Æ ·Y¶VÊ ¸z��¸�Ê ¶ x ����k�²srzoðÃ j Å²?È � ¹	�¹�	�� � ¹/� ½�	³Ê Â

²���p�Ê+{�·	Å ²:¸-¶�¶ðÃ�¶lk�²~n£Ã/Å ÅÃYÄ³Ê¸zy
R

¿óÅÊ ¸�²(·o rzoðÃ j Å ²:È � Â>²?²��¹	¼� � 	

ϕ−(t) = φ1(t) − ρ1φ1(t) + µ1tφ
′

1(t) + µ1

r2

t
φ′

1
(t), |t| = r,

� ¹/� »�	

ϕ−(t) = φ0(t) − ρ0φ0(t), |t| = 1,
� ¹/����	

Ä k�²�oð²
φk(z) =

λk + 1

2
ϕ+(z), z ∈ Dk,

� ¹	� ��	

ρk = λk−1

λk+1

�
k = 0, 1

	�¼
µ1 = 1+ρ1

2rγ1

�! �Ã1o>²:Ã/{	²�o(¼/¶lk�²~n p�¸"m�¶>ÊÃ	¸#Â
φ1(z)

·<¸#Æ
ϕ(z)

·oð²
·<¸�·	Å x ¶>Ê-m+Ê ¸

D1

·	¸�Æ
D
oð²:Âlr#²�m�¶ðÊq{/²?Å x �N��k�²^n p�¸�m�¶ðÊ Ã/¸

φ0(z)
Ê Â³·<¸#·<Å x ¶ðÊ+m+Ê¸

D0 −∞
¼

mSÃ	¸-¶ðÊ ¸>p�Ã1p�ÂHÅ x Æ�Ê�
�²�o>²:¸-¶>Ê · j Å²EÊ ¸ºÊ ¶ðÂGm?Å Ã-Âepzoð²E·<¸�Ævk�·/Â�¶lk�² oð²�rzoð²:Â>²?¸-¶6·Y¶>ÊÃ	¸

φ0(z) = ϕ0(z) + pN (z), |z| ≥ 1.
� ¹/� À�	

�"²(Âer�Ê ¶>²8¶lk�²�ÂHÊ+y	¸�Êq�"m:·<¸-¶ Ê ¸-¶ð²�oð²:ÂH¶ Ê ¸®·�rzr�ÅÊ+m:·Y¶ðÊ Ã/¸�Â�� ��� ¶Ek�²<m?Ã	¸Y´4pzy-·Y¶ðÊ Ã/¸�r�o>Ã j Å ²:È
Ê ¸®¶lk�² m?·/ÂH²+Ãn�ÊÈsr#²�oen£²�m�¶GmSÃ/¸-¶ð·�mS¶ÚÊ Â�¸�Ã<¶³Æ�²?²�r�Å x Âµ¶Ep�Æ�Ê²:ÆÔ�N�xÃ ¶Ek�² j ²:ÂH¶³Ãnx·�p�¶lk�Ã�o�" Â
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�-¸�ÃYÄ³Å ²(ÆNy	² ¶lk�²�oð²®·oð²�Ã	¸�Å x · n£²:Ä oð²:Âlp�Å ¶ðÂªÆ�²�{	Ã	¶>²(Æ�¶ðÃ�¶lk�²wmSÃ/¸�Âµ¶Eolp"m�¶>Ê+{	²bÂ>Ã	Å+p�¶>ÊÃ	¸
Ãn ¶lk�²Frzo>Ã j Å²?È ����²?¸>{	²:¸�Ê Âµ¶ð²ª·<¸�Æ  �ÊÅ Ã1k � ½ � ²�t>r#·<¸�Æ�²(Æ ÂHÃ/Åqp�¶ðÊ Ã/¸ Ãn Âep"m�kYr�o>Ã j Å ²:È
Ê ¸ Â>²�oðÊ ²(ÂEÃn8Âlr#²�mSÊ ·<Å\n p�¸�m�¶ðÊ Ã/¸�ÂªÊ¸ Ã�o6Æ�²�oE¶>Ã�²(Âµ¶ðÊ Èb·<¶>²b¶Ek�² ² 
~²�mS¶>Ê+{	²wm?Ã	¸�Æzp�m�¶ðÊq{�Ê ¶ x ���Ã	¸�Âð·<Å+{	²(Â®·<¸#Æ��+Ã	ÅÃ�Æ�Á?Ê²µ´ � ��� ÂHÃ/Åq{/²:Æ ¶Ek�Ê Âvr�o>Ã j Å ²:È ¸>p�È�²�oðÊ+m:·<ÅÅ x Ê¸ · mSÅ ·	ÂðÂ®Ã�n
Æ�Ã�p j Å x r�²�oðÊÃ�Æ�Ê+m�n p�¸"m�¶>ÊÃ	¸ j>x ¶Ek�²�mSÃ/Å ÅÃNm?·Y¶ðÊ Ã/¸®È�²S¶Ek�Ã�ÆÔ�

��I��<[<S��|L��eU\SGMJd��	��� ��OQ_zOQSTL��4MJd"!$#�[GM�L��4U\S
��¸ ¶Ek�ÊÂ®ÂH²�m�¶>ÊÃ	¸ ¶lk�²:r�o>Ã j Å ²:È � ¹/� »�	�� � ¹	� � 	 ÊÂsoð²:Æzp�mS²(Æ ¶ðÃ}n p�¸�m�¶ðÊ Ã/¸�·<Å���Æ�Ê�
~²�oð²?¸-¶>Ê ·<Å
²���p�·Y¶ðÊ Ã/¸�Â:�zi2²S¶ p�Â8Ê ¸-¶loðÃ�ÆNp�m?²+¶Ek�²~n p�¸�mS¶>ÊÃ	¸

Φ(z) =





φ1(z) + µ1zφ′

1(z) + ρ0φ0(1/z), |z| ≤ r
¼

ϕ(z) + ρ1φ1(r2/z) − µ1
r2

z
φ′

1(r
2/z) + ρ0φ0(1/z), r < z < 1

¼

φ0(z) + ρ1φ1(r2/z) − µ1
r2

z
φ′

1(r
2/z), z ≥ 1

�
� � �¹�	

%xÊ+o6Âµ¶(¼
m?Ã	¸�Â>Ê Æ�²�o
Φ(z)

Ê ¸
|z| < r

�1��k�²�n p�¸�m�¶ðÊ Ã/¸�Â
φ1(z)

·	¸�Æ
zφ′

1(z)
·oð²ß·<¸�·	Å x ¶>Ê-mÊ ¸

|z| < r
�'&�Ê¸�mS²

φ0(z)
Ê Â�·<¸�·	Å x ¶>Ê-m
Ê¸

1 < |z| < ∞
¼�k�²?¸�m?² ¶lk�²3n p�¸�mS¶>ÊÃ	¸

φ0 (1/z)
Ê Â

·<¸�·	Å x ¶>Ê-mÚÊ ¸
0 < |z| < 1

���k�²�o>²�n£Ã�oð²	¼
Φ(z)

Ê Â
·<¸�·	Å x ¶ðÊ+m%Ê ¸
0 < |z| < r

�<�8¸�·	Å Ã1y	Ã�p#ÂHÅ x ¼
Φ(z)

Ê Â³·<¸#·<Å x ¶ðÊ+m�Ê¸
D

·	¸�Æ
D0 \ {∞}

�
i2²S¶ p�ÂGrzo>Ã/{/²"¶Ek�·Y¶

Φ+(t) = Φ−(t)
Ã	¸ ¶lk�²�mSÊ+oEm?Å ²

|t| = r
¼�Ä k�²�o>²

Φ+(t) = lim
z→t

|z|<r

Φ(z) = φ1(t) + µ1zφ′

1(t) + ρ0φ0

(
1/t

)
,

Φ−(t) = lim
z→t

|z|>r

Φ(z) = ϕ−(t) + ρ1φ1

(
r2/t

)
− µ1

r2

t
φ′

1

(
r2/t

)
+ ρ0φ0

(
1/t

)
.

%�Ã�o+¶lk�ÊÂVÄ�²7m:·<Å-mup�Å ·Y¶ð² ¶Ek�²"´4p�È�r
∆ := Φ+(t) − Φ−(t)

·�muoðÃ/ÂðÂ
Γ2

�)("Â>Ê¸zy®¶Ek�²
o>²:Å·<¶>ÊÃ	¸

t = r2/t
Ã	¸º¶lk�²�m?Êqo�mSÅ²

|t| = r
Ä�²~k�·
{	²

∆ = φ1(t) + µ1tφ
′

1(t) − ϕ−(t) − ρ1φ1(t) + µ1

r2

t
φ′

1(t).

�ó¶�n£Ã/Å ÅÃYÄ8ÂQn o>Ã/È � ¹	� »�	�¶Ek�·Y¶
∆ = 0

�/��k�²³Â>·	È�²�m?Ã	¸�Â>ÊÆ�²�o6·Y¶>ÊÃ	¸ x Ê²?Å Æ�Â
Φ+(t) = Φ−(t)Ã	¸�¶Ek�²�mSÊ+oEm?Å ²

|t| = 1
� ��k�²?¸��8¸#·<Å x ¶ðÊ+m+*ÚÃ	¸-¶ðÊ ¸>p�·<¶>ÊÃ	¸��3oðÊ¸�mSÊ+r�Å² ÊÈsr�ÅÊ ²(Â�¶lk�·<¶+¶Ek�²

n p�¸�m�¶ðÊ Ã/¸
Φ(z)

ÊÂÚ·<¸�·	Å x ¶>Ê-m�Ê ¸
C\{0}

����¸ ¶Ek�² n£Ã�o�mS²ßÃ�n � ¹	� À�	 ·	¸�Æ � � � ¹�	�ÄÚ²Gm?Ã	¸�m?Åqp�Æ�²
¶lk�·<¶ª¶lk�²wrzo>Ê¸�m?Êqr�·	Å3r�·�oH¶ªÃ�n

Φ(z)
Ê Âª²��1p#·<Å
¶ðÃ

pN (z)
·Y¶

z = ∞
·<¸#Æ Ê Âª²���p�·<Å
¶ðÃ

ρ0pN (1/z)
·<¶

z = 0
�z��k�²?¸º¶lk�²�i2ÊÃ�pz{�ÊÅ Å²�¶lk�²:Ã�oð²?È x Ê²?Å Æ�Â

Φ(z) − ρ0pN (1/z) − pN (z) = c, z ∈ C,
� � � � 	

Ä k�²�oð²
c

Ê Â mSÃ/¸�ÂH¶ð·<¸-¶(�zi2²S¶Gp#ÂßÊ ¸-¶loðÃ�ÆNp�m?²+¶Ek�²~n p�¸�mS¶>ÊÃ	¸

g(z) = ρ0pN (1/z) + pN (z) + c.
� � � ½�	

*ÚÃ	¸�Â>ÊÆ�²�o � � � � 	ÚÊ ¸
|z| ≤ r

·<¸#Æ Ê¸
|z| ≥ 1

��("Â>Ê ¸zy � � �¹�	ÚÄ�²EÃ j ¶6·<Ê¸

φ1(z) + µ1zφ′

1(z) − ρ0φ0 (1/z) = g(z), |z| ≤ r,
� � � �	
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φ0(z) + ρ1φ1 (r2/z) − µ1

r2

z
φ′

1 (r2/z) = g(z), |z| ≥ 1.
� � � ¾�	

&>p j ÂH¶>Ê ¶lp�¶ðÊ ¸�y
w = 1/z

Ê¸ � � � ¾�	Ú·	¸�Æ®¶ð·��Ê¸zy ¶lk�²�m?Ã	Èsr�Å²utvm?Ã	¸Y´4p�y/·Y¶ðÊ Ã/¸ Ä�²~k�·
{	²

φ0 (1/w) + ρ1φ1

(
r2w

)
− µ1r

2wφ′

1

(
r2w

)
= g (1/w) |w| ≤ 1,

Ã�o³Ê¸Y{Y·�o>Ê · j Å²
z

φ0 (1/z) = g (1/z) − ρ1φ1

(
r2z

)
+ µ1r

2zφ′

1

(
r2z

)
|z| ≤ 1.

&>p j ÂH¶>Ê ¶lp�¶ð²V¸�ÃYÄ ¶lk�²~{Y·<Å+p�²+Ãn2¶Ek�²�n p�¸�m�¶ðÊ Ã/¸
φ0(1/z)

n oðÃ	È ¶Ek�²+Å ·Y¶>¶>²�o�oð²?Å ·Y¶ðÊ Ã/¸ Ê¸/¶ðÃ
� � � �	S���"Â8·�oð²:Âlp�Å ¶:¼�Ä�²VÃ j ¶6·<Ê¸®¶Ek�²~n p�¸�mS¶>ÊÃ	¸�·	Å ��Æ�Ê�
~²�oð²?¸-¶ðÊ·	ÅÔ²���p�·Y¶ðÊ Ã/¸

φ1(z) + µ1zφ′

1(z) + ρ0ρ1φ1

(
r2z

)
− ρ0µ1r

2zφ′

1

(
r2z

)
= h(z), |z| ≤ r,

� � � »�	

Ä k�²�oð²
h(z) = g(z) − ρ0g (1/z).

� � ����	
��¸ � � � »�	�¼#¶lk�²�p�¸z��¸�ÃYÄ³¸Cn p�¸�m�¶ðÊ Ã/¸

φ1(z)
ÊÂ�·<¸#·<Å x ¶ðÊ+m Ê ¸

|z| < r
·	¸�ÆCm?Ã	¸-¶>Ê¸>p�Ã�p�Â>Å xÆ�Ê�
~²�oð²?¸-¶ðÊ· j Å ²�Ê ¸

|z| ≤ r
� � ²�¸�Ã<¶>² ¶lk�·<¶+¶Ek�²��-¸�ÃYÄ³¸:n p�¸�mS¶>ÊÃ	¸

h(z)
m?Ã	¸-¶ð·	Ê ¸#Â³¶lk�²

p�¸�Æ�²?¶>²�oðÈ�Ê ¸�²:Æ mSÃ/¸�Âµ¶6·<¸-¶
c
� ÂH²:² � � � ½�	 	��
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ρ0ρ1 6= −1
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hm

�£¢����#�Y	
 �<��¥6�(��� ¥S¤¦�?���T§ �µ ��¬¢��
 �����¥?�T¤¦�<�

h(z)
�Y�

z = 0
� �~¢��?� �������Y�É¤¦�Y� � � � »�	"¢��Y§ª�¬¢�� ���#¤�� ���E§?�	
����É¤¦�Y�

φ1(z) =
∞∑

m=0

hm

Bm

zm,
� ½��¹�	

±x¢��?�>�
Bm = 1 + µ1m + ρ0ρ1r

2m − ρ0µ1mr2m+2 > 0.
� ½�� � 	

� �>�(�µ  � � ² ·oð²EÅ Ã�Ã1�-Ê¸zy�n£Ã�o"¶lk�²�n p�¸�m�¶ðÊ Ã/¸
φ1(z)

·	¸�·<Å x ¶>Ê-mVÊ ¸ ¶Ek�² Æ�Ê Âlm
|z| < r

¼�Ê¸
¶lk�²~n£Ã1o>ÈjÃ�n Â>²�oðÊ²:Â

φ1(z) =

∞∑

m=0

αmzm.

*�·<Å-mup�Å ·Y¶ð²

zφ′

1(z) =

∞∑

m=0

mαmzm, |z| < r, φ′

1(r
2z) =

∞∑

m=0

mαmr2mzm−1.
� ½�� ½�	

&>p j ÂH¶>Ê ¶lp�¶ðÊ ¸�y � ½�� ½�	 Ê¸-¶>Ã � � � »�	
·	¸�Æ�m?Ã	Èsr�·oðÊ¸zy�mSÃ�²! �m?Ê ²:¸/¶6Â%·<¶ ¶lk�²�Â>·	È�²Gr#ÃYÄ�²�o6Â
Ã�n
z

ÄÚ²VÃ j ¶ð·<Ê¸º²���p�·Y¶ðÊ Ã/¸�ÂßÃ	¸
αm

αm

(
1 + µ1m + ρ0ρ1r

2m − ρ0µ1mr2m+2
)

= hm, m = 0, 1, . . . .
� ½��  	
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−1 < ρ0ρ1 ≤ 1, 0 ≤ µ1 ≤ ∞.
� ½�� ¾�	

("Â>Ê ¸zy � ½�� ¾�	ÚÃ/¸�² m?·<¸ Â>²?²�¶lk�·<¶

0 < 1 − ρ0r
2m+2 < 2 and − 1 < ρ0ρ1r

2m ≤ 1.
��k�²�oð²un£Ã1o>²/¼�¶lk�²7mSÃ/¸�ÂH¶ð·<¸-¶6Â

Bm

Ê¸ � ½�� � 	8·�o>²Fr#Ã-ÂHÊ ¶>Ê+{	² n£Ã1o�·	Å Å
m = 0, 1, . . .

���"²?¸�m?²
� ½�� �	 x Ê²?Å Æ�Â

αm = hmB−1
m , m ≥ 0

¼#·<¸�ÆºÄ�²V·�oloðÊ+{	²V·Y¶ � ½�� ¹�	�����k�²~n p�¸�m�¶ðÊ Ã/¸
φ0(z)ÊÂ�n£Ã1p�¸�Æwn o>Ã/È � � � ¾�	��z��k�ÊÂ m?Ã	Èsr�Å²S¶>²(Âß¶lk�² rzo>Ã�Ã�nµ�
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� ² ¸�ÃYÄ�·r�r�Å x ��k�²:Ã�oð²?Èu¹ª¶ðÃ®¶Ek�²�rzo>Ã j Å²?È � ¹/� »�	�� � ¹	� � 	S� (+ÂHÊ¸zy � ¹	� �	S¼ � � � ½�	+·<¸�Æ
� � � � 	ÚÄ�² o>²:Ä o>Ê ¶>²

g(z)
Ê¸º¶lk�²~n£Ã1o>È

g(z) = ρ0

N∑

m=1

Amz−m +

N∑

m=1

Amzm + c.
� ��¹�	

������ � ����� ��� �?�
ρ0ρ1 6= −1

� �~¢��?�m�£¢����~�>� ��
 �?� � ¹	� »�	�� � ¹	� � 	 ¢��Y§º�£¢�� ����¤������
§S�'
����É¤¦�Y�

φ0(z) =

N∑

m=−N

βmzm,
� �� � 	

±x¢��?�>�

βm =





Am, m = 1, 2, . . . , N,

−ρ1(c − ρ0c)(1 + ρ0ρ1)
−1 + c, m = 0,

−ρ1A−mB
−1

−mr−2m−µ1mA−mB
−1

−mr−2m+ρ0A−m, m =−1, . . . ,−N
¨

�Y� �

φ1(z) = a0 +

N∑

m=1

Am

Bm

zm,
� �� ½�	

±x¢��?�>�
a0 = (c − ρ0c)(1 + ρ0ρ1)

−1
�

� �>�(�µ  � �³²�rzo>²(ÂH²:¸-¶
φ0(z)

Ê¸º¶lk�²�n£Ã1o>È�Ãn�¶Ek�²�i�·�pzoð²?¸-¶8ÂH²�o>Ê²:Â

φ0(z) =
∞∑

m=−∞

βmzm.

�Grzr�Å x Ê ¸�y���k�²?Ã1o>²:È ¹ª·<¸�Ævp�Â>Ê ¸zy�²��1p#·Y¶>ÊÃ	¸#Â � � � ¾�	S¼ � #� ¹�	%Ä�² k�·
{/²

∞∑

m=−∞

βmzm =

∞∑

m=0

(µ1m − ρ1) hmB
−1

m r2mz−m

+ ρ0

N∑

m=1

Amz−m +

N∑

m=1

Amzm + c.
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zm

Ê¸�¶Ek�²8Å ·Y¶>¶>²�oJoð²?Å ·Y¶ðÊ Ã/¸�Ä�²Gm?·	Å+m�p�Å ·Y¶>²
βm

��ó¶\n£Ã	ÅÅ ÃYÄ8Â
n o>Ã/È � � � ½�	ß·<¸�Æ � � ����	 ¶Ek�·Y¶ n p�¸�m�¶ðÊ Ã/¸

h(z)
ÊÂ8·�r�Ã	Å x ¸�Ã	È�Ê ·<ÅÔÃn Æ�²�y1o>²:²

N

h(z) = (1 − ρ2
0)pN (z) + c − ρ0c.
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��k�²sn p�¸�mS¶>ÊÃ	¸�Â

φ0(z)
·<¸�Æ

φ1(z)
·oð²�y/Êq{/²?¸�Ê¸V��k�²?Ã1o>²:È � ���+²S¶ð²�oðÈ�Ê ¸�²®¸�ÃYÄ�¶Ek�²

n p�¸�m�¶ðÊ Ã/¸
ϕ(z)

p�Â>Ê¸zy � � � ¹�	�Ê ¸
r < |z| < 1

��� n¬¶ð²�o³¶ð²:Æ�ÊÃ�p�Â m:·<Å-mup�Å ·Y¶ðÊ Ã/¸�ÂßÄ�²�Ã j ¶ð·	Ê ¸

ϕ(z) =

N∑

m=−N

αmz−m,
� ¾��¹�	

Ä k�²�oð²

αm =





ρ0Am − ρ0Am + (mµ1 − ρ1)AmB−1
m r2m, m = 1, 2, . . . , N,

c − ρ1η(1 + ρ0ρ1)
−1 − ρ0(c − ρ1η), m = 0,

A−m−ρ0A−m

(
ρ0 − ρ1B

−1
−mr−2m−µ1mB−1

−mr−2m
)
, m =−1,. . . ,−N.
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u(z) =





2

λ0+1

¯"�
φ0(z), |z| ≥ 1

¨

2

λ1+1

¯"�
φ1(z), |z| ≤ r

¨
¯"�

ϕ(z), r < |z| < 1
¨

±x¢��?�>�� �����¥?�T¤¦�<��§
φ0

¨
φ1

¨
ϕ
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