
���������	�
������������������	���������������������������� �
!"�#��$��%��&('*)+$��%,-�/.�0�12'/3/3�4�1�56�����	�87(9;:=<>7(?A@
B© ?;9;9�CED�F BHG-I/JLK(M"N�O-O>PRQ 7(:(?=SUT�?A:�?WV/X JLIZY�[	N�O-O>P\Q T;@�]=SU7�^ Q 9E_ I-`LJLI F

acbedfbhgji kml*njipoqiprsiptuipdvgwkxtuiRgjy{z}| a~z�o
��bey���oqt z�dfb�� i���l*��gjb�z�d

���#�W�"���"�"��� 1 ��� �#�����-���+����� 2 �	����� �#����  � �+¡£¢8  1

1 ¤�¥=¦§Z¨�©«ª�¬=�©�®°¯±®U²�®�¥
³=´ZµW¶¸·	·e¦L¯¹¥6§mº�»>®±ª�¥=¼m»Z®°¯¹½�©¾´H³"¿"¶WÀ
Á8Â�ÃÄÃHÅ ���hÆ�Ç	È>É	Ê�Ë�� ��Ì-Ã«ÍAÌZÎ � ��Å Â#Ã«Ã«Ï ��Ð/� Ã«Ñ�� ��Ê
2 Ò+»Z²�¼m»Z�º�´Z©=½6´>ÓÔÀ#®�»Z®�¥ÖÕ#¥6½Äª��¯¹½6»Z¦"×��¯±ØZ¥Aµ6©6¯±®°¨
Á8Â�ÃÄÃHÅ ��� ��Ì-Ã«ÍAÌZÎ ��ÇZ���ÚÙ�� Â�Û �>� ÃHÏ ��Ð/� Ã�Ü(� ��È
�
Ý Û � Å Þ°ß�à�á�â/á	ã�ä/å�æ�â/ç-è�é�êìë�í/î¸ï�ç�á	ã�ð>æ�â�ñ;ò�ä�â�ð-é�óìëôí/î¸ï6é	á	õ�æ>ã�å�ö>õ�ä	å�æ�â	ç-è�é�êìë�í/î

÷#ø�ù�ø�ú û6ø�ü%ýhø�ù�ø�þ ÿ(ø �������	��
�
���� øôû=ú � ø�ü����� � �����	��
�
���	� �;ÿ�� ú ���Aø�ü������ ú �;ø �=ø ��! ø�þ ÿ(ø �"�#���	�#
$
�
%'&)(�*�+	,.-/*10 N°I Y�G/J3254 _AX K76-I-J Y F 298 V�FÄX�F ` F:EF I>Y�2 :EF Y�G _/;=<�> O@?BADCFE _;X 2 _ `G8/Y�J _ I _ E�H/J S
G-M X�:E_ I-JLB F�I 8�M=Y�J _ ImJLIDH _ 8-I ;/F�;J;/_�: M;JLIK2%JG2 V	X�_(V�_ 2 F; M;I ;D;	FL�F ` _;V�F�;.M-D G F5:EF Y�G _/; JG2
H-M�2 F�;m_ I ;/F B _�:EV�_ 2�J Y�J _ I _ E ;	_N: M;JLImJLIZY _ 298KH ;/_�: M;JLIK2O4 J Y�GmY�G F 2 _ `G8/Y�J _ I _ E MEI/8 : H FÄX
_ EìJLIZY FÄX�:EF�; J M X9P V	X�_ H/` F$: 26[ FL�F«X9P _ E�4 G-JLBHG�J32�MQH _ 8-I ; M X9PRL MA`G8 F V/X�_ H-` F: E _;X H-JLG�M X�S
:E_ I-JLB F�I 8�MAY�J _ IS4 J Y�GTH _ 8/I ; M X9P B _ I ; J Y�J _ ITH F JLIKU5H-M�2�JG2)E _AX JLI>Y F«X�V�_ ` MAY�J _ I _ E"2 _ `G8/Y�J _ I M=Y
298 V�FÄX�F ` F:EF IZY�2BH _ 8-I ; M X J F 2 M-D G F JLI-J Y�J M;` V	X�_ H-` F: 2 _ `G8/Y�J _ I JG2VE _ 8-I ; M�2 M;I F$W	V M;I@2�J _ I _ I
Y�G F B _ IK2ôY X 8-B«Y F�; EX8-I-B«Y�J _ IY2 P 2ôY F:ZM NUY JG252�G _ 4 IÚY�G-MAY8Y�G F 2 _ `G8/Y�J _ I _ E[U F I FÄX MA` V	X�_ H-` F:
B6M;I\H FWX�F B _]L�F«X�F�; 8K2�JLI@UZE^8-I/BÄY�J _ I@2�MAI ; Y X MAB F 25E _ 8/I ; M�H _�L(FNM ? X�X�_;X+F 2ôY�J : MAY F 2_E _;X+_ I F
B6M�2 F _ E > O1?VA}M X�F8_ H/YHMAJLI F�;`M
aJb1ced_fhg�i�jNk\l J G-M X�:E_ I-JLB F�I 8�M=Y�J _ I#[16�I/JLY F 298 V�FÄX�F ` F$:EF IZY�2 :EF Y�G _/; [Km _ JLI-B�M X�nÄS O>Y F K>` _]L_;V�FÄX MAY _AX 2

o[pJqKr�sht.uwvyx_z{s`|�u�r
�w}`~��$~�~]��Å Ã�Ü6Ã � Î8Å � ~ ÍAÞ � Ã«Ã Ì/�)�`�«Ì@��ÞX~AÛmÃ � Ã«Ì	ÞÂ�ÜÄÅ Ì � Ã�Ì/� ÎF}�Å Í}�Í=Ì � Ü � Å � Ã�} � �$�ÚÅ � }�Ì ÝÛ Ì@�1~ � ~AÅ Ü«ÅX~;Ã2Ü�} � ÜV�{~;ÍAÌ	ÛZ~ � �.� � �$~ � Ü�Ì � ÃHÛ � Þ Þ�Ã#� � Í]~ Ý ÃÄÍ � Þ�~(Ã � � � Å � ÃHÜ�ÃHÅX��~¸Ì/� � Ì/Û � Å �Ì/�%Å � Ü�~��$~;ÃHÜ;�h�w}`~ � Â�ÛZ~��ÄÅÍ � Þ ÃHÌ/Þ Â�Ü«ÅÌ � Ì1�¸ÃHÂ#Í}��`�ÄÌ1��ÞX~AÛmÃy��~(Ñ-Â�Å��$~;Ã+Ã#�{~;ÍAÅ � Þ Û�~(Ã#}.~;Ã
� Ì1�Z��~(ÃHÌ/Þ Â�Ü«ÅÌ � Ì1�"Ü$}`~;Ã�~�ÃHÅ � �	Â�Þ � �«Å Ü«ÅX~;Ã¾Ü«Ì��{~ Â�Ã#~ � � � Å Ü�}`~�� �	��� ��Ü«ÅX�1~ÖÜ«Ì�Ã«Ì	ÞÂ�Ü«ÅÌ �Û�~(Ã#}.~;Ã ÍAÌ � Í�~ � Ü�� � ÜÄÅ � �WÅ � ÃHÅ � �	Â�Þ � �«Å Ü Ð � ~;Å��@}K��Ì	Â.��}�Ì�Ì � Ì1�O� � Ü$}`~��)� � ~8Û�~(Ã#}.~;Ã
Î8Å Ü�}
Â � Å�� Ì1�ÄÛ ÃHÜ�~��

h �>��� Þ � ���@~ � Â�ÛT�{~��ìÌ/����Ì	Å � ÜÄÃìÃ#}�Ì/Â�Þ � �"~�Â�Ã�~ � � Ì@�%Ü$}`~;Ã�~���Â`�$�#Ì-Ã#~(ÃA�
�w}`~5�.�6ÃHÜ � Þ Ü�~�� ��� Ü«ÅX�1~5�$~;Ñ-Â�ÅX�$~;Ã Ã��"~(Í=Å � Þ � ÞX�	Ì@�«Å Ü�}�ÛmÃ �	��� Ü$}`~+Ã�~;ÍAÌ ��� Ì � ~"Í=Ì � Ã«Â�ÛZ~;Ã
� �1~�� Ð Þ � �$�1~ � Û�Ì	Â � Ü Ì/� Ü$}`~¾ÍAÌ	ÛZ��Â�Ü$~�� ÛZ~AÛ�Ì@� Ð �.��Ì@�+Ã«Ì	ÞÂ�Ü«ÅÌ � Ì/� Ã«Â�Í}Y�`�ÄÌ1��ÞX~AÛmÃ
Ü�}`~�� � Å Ü�~ìÃHÂ`�{~��$~AÞX~AÛZ~ � Ü6Ã�ÛZ~AÜ�}�Ì �'� � � � ����Î � Ã��`�ÄÌ1��Ì/Ã�~ � � Ð � � � �Z�-Ü�� � Ïh}�Ì���Ã«Ï ��Ð-�
�>��� ÁE� � �{�`~ � Ì1�$~ � Ï/Ì7� Ç��2ÆN���2ÆZË-�2Æ���� �� � � � ÅÃS� � Ã�~ � Ì � Ü�}.~D��~��`��~(Ã#~ � Ü � ÜÄÅ Ì � Ì1�¸Ü$}`~�Ã«Ì	ÞÂ�Ü«ÅÌ �s� Ã �	� ~���� �>� Ã«ÅÌ � Å �� � � Ã«ÅÃ��7� Â � Í�ÜÄÅ Ì � Ã Ã Ð ÃHÜ�~;Û{Î8Å Ü�}�� � Å Ü$~�ÃHÂ.�`�#Ì@�HÜ(� Ù Â�Ü � Å � ÍAÌ � Ü�� � ÃHÜ¾ÜÄÌ�Ü�}.~Y� � Å Ü�~



� Æ;É º���� »Z¦ »>�¯±����	��º�¯±¦L¨Z²�®°¯±
�����Àe»>Ø�¥A��/´ZØ
~AÞX~AÛZ~ � ÜÄÃ Û�~AÜ�}�Ì �\� � � ��� � �
� � � � Ìh~;Ã ��� ÜO��~(Ñ-Â�Å��$~ìÜ�}`~"Û�~ � Ã«Â`�$~ìÌ1�eÃ«Â�Í}mÃ«Â`�`��Ì1�«ÜÄÃ
� ÛZ~;Ã�}

H
� Ü«Ì �"~ÚÃHÛ � ÞÞ°� �8Í=Ü«Â � Þ Þ Ð	� Ü�}`~ÚÃHÅX��~ÖÌ/�8Ü$}�ÅÃ¾ÛZ~;Ã�}cÍ �	� �{~ÖÃ«Ì�Þ � �$�1~�Ü�} � Ü

Å Ü¾Í�~��«Ü � Å � Þ Ð � ÌK~(Ã ��� Ü � Þ ÞÌZÎ Ü«Ì\�$~;Ã«Ì	ÞX�1~mÃHÅ � �/Â�Þ � �«Å Ü«ÅX~;ÃWÌ1��Ü�}`~�Ã«Ì	ÞÂ�ÜÄÅ Ì � Â#ÃHÅ � ��� � �
� Ì1�8Ü$}�ÅÃ"ÛZ~;Ã�}2��� � Ì>Ü�}.~�� � Å ÃHÜ«Å � Í�ÜÄÅ Ì � ÅÃ8Å � Í=Ì � ÃHÜ��ÄÂ�Í�ÜÄÅ Ì � Ì1� Ü$}`~ � � � ÃHÅ Ã��_� Â � Í=Ü«ÅÌ � Ã;�
� Ùì� ÃHÅ Ã���� Â � Í�Ü«ÅÌ � Ã � ��~Q��Â`�$�#Ì-Ã#~;Þ Ð Û �	� ~ÚÍ=Ì � Ü � Å � Å � ��Ü�}.~ÖÃ«Å�� � Å3��Í �>� ÜT� � �«Ü¾Ì/�8Ü$}`~
ÃHÌ/Þ Â�ÜÄÅ Ì � Ì/� � �	ÅX�1~ � �.�«Ì@��Þ�~;Û � � � � Í=Ü«Þ Ð Ü$}�ÅÃ¾Í}�Ì	Å Í]~mÌ1��Ü�}`~ � � � Ã«ÅÃ��J� Â � Í�Ü«ÅÌ � Ã ÞX~=Ü
Â�Ã ÜÄÌQ�@~=Ü � �	Ì�Ì � � Â�Û�~��«Å Í � Þ�Ã«Ì	ÞÂ�Ü«ÅÌ � Î8Å Ü�} � �1~�� Ð Í=Ì � �6Ã#~ � ~(Í=Ì/Û���Ì/Ã«Å Ü«ÅÌ � Ì/�
Ü$}`~
� Ì	Û � Å � Ì/�)��~���~��$~ � Í�~	�

¢ � ~ � �`�`�ÄÌ � Í} � Ì@� Ü�}`~ �>��� Þ Ð Ã«ÅÃ Ì1�¾Ü$}`~�ÛZ~=Ü�}�Ì � Î � Ã�Ã«Â`�@�1~;ÃHÜ�~ � Å � Î¸Ì@�«Ï�Ã
� Æ;Ê���Æ(ÈN� �
� � Ì	Ü�}`~�� � �`�`�ÄÌ � Í}�� Ì@�£Ü$}`~ �>��� Þ Ð Ã«ÅÃ£Ì/�_�
� � � � �`�.�«Ì	��ÅÛ � Ü«ÅÌ � Ã Â�ÃHÅ � �� Ì/Å � Í � ��� Ý �-Ü$~AÏ�Þ Ì�� Ì1�{~�� � ÜÄÌ1�6Ã � Ã#~�~J� Æ	Æ����	��� �$~���ÅX~AÎÔÅ � � Æ(Ç	� � �>�#� � � �ÄÅ � Ü«ÅÌ ��� Þ"~(Ñ-Â �ZÝÜ«ÅÌ � Ã�� Ì1��Ã«Â�Í}Q�`�ÄÌ1��Þ�~;Û�Ã � Ã � Î�~;Þ Þ3�_�`�ÄÌ1��ÞX~AÛmÃ�� Ì1�ìÜ�}.~�� � ��Þ � Í�~"Ì1�{~�� � ÜÄÌ1��~;Ñ-Â � ÜÄÅ Ì �2�~AÞ � ÃHÜ«Å Í=Å Ü Ð �`�ÄÌ1��ÞX~AÛ � �@~AÞÌ�ÍAÅ Ü Ð ÃHÏ�Å ��Ý Þ ��Ð ~��w�`�«Ì@��ÞX~AÛ�Å ÃF�`�ÄÌ1��Ì/Ã�~ � Å � � Ê��#È��.���hË-�.�������
Æ;É	� ��� � Ü�}.~;Ã�~"ÎìÌ1�ÄÏ�Ã � Å��{~���~ � ÜÄÅ � Þ"~(Ñ-Â � ÜÄÅ Ì � Ã%Ì1�hÜ�}`~WÃ�~;Í=Ì ��� Ì@� � ~��%Î ~��$~+ÍAÌ � Ã«Å � ~��$~ � �

� � Ü$}�Å Ã5� � �"~��y�
� � � � �`�`�ÄÌ	��ÅÛ � ÜÄÅ Ì � Ã � Ì1�"Ã«Ì	ÞÂ�ÜÄÅ Ì � Ì1� Ü�}`~S��Å�} � �«Û�Ì � ÅÍ ~(Ñ-Â �ZÝÜ«ÅÌ � Î8Å Ü$} Ì � ~ÖÜ Ð �{~�Ì/���#Ì/Â ����� � Ð ÍAÌ ��� Å ÜÄÅ Ì � Ã ÅÃ � ~��1~;Þ Ì@�"~ � � � � � �«Å � ÜÄÅ Ì ��� Þ � Ì@� ÝÛ£Â�Þ � ÜÄÅ Ì � � Ì@��Ü�}`~WÜ$� � Í]~;Ã�Ì1��Ü$}`~��`�ÄÌ1��ÞX~AÛ �>��� Å Ü6Ã � �.�`�«Ì	��ÅÛ � Ü«ÅÌ � Ã � ��~��`�$~;Ã�~ � Ü�~ � �
�w}`~T�`�$~;Ã�~ � Ü$~ ��� �`�`�ÄÌ � Í} Î � Ãy�`�$~���Å Ì/Â�Ã«Þ Ð Â�Ã�~ � � Ð Ü�}`~ � Â�Ü$}�Ì1�6Ã_� Ì1� Ü$}`~ �>��� Þ Ð Ã«ÅÃ
Ì/� �
� � � � �`�`�ÄÌ	��Å Û � ÜÄÅ Ì � ÃV� Ì1� � ÃÄÍ � Þ � �%Ã#~(Í=Ì ����Ý Ì1� � ~�� � � ��Þ � Í�~F~;Ñ-Â � ÜÄÅ Ì � �	� � Ì1� � ~��Ü«Ì�Ã�}�ÌZÎ � �1~ � ~�� � ÞÅ Ü Ð Ì/� Ü�}`~¾ÃHÂ`�@�1~(Ã�Ü$~ � � �`�.�«Ì � Í}ÚÎ�~EÜ$�«ÅX~ � ÜÄÌD� Ì	ÞÞÌZÎ\Å Ü � Ã8Û£Â�Í}
� Ã��#Ì-Ã«Ã«ÅX��Þ�~/�h�w}`~¾Ì � Þ Ð ÃHÅX� � Å3�#Í �>� Ü � Å���~��$~ � Í�~¾Å Ã�Ü�}.~��.�«Ì�Í]~ � Â`�$~£Ì1�¸Ì1��Ü � Å � Å � � Ü$}`~
~��$�«Ì@�ÄÃ�Ì1� Ü$}`~ � �`�`�ÄÌ	��ÅÛ � Ü$~ ÃHÌ/Þ Â�ÜÄÅ Ì � ����Ì'�{~���� Ì1�ÄÛ Å Ü"Å ��� Û�Ì/ÃHÜ_~ � Ã Ð Î ��Ð Î�~ Â#Ã#~
}`~��$~mÃHÌ/Û�~Z� � �HÜÄÅÍAÂ�Þ � ���`�ÄÌ1�{~��«Ü«ÅX~;ÃWÌ1�%Ü�}.~D�`�«Ì@��ÞX~AÛfÂ ��� ~�� ÍAÌ � Ã«Å � ~�� � ÜÄÅ Ì �2� ÅU� ~	�hÜ$}`~
Í � Ã�~WÌ/�V��Å�} � �ÄÛ Ì � Å Íy~(Ñ-Â � ÜÄÅ Ì � �

� � Å Ü6Ã Ü$}`~AÌ@��~AÜ«Å Í � Þ"� � �«Ü Ü$}`~_� � �"~����@~ � ~�� � Þ Þ Ð � Ì/Þ ÞÌZÎ Ã Ü�}.~ Ü�}.~AÌ1�$~=ÜÄÅÍ � Þ � �`�`�ÄÌ � Í}
�`��~(Ã#~ � Ü�~ � � Ð Ü�}.~ � Â�Ü$}�Ì1�6ÃZ~ � �«ÞÅ�~�� � Ã�~�~�� Ê#�¸È������ìË���������� Æ(É	� �=� � � Ã#��Å Ü$~�Ì/�"Ü$}`~
� � Í�ÜWÜ$} � ÜWÜ�}�ÅÃ�� � �"~�� Í=Ì��1~��ÄÃ � � � �«Ü«Å Í=Â�Þ � �WÍ � Ã#~ Ì/� Ü$}`~Z��ÅX} � �ÄÛ�Ì � Å ÍT~(Ñ-Â � ÜÄÅ Ì �2� Î�~
Â�Ã#~ Ü�}`~D� Ì/Þ ÞÌZÎ8Å � ��Û � Å � � ÃÄÃHÂ�ÛZ��ÜÄÅ Ì � Ã;� � Â.�«Å � � Ü�}.~'�`�ÄÌ�Í�~ � Â.��~mÌ1��Ì@��Ü � Å � Å � � Ü$}`~
� � �«Å � ÜÄÅ Ì ��� Þ ~(Ñ-Â � ÜÄÅ Ì � � Ì@��Ü�� � Í�~;Ã8Î ~�~;ÃÄÃ#~ � Ü«Å � ÞÞ Ð Â#Ã#~WÜ$}`~�� � Í=ÜÄÃ8Ì1�[~]��ÅÃHÜ�~ � Í]~EÌ1��Ü$}`~
� �`�`�ÄÌ1�.�«Å � Ü$~¸����~�~ � � Ì@�«Û¾Â�Þ � � Ì1� Ì1�{~�� � ÜÄÌ1��Â ��� ~�� ÍAÌ � Ã«Å � ~�� � ÜÄÅ Ì � �>��� ~���ÅÃHÜ�~ � Í]~ �>���Â � Å Ñ/Â.~ � ~(Ã«Ã¾Ì/�+Ã«Ì	ÞÂ�ÜÄÅ Ì � Ã Ì1� � ÞÞ¸Å � Ü�~��«ÛZ~ � Å � Ü�~Q�.�«Ì@��Þ�~;ÛmÃA�)��Ì@�£Ü$}`~7~����ÄÌ1� �>��� Þ Ð Ã«ÅÃ
Å ÜÚÅÃ �	��� Å Ü«ÅÌ �#� ÞÞ Ð � ÃÄÃHÂ�ÛZ~ � Ü�} � Ü Ü�}`~ �`�ÄÌ1��ÞX~AÛ ÅÃ�Þ Å � ~ � � �	��� Ì1�ÄÅ��/Å �#� ÞÞ Ð Å ÜQ} � Ã
� � Ì1�ÄÛ Ì1�

A2u = f � ÎF}`~��$~
A

Å Ã�Ã«Ì	ÛZ~�ÞÅ � ~ � �ÖÍ=Ì � Ü«Å � Â�Ì	Â�ÃD��Ì/Ã«Å Ü«ÅX�1~AÞ Ð � ~]� � ~ �Ì1�{~�� � Ü«Ì@�;� ��~ � ~�� � Þ ÅX� � Ü«ÅÌ � Ü«Ì�Ü$} � Ü�Í � Ã#~ Å Ã£Ñ-Â�Å Ü�~ÚÃ�Ü$� � Å��@}-Ü#� Ì1�ÄÎ � � � ÍAÌ	ÛZ� � �ÄÅ � � Ü«Ì
Ü�}`~�� � �HÜÄÅÍAÂ�Þ � �8Í � Ã#~WÌ/��Ü�}`~���Å�} � �«Û�Ì � ÅÍ � Þ ~(Ñ/Â � Ü«ÅÌ � �

�w}�ÅÃWÎìÌ1�ÄÏ�Î � Ã � Ì � ~mÂ ��� ~���� � �«Ü«Å � Þ)� �#�>� ÍAÅ � Þ Ã«Â`�`��Ì1�«Ü Ì/��Á8Â�ÃÄÃHÅ �>� ��Â ��� � Ì1�
Ùì� ÃHÅ ÍWÁF~;Ã�~ � �ÄÍ} � �`�ÄÌ���~(Í�Ü � É � Ý¸É�Æ"Ý¸É/É>ÊK��Æ �=�

�wp��! �"h|#z$# u[s% Vs`|�u�r&"
� � Ü$}`~Z� � �{~��EÎ ~¾Â#Ã#~Z��Ì	Þ � � Ì � Ü6Ã�� Ì1� �1~(Í�ÜÄÌ1� � � ÞÂ`~ � � Â � Í=Ü«ÅÌ � Ã �	��� Ì@�"~�� � Ü«Ì1�6Ã � Ã
Î�~;Þ Þ � Ã[� Ì@��~;Þ�~;Û�~ � ÜÄÃ Ì1� � Å��$~;Í=Ü��`�ÄÌ � Â�Í=Ü Ü Ð �"~F� Â � Í�ÜÄÅ Ì ��� ÞeÃ#� � Í]~(Ã �>�#�m� Ì1�ÄÛ � Þ�� Ì � ÜÄÃ
� Ì1� ÃÄÍ � Þ � � � Â � Í�Ü«ÅÌ � Ã �>��� � � �ÄÅ � ��ÞX~;Ã;�

��~=Ü
Ω ∈ R

2 �"~�ÃHÌ/ÛZ~���Ì	Â ��� ~ � � Ì	Û � Å � Î8Å Ü�}J��Å�~(Í]~;Î8ÅÃ�~ìÃ«Û�Ì�Ì>Ü�}J�#Ì/Â ����� � Ð ∂Ω�>��� x = (x1, x2)
T ∈ Ω

�{~ �	� � ����Å Ü�� � � Ð ��Ì	Å � Üy���ÄÌ	Û
Ω

�(' ~ Â�Ã�~
(. . .)

�.� � Í6Ï1~=Ü6Ã



� ¯±#¯±®ô¥ À#²(·�¥Aµ«¥=¦¥=¼m¥=#®¹©�º�¥=® ª�´(§+³=´Zµ+Ò ¯ ª�»Zµ�¼m´Z#¯¹½ ���A²�»Z®°¯¹´Z � Æ	Æ
Ü«Ì � ~]� � ~¾Í=Ì	ÛZ��Ì � ~ � ÜÄÃ+Ì/�[�1~(Í�Ü«Ì@� Ý � � ÞÂ`~ � � � �ÄÅ � ��ÞX~;Ã �	��� {. . .}

Ü«Ì � ~]� � ~T~AÞX~AÛZ~ � Ü6Ã
Ì/� Ì>Ü�}.~�� � ÅX��~(Í�ÜF�`�ÄÌ � Â�Í�Ü�Ü Ð �{~ Ã#� � Í]~(ÃA�

��Â`�«Ü�}`~��EÎ�~�Î8ÅÞ Þ
Î8Å � ~;Þ Ð Â�Ã#~mÍAÌ � �1~ � ÜÄÅ Ì ��� Þ ��Ì@�#Ì/Þ�~���Ã#� � Í]~(Ã
W 1

2 (Ω) � ◦

W 1
2 (Ω) �

Ã#� � Í]~
L2(Ω) �	��� ÍAÌ1�$��~(Ã#��Ì ��� Å � �ìÜ$� � Í]~%Ã�� � Í�~;Ã

W
1/2
2 (∂Ω) �>��� L2(∂Ω)

���5~���~ � �±Ü�~��� Ì1� �>��Ð Ã#� � Í]~
S

Î ~ � ~ � Ì>Ü$~¸Å ÜÄÃ � Â � Þ�Ã#� � Í]~ � Ã
S′

�	��Ì1��Ü�}`~�Ã�� � Í�~;Ã�Û�~ � Ü«ÅÌ � ~ �£� ��Ì��1~
Î�~EÃ�~=Ü
(

W 1
2 (Ω)

)′

= W−1
2 (Ω), (L2(Ω))′ = L2(Ω),

(

W
1/2
2 (∂Ω)

)′

= W
−1/2
2 (∂Ω).

� Ì	Üw�.�«Ì � Â�Í=ÜÄÃ8Å � Ü�}`~(Ã#~ Ã�� � Í�~;Ã � ��~ � ~]� � ~ � � Ã;ß

(u, v)L2(Ω) := (u, v)Ω =

∫

Ω

uv dΩ, (u, v)L2(∂Ω) := 〈u, v〉∂Ω =

∫

∂Ω

uv dγ,

(u, v)W 1

2
(Ω) =

∫

Ω

(

∂u

∂x1

∂v

∂x1
+

∂u

∂x2

∂v

∂x2
+ uv

)

dΩ.

' ~ � Þ ÃHÌ Â#Ã#~ � Ì>Ü � Ü«ÅÌ � (·, ·)Ω
�>��� 〈·, ·〉∂Ω

� Ì@� � Â � ÞÅ ÜÄÅ�~(ÃQ�{~=Ü�Î ~�~ � W 1
2 (Ω) �>���

W−1
2 (Ω) �>��� W

1/2
2 (∂Ω) �>��� W

−1/2
2 (∂Ω)

ÍAÌ1�$��~(Ã#��Ì ��� Å � �/Þ Ð �B��Ì1� �	��Ð Ã�� � Í�~
SÛ�~ � Ü«ÅÌ � ~ �Ú� �#Ì��@~+Î ~EÃ#~AÜ

‖u‖2
S = (u, u)S,

�>��� � Ì1� �	�-Ð W = S2 ≡ S × S
Î ~EÃ#~AÜ

(u,v)W = (u1, v1)S + (u2, v2)S , ‖u‖2
W = (u,u)W , u,v ∈W,

ÎF}`~��$~
u = {u1, u2} � v = {v1, v2} � ui, vi ∈ S, i = 1, 2

����~=Ü

V (Ω) = W 1
2 (Ω) ×W 1

2 (Ω), V0(Ω) =
◦

W 1
2 (Ω) ×

◦

W 1
2 (Ω),

H(Ω) = L2(Ω) × L2(Ω), VΓ (∂Ω) = W
1/2
2 (∂Ω) ×W

1/2
2 (∂Ω),

HΓ (∂Ω) = L2(∂Ω) × L2(∂Ω)

�>��� Ü�}`~ ÍAÌ1�$��~(Ã#��Ì �#� Å � � � Â � Þ2Ã�� � Í�~;Ã � �$~��	ÅX�1~ � � Ð

V ′(Ω) = V ′

0(Ω) = W−1
2 (Ω) ×W−1

2 (Ω), H ′(Ω) = H(Ω),

V ′

Γ (∂Ω) = W
−1/2
2 (∂Ω) ×W

−1/2
2 (∂Ω), H ′

Γ (∂Ω) = HΓ (∂Ω).

�wp�� t`u	��
��� ��s% Vs������ r�s
��~=Ü � Ã£Í=Ì � ÃHÅ � ~��WÜ$}`~Z� Ì	ÞÞÌZÎ8Å � �Y��Ì	Â �#��� � Ð � � ÞÂ`~D�`�ÄÌ1��ÞX~AÛ � Ì1� Ã«Ì	ÛZ~ Ã«Í � Þ � � � � ÞÂ`~ �� Â � Í�ÜÄÅ Ì � u � ~]� � ~ � Å � Ω ß

∆∆u = f,
Î8Å Ü$}ÖÜ$}`~ � Ì	ÞÞÌZÎ8Å � � Ù�� Ã � ~�� � ~ � Ì � ∂Ω ß
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∂Ω

Si

Ωk

∂Ωk

Γk

Γ0,k

Ωk

�������"g]b��
	�� _N:EV 8	YHMAY�J _ I-M;` ;/_�: M;JLI�MAI ; 298 V�FÄX�F ` F:EF IZY�2 M

u = g1, −∆u = g2.

�ôÜ"Í �>� �{~���~;ÎF�«Å ÜHÜ$~ � � Ã � Ã Ð ÃHÜ�~;Û Ì/�V~;Ñ-Â � Ü«ÅÌ � Ã�Ì1��Ü�}.~ � Ì1�ÄÛ

−∆u1 = u2, −∆u2 = f
Å � Ω, u1 = g1, u2 = g2

� Ü
∂Ω,

Ì1�8Å � Ü$}`~ �1~(Í�Ü«Ì@�w� Ì1�ÄÛ

−∆u+ Au = f
Å � Ω, u = g � Ü

∂Ω, � � � Æ �
ÎF}`~��$~ Í=Ì/Þ Â�Û ��Ý �1~(Í�ÜÄÌ1�6Ã

u = (u1, u2)
T � g = (g1, g2)

T �>�#� f = (0, f)T � ��~ Ã«Ì	ÛZ~
ÃHÂ� ÍAÅ�~ � ÜÄÞ Ð ÃHÛ�Ì�Ì>Ü$}Q� Â � Í�ÜÄÅ Ì � Ã �>�#�

A =

(

0 −1
0 0

)

.

�h~=Ü«Ü«Å � � L = −∆+ A
Î ~ Í �>� ÎF�ÄÅ Ü$~ � � � Æ � � Ã

Lu = f
Å � Ω, u = g � Ü

∂Ω.

' ~ Ã«Â`�`��Ì/Ã�~�Ü�} � Ü5�`�«Ì@��ÞX~AÛ � � � Æ ��} � Ã � Â � ÅÑ-Â`~ Ã«Ì	ÞÂ�Ü«ÅÌ � �
' ~ìÃHÌ/Þ��@~ Ü�}`~��`�«Ì@��ÞX~AÛ�Å �£� Û£Â�Þ Ü«ÅX��Þ Ð ÍAÌ ��� ~;Í�Ü$~ � � Ì	Û � Å � Ω ÎF}�ÅÍ}EÅ Ã �@~ � ~�� � Ü�~ ����«Ì/Û � ÃHÅÛZ��Þ Ð ÍAÌ ��� ~(Í�Ü$~ �p� Ì/Û � Å � Ω0

� Ð ~;Þ ÅÛ�Å �#� Ü«ÅÌ � Ì/� � � Â�ÛJ�"~���Ì1�£ÃHÛ � ÞÞ
� ÅÃ ��Ì	Å � Ü � ÅÃ«Ï�Ã � Ì1���=Î�~;Þ Þ Ã����

Si
� Å°� ~/�

Ω = Ω0 \ ∪Si
���w}`~ �#Ì/Â ����� � Ð ÍAÌ ��� Å ÜÄÅ Ì � Ã�� Ì1�

u � ~]� � ~ Ü$}`~ Ü�� � Í]~�Ì1�%Ü�}.~�Ã«Ì	ÞÂ�ÜÄÅ Ì � � ÜWÜ$}`~mÎF}�Ì	ÞX~ � ÅÃÄÍ=Ì ��� ~(Í�Ü�~ � ��Ì	Â ����� � Ð Ì/�
Ω� Ã�~�~S� Å��#� Æ �=�

�5p�� �� ����FuOt � x 
  Bs`|#u�r
��Â�Þ Ü«ÅX��Þ Ð Å � �D~;Ñ-Â � Ü«ÅÌ � � � � Æ �ìÅ � H(Ω)

� ÐÚ�>��� �$��Å Ü�� � � Ð Ü�Î¸Ì Ý ÍAÌ	ÛZ�#Ì � ~ � Ü � Â � Í=Ü«ÅÌ �
v = (v1, v2) ∈ V0(Ω)

ÎF}�ÅÍ} ÍAÌ	ÛZ��Ì � ~ � Ü6Ã[� �>� Å Ã�} � Ü
∂Ω

Ì � ~ Í �>� � Ì@�«Û � ÞÞ Ð Ì1��Ü � Å �Ü�}`~ � Ì/Þ ÞÌZÎ8Å � �J� � �ÄÅ � Ü«ÅÌ �#� Þ�~;Ñ-Â � Ü«ÅÌ � � Ì1�
u ∈ V

ß



� ¯±#¯±®ô¥ À#²(·�¥Aµ«¥=¦¥=¼m¥=#®¹©�º�¥=® ª�´(§+³=´Zµ+Ò ¯ ª�»Zµ�¼m´Z#¯¹½ ���A²�»Z®°¯¹´Z � Æ �

LΩ (u,v) = (f ,v)Ω , ∀v ∈ V0,
�¹Ê � Æ �

u|∂Ω = g, �¹Ê � Ç �
ÎF}`~��$~

g ∈ VΓ (∂Ω) �>��� ��ÅÞ Å � ~ � �w� Ì1�ÄÛ LΩ(·, ·)
Å Ã � ~�� � ~ � � Ã � Ì/Þ ÞÌZÎ Ã;ß

LΩ(u,v) = aΩ(u,v) +

∫

Ω

Au · v dΩ,

aΩ(u,v) =

∫

Ω

∂u

∂x1
·
∂v

∂x1
+
∂u

∂x2
·
∂v

∂x2
dΩ.

�5~��$~WÎ�~WÂ�Ã�~ � Ü$}`~ � Ì	ÞÞ ÌZÎ8Å � ����~(ÃHÂ�Þ ÜF���ÄÌ	Û � Æ � � ß
������� + ���
	 0 Õ�ª�¥=µÄ¥c¥��	¯ ©�®U© ²�#¯ �=²�¥c´Ä·�¥=µ«»>®ô´>µ δ : V (Ω) → V ′

Γ (Ω) ©�²�½Äª�® ª�»>®
�ìµÄ¥Ä¥A� © ³=´>µ�¼¾²�¦»

LΩ (u,v) = (Lu,v)Ω + 〈δu,γv〉∂Ω , ∀u ∈ D (L) , ∀v ∈ V

ª�´Z¦§�© ���¾¥=µ«¥ γ ¯ © » ®UµÄ»	½6¥¾´6·�¥Aµ«»>®ô´>µ��

γ : V (Ω) → VΓ (Ω), u 7→ γu = u|∂Ω ,

»Z�§
D (L) = {u ∈ V (Ω) : Lu ∈ H(Ω)} .

�w}�ÅÃ Ü�}`~;Ì1�$~AÛ }�Ì	Þ � ÃS� Ì1� � Ì/Û � Å � Ã Î8Å Ü�} ��Å���ÃÄÍ}�Å Ü��'��Ì	Â ����� � Ð �V��Ì@� � Ì	Û � Å � Î8Å Ü�}
��Å�~(Í]~;Î8ÅÃ�~EÃHÛ�Ì�Ì>Ü$}7��Ì	Â �#��� � Ð��>�#� Ã«Â� Í=ÅX~ � ÜÄÞ Ð Ã«Û�Ì�Ì>Ü�}7� Â � Í=Ü«ÅÌ � u = (u1, u2)

T ß

δu =
∂u

∂n
= n1

∂u

∂x1
+ n2

∂u

∂x2
=

(

∂u1/∂n
∂u2/∂n

)

,

ÎF}`~��$~
n = (n1, n2)

T ÅÃ �	� Ì/Â�Ü�~��8Â � Å Ü � Ì1�ÄÛ � ÞeÜÄÌ¾Ü$}`~ � Ì/Û � Å � ��Ì	Â ����� � Ð �
� Ñ-Â � ÜÄÅ Ì �Q� Ê � Æ �eÅÃ ÃHÜ��ÄÅÍ=Ü«Þ Ð ~;Þ ÞÅX��Ü«Å Í � Þ/Å �£� Ì/Û � Å � Ω � ÅU� ~	�;Ü�}.~��$~�~]��Å Ã�ÜV��~ � Þ@�#Ì-ÃHÅ Ü«ÅX�1~

Í=Ì � Ã�Ü �>� ÜÄÃ
c1

�	��� c2 ÃHÂ#Í}�Ü$} � Ü8Ü$}`~ � Ì	ÞÞ ÌZÎ8Å � ��Í=Ì ��� Å Ü«ÅÌ � ÅÃw� Â�Þ3��ÞÞX~ � ß

c1‖u‖
2
V (Ω) ≤ aΩ (u,u) ≤ c2 ‖u‖

2
V (Ω) , ∀u ∈ V (Ω).

�"Ã«Å � �����$~�~ ��� Ãw� Ì1�ÄÛ£Â�Þ � Å Ü�Í �>� �{~£Ã�}�ÌZÎ � Ü�} � Ü Ì1�{~�� � Ü«Ì@�
L : V (Ω) → V ′(Ω)ÅÃw� Ì@�«Û � Þ Þ Ð �1~ � ~�� � Ü$~ � � Ð ��Å ÞÅ � ~ � �w� Ì1�ÄÛ LΩ(·, ·) : V (Ω) × V0(Ω) → R

� ÅU� ~	�

LΩ (u,v) = (Lu, v)Ω , ∀u ∈ V (Ω),v ∈ V0(Ω).

�wp ��� � z |  
�� �� �� �FuOt � x 
  Vs`|�u�r
ÁF~;Ã«Â�Þ ÜÄÃ �`�$~;Ã�~ � Ü�~ � Å � Ü�}�Å Ã�Ã#~(Í�Ü«ÅÌ �Ö� �$~+Ñ-Â�Å Ü�~��1~ � ~�� � Þ�Å � Ü$} � Ü�Ã#~ � Ã�~ Ü�} � Ü�Î�~ � Ì ��� ÜÂ�Ã#~y}`~��$~ � � � �«Ü«Å Í=Â�Þ � �[� Ì1�ÄÛ Ì/�hÜ�}.~+Ì@�"~�� � Ü«Ì1�

L
��Â�ÜìÌ � Þ Ð Ü$}`~_� Ì@�«ÛwÌ/� � �`�`�ÄÌ1�`�ÄÅ � Ü�~

����~�~ ��� Ã � Ì1�ÄÛ£Â�Þ � �
��~=Ü8Â�Ã"ÃHÂ`�.�#Ì-Ã#~�Ü�} � Ü � Ì/Û � Å � Ω̄0 ⊇ Ω̄

ÅÃ � Â � Å Ì � Ì1�
K

ÃHÂ.� � Ì/Û � Å � Ã
Ω̄0,k

�



� ÆAÊ º���� »Z¦ »>�¯±����	��º�¯±¦L¨Z²�®°¯±
�����Àe»>Ø�¥A��/´ZØ

Ω̄0 =

K
⋃

k=1

Ω̄0,k, Ω̄0,k = Ω0,k ∪ ∂Ω̄0,k.

' ~8Í=Ì � Ã«Å � ~�� � Ì	Û � Å � Ã
Ω̄0,k

ÎF}�ÅÍ} � �$~ � Ì ��Ý Ì��1~��ÄÞ � �`��Å � �F��Ì	Þ Ð �	Ì � Ã � ÅU� ~	� �	��Ð ÍAÌ	Â`��Þ�~
Ì/��Ü�}`~(Ã#~D��Ì	Þ Ð �	Ì � Ã ~AÅ Ü�}`~�� � ��~ � Ì	Ü£Ì��1~��«Þ � �`�{~ � Ì1�S} � �1~Z~AÅ Ü�}`~��¾ÍAÌ	Û�Û�Ì � ~ � �@~mÌ1�
Í=Ì	Û�Û�Ì � �1~��«Ü�~��h� � ��� Å ÜÄÅ Ì ��� ÞÞ Ð Î ~ ÃHÂ`�.�#Ì-Ã#~�Ü�} � ÜZ~��1~�� Ð Ω0,k

Í=Ì � Ü � Å � Ã � Ü Û�Ì-Ã�Ü
Ì � ~ � Î�~;Þ Þ3�

Si
�	��� ~��1~�� Ð � Î�~;Þ Þ3�

Si
ÅÃìÃHÅ Ü«Â � Ü�~ � Å � Ã«Å � ~�ÃHÌ/ÛZ~+Ã«Â`� � Ì	Û � Å � Ω0,k

��� ~=Ü

Ωk = Ω ∩Ω0,k 6= ∅ � Ü�}`~ � Ω̄ =
K
⋃

k=1

Ω̄k
�

��~=Ü
∂Ωk

�{~ � ��Ì	Â �#��� � Ð Ì/��ÃHÂ`� � Ì/Û � Å � Ωk
� Ü�}`~ � ∂Ωk = Γ0,k ∪ Γk

� ÎF}`~���~
Γ0,k = ∂Ωk ∩ ∂Ω � Γk = ∂Ωk\Γ0,k

� � ÅX��� Æ/� �ÄÅ��@}-Ü'} �>��� ��Þ Ì	Ü��� '=~�Î8ÅÞ Þ�Í � ÞÞ
� Ì	Û � Å � Ωk

� ÃHÂ`�{~��$~AÞX~AÛZ~ � Ü(����Å � Í]~ � Þ Þ � Ì/Û � Å � Ã%ÎF}�Å Í} Å � Ü��ÄÌ � Â�Í]~ � ~;ÍAÌ	ÛZ�#Ì-ÃHÅ Ü«ÅÌ �
� �$~���Ì	Þ Ð �	Ì � Ã ���	� Ì/Â�Ü�~�� � Ì1�ÄÛ � ÞeÜ«Ì Ü$}`~AÅX�5��Ì	Â ����� �ÄÅ�~(Ã�~���ÅÃHÜÄÃ � Þ Û�Ì/ÃHÜF~��@~�� Ð ÎF}.~��$~	�

��Ì1� �	��Ð � Â � Í=Ü«ÅÌ ��� Þ�Ã#� � Í]~
S = S(Ω)

Ì��1~��
Ω

Î�~EÃ�~=Ü
Sk = S(Ωk)

�
'=~ � ~�� � ~Ã#� � Í]~(Ã
Ṽk = Ṽ (Ωk)

Å � Ü�}`~ � Ì/Þ ÞÌZÎ8Å � � Î ��Ð ß

Ṽk = Ṽ (Ωk) =

{

V (Ωk), Γ0,k = ∅,
{

v ∈ V (Ωk) : v|Γ0,k
= g|Γ0,k

}

, Γ0,k 6= ∅
.

��~=Üy�"~
W =

K
∏

k=1

Vk
�	��� W̃ =

K
∏

k=1

Ṽk
� � ÞX~AÛZ~ � Ü

v ∈ W
ÅÃ � Ã#~AÜ"Ì/�

K
� Â � Í�Ü«ÅÌ � Ã

vk
� v = {vk}

K
k=1

� vk ∈ Vk
� k = 1,K

�
�h� � Í�~

V
Í �>� �"~ Í �>� Ì � Å Í � ÞÞ Ð ~AÛJ�"~ ��� ~ � Å � Ü«ÌmÃ#� � Í]~

W
ß

v ∈ V 7→ {vk}
K
k=1 ∈W, vk = v|Ωk

∈ Vk, k = 1,K,

�>��� Ã#� � Í]~
W

Í �	� �{~ Í �	� Ì � Å Í � Þ Þ Ð ~AÛJ�"~ ��� ~ � Å � Ü«ÌmÃ�� � Í�~
H

Å � Ü$}`~ Ã � ÛZ~WÎ ��Ð �
�w}`~�� Ì	ÞÞ ÌZÎ8Å � �Z��~(ÃHÂ�Þ Ü Í �	� �{~��`�ÄÌ��1~ ��� � Ê/� ��ß

� ��� � , 	 0�� ¥=® v = {vk}
K
k=1 ∈W »Ze§

K
∑

k=1

〈γkvk,µk〉∂Ωk
= 0, ∀µ = {µk}

K
k=1 ∈M2 = M ×M,

Ó�ª�¥Aµ«¥

M =
{

η = {ηk}
K
k=1 ∈

K
∏

k=1

W
−1/2
2 (∂Ωk) :

∃ψ1, ψ2 ∈
◦

W 1
2 (Ω), ©6²�½6ª ® ª�»>® ηk = ψ1nk,1 + ψ2nk,1, k = 1,K

}

,

»Z�§ nk,i
¯ © ® ª�¥ i � ®±ª ½6´Z¼"·�´>�¥A�® ´�³ »Z�´Z²�®�¥=µ£²��¯±®ì�´Zµ�¼m»Z¦ nk = (nk,1, nk,2)

T ®ô´
®±ª�¥��6´Z²�e§	»>µ�¨ ∂Ωk

´H³ §	´>¼�»>¯± Ωk
� Õeª�¥A v ∈ V �

Á8Ì	Â`�@}�Þ Ð Ã��{~ � Ï�Å � ��Ü$}�ÅÃÚÞX~AÛ�Û � �/Å��@~;ÃÖÍ=Ì �#� Å ÜÄÅ Ì � ÃÖÌ/� � Î ~ � Ï Í=Ì � Ü«Å � Â�Å Ü Ð ��Â ��� ~��ÎF}�ÅÍ}Q��Å�~(Í]~;Î8ÅÃ�~ � Å���~��$~ � Ü«Å � ��ÞX~5� Â � Í�ÜÄÅ Ì � ���ÄÌ	Û
W

ÅÃ��	ÞÌ1� � ÞÞ Ð�� Å��{~���~ � ÜÄÅ � ��ÞX~5� Â � Í ÝÜ«ÅÌ � ���«Ì/Û
V

�



� ¯±#¯±®ô¥ À#²(·�¥Aµ«¥=¦¥=¼m¥=#®¹©�º�¥=® ª�´(§+³=´Zµ+Ò ¯ ª�»Zµ�¼m´Z#¯¹½ ���A²�»Z®°¯¹´Z � Æ(È
¢+Â`� � ~��-ÜÚÃ�Ü$~��ÔÅ Ã Ü$}`~\� Ì	ÞÞÌZÎ8Å � � �@~ � ~�� � Þ ÅX� � Ü«ÅÌ � Ì/�EÎ ~ � Ï Ã�Ü � Ü$~AÛZ~ � Ü�Ì1��Ü$}`~

�`�«Ì@��ÞX~AÛ � � � Æ ��ßh� ��� u = {uk}
K
k=1 ∈ W̃

ß

K
∑

k=1

〈γkuk,µk〉∂Ωk
= 0, ∀µ = {µk}

K
k=1 ∈M2, �°È � Æ �

Lk (uk,v) = (fk,v)Ωk
, ∀v ∈ V0(Ωk), k = 1,K, �UÈ � Ç �

K
∑

k=1

〈δkuk,γkv〉∂Ωk
= 0, ∀v ∈ V0(Ω), �°È � � �

ÎF}`~��$~
Lk(·, ·) ≡ LΩk

(·, ·)
Å Ã � ~�� � ~ �Ö� Ã

LΩ(·, ·)
��Â�ÜF� Ì1� � Ì/Û � Å � Ωk

ß

Lk (u,v) =

∫

Ωk

(

∂u

∂x1
·
∂v

∂x1
+
∂u

∂x2
·
∂v

∂x2

)

dΩk +

∫

Ωk

Au · v dΩk,

fk = f |Ωk
, (fk,v)Ωk

=

∫

Ωk

fk · v dΩk ,

�>��� δk
�	��� γk

� ��~ � ~]� � ~ ��� Ã Ü$}`~WÌ1�{~�� � ÜÄÌ1�6Ã
δ �	��� γ � Ì1� � Ì/Û � Å � Ωk

���ôÜ�Í �>� �{~
Ã#}�ÌZÎ � � Ã#~�~\� Ê1� ��Ü$} � Ü�� Ì@�«Û¾Â�Þ � Ü«ÅÌ � Ã � Ê � Æ ��� �¹Ê � Ç � �>�#� �°È � Æ ��� �UÈ � � � � �$~D~;Ñ-Â�ÅX� � Þ�~ � Ü �ÅU� ~	��Ü$}`~ Ð Þ�~ �	� Ü«Ì Ü�}.~ Ã � Û�~EÃ«Ì	ÞÂ�Ü«ÅÌ � u �

�wp��  Vt"|  Vs`|�u�r  
���� x  Vs�|#u�r
	$u�t���t
 [z ��"

 0 	 0�� ��� � +�,��w- ��� (�*�+��V-/*�� ��� (
��~=Ü�Â�Ã+Å � Ü��ÄÌ � Â�Í�~ �>� Ì@�"~�� � Ü«Ì@�

G : VΓ → V
ÎF}�Å Í}�Û � ��Ã

ϕ ∈ VΓ
ÜÄÌ
u = Gϕ,ÎF}`~��$~

u
ÅÃ � Ã«Ì	ÞÂ�Ü«ÅÌ � Ì/�V�`�ÄÌ1��ÞX~AÛ �¹Ê � Æ ��� � Ê � Ç �¸Î8Å Ü$}

g = ϕ �>�#� f = 0
�

' ~ � Þ ÃHÌ � ~]� � ~�Ü�}`~R� Ì	Å � Í � � � Ý ��Ü�~AÏ�ÞÌ�� � � � Ý �h� �¾Ì1�{~�� � ÜÄÌ1� � � Æ/Æ�� � � Ã
P = δG

�
�w}�ÅÃ Ì@�"~�� � Ü«Ì@��Å Ã Ü�}`~�Û � Å � ÜÄÌ-Ì/Þ�Î�~ìÂ�Ã�~%ÜÄÌ ��~ � Â�Í]~ìÌ1�ÄÅX�	Å ��� ÞK�`�ÄÌ1��ÞX~AÛ �¹Ê � Æ � ���¹Ê � Ç ��Ü«Ì
ÃHÌ/Û�~w�`�ÄÌ1��Þ�~;Û � Ì1� Ü$� � Í]~(Ã Ì/�hÃHÌ/Þ Â�ÜÄÅ Ì � � Ü¸� � � Ã[��Ì	Â ����� �ÄÅ�~(ÃA�Z�ôÜ%Å Ã
Ï � ÌZÎ �Y� � Æ	Æ�� ��Ü�} � Ü
Ì1�{~�� � Ü«Ì@�ÄÃ

P �>�#� G � ��~+Þ Å � ~ � � �>��� Í=Ì � ÜÄÅ � Â�Ì/Â�Ã;��� ~=Ü8Â�Ãw�$~=ÜÄÂ`� � Ü«Ì¾Ü�}.~�~;Ñ-Â � ÜÄÅ Ì � Ã
�UÈ � Æ ��� �°È � � ����' ~�Å � Ü��ÄÌ � Â�Í]~

u = {uk}
K
k=1

� Ã
u = w + U � uk = wk + Uk

�
k = 1,K � ÎF}`~��$~

w = {wk}
K
k=1

Å Ã8ÃHÂ�Í} � � Â � Í=Ü«ÅÌ � Ü�} � Ü

Lwk = fk, wk|∂Ωk
= ω|∂Ωk

, � � � Æ �
Å � ~��1~�� Ð � � Ωk

�e�>�#� ω ∈ V
ÅÃ �>��� ����Å Ü$� � � Ð � Â � Í�ÜÄÅ Ì � � Â�Þ���ÞÞ Å � �R�#Ì/Â ����� � Ð Í=Ì ��Ý

� Å ÜÄÅ Ì � Ã � Ü
∂Ω � ω|∂Ω = g

�¸�8Í=Ü«Â � Þ Þ Ð Ü�}`~���~�Å Ã � Ì � ~�~ � Ü«Ì � ~]� � ~e� Â � Í�ÜÄÅ Ì � ω~]����ÞÅÍAÅ ÜÄÞ Ð Å � ÃHÅ � ~ Ã«Â`�{~��$~AÞX~AÛZ~ � Ü6Ã
Ωk

� Ü$}`~�Ì � Þ Ð ��Â.����Ì/Ã�~�Ì/� Å ÜÄÃ � ~]� � Å ÜÄÅ Ì � ÅÃ Ü«Ì
�`�«Ì���Å � ~ Í=Ì@���$~;Í=Ü � Û � Ü6Í}�Å � �K� Ù�� Ã � Ü�� � Ã5��Ì	Â ����� �ÄÅ�~(Ã �>�#��� Ü Ü$}`~S~ � ÜÄÅ��$~ � Ì/Û � Å ��#Ì/Â ����� � Ð �`��Â � Í=Ü«ÅÌ � w Ì1�h��Å Ì/Â�Ã«Þ Ð Ã � ÜÄÅÃ#�.~;Ã8ÍAÌ ��� Å ÜÄÅ Ì � Ã�Ì/� ��~AÛ�Û � Æ �

�ôÜ Å Ã��`�«Ì@�#Ì-Ã#~ � }`~��$~ÖÜ�} � Ü�~ � Í} ��Ì	Â �#��� � Ð � � Þ Â.~7�`�ÄÌ1��Þ�~;Û � � � Æ �T} � Ã¾Â � Å Ñ-Â`~
ÃHÌ/Þ Â�ÜÄÅ Ì � ���w}`~_��Â.����Ì/Ã�~"Ì1��ÃHÂ�Í}Q��~��`��~(Ã#~ � Ü � ÜÄÅ Ì � Ì/�

u
Å Ã%Ü«Ì�Í=Ì � �@~��«ÜO�`�«Ì@��ÞX~AÛ � Ê � Æ � �

� Ê � Ç �%ÜÄÌ�Ü�}`~WÜ$}`~EÌ � ~WÎ8Å Ü�}Y}�Ì/Û Ì@�1~ � ~AÌ/Â�Ã �#Ì/Â ����� � Ð ÍAÌ ��� Å Ü«ÅÌ � Ã�Ì � ∂Ω �



� Æ�� º���� »Z¦ »>�¯±����	��º�¯±¦L¨Z²�®°¯±
�����Àe»>Ø�¥A��/´ZØ
��Â`��ÃHÜ«Å Ü«Â�ÜÄÅ Ì � Ì/�

u = w +U
Å � Ü«Ì'~(Ñ-Â � ÜÄÅ Ì � Ã � Ê � Æ � �V� Ê � Ç �F�	ÅX�1~;Ã8Ü�}`~T� Ì	ÞÞ ÌZÎ8Å � �Ã Ð ÃHÜ�~AÛ Ì/�)~;Ñ-Â � ÜÄÅ Ì � ÃìÜ«ÌZ�{~ ÃHÌ/Þ��@~ � � Ì1�

U
ß

U = {Uk}
K
k=1 ∈

K
∏

k=1

V00,k ,

Lk (Uk,v) = 0, ∀v ∈ V0(Ωk), k = 1,K, � � � Ç �
K

∑

k=1

〈γkUk,µk〉∂Ωk
= 0, ∀µ = {µk}

K
k=1 ∈M2, � � � � �

K
∑

k=1

〈δkUk,γkv〉∂Ωk
= −

K
∑

k=1

〈δkwk,γkv〉∂Ωk
, ∀v ∈ V0(Ω), � � � Ê �

ÎF}`~��$~

V00,k =

{

V (Ωk), Γ0,k = ∅,
{

v ∈ V (Ωk) : v|Γ0,k
= 0

}

, Γ0,k 6= ∅.
�"Ã«Å � �Y� � Ý �e� �>��� ���$~�~ ��� ÃWÌ@�"~�� � Ü«Ì1�6Ã

P �	��� G
Î ~�Í �>� ��~;ÎF�«Å Ü�~Z~(Ñ/Â � Ü«ÅÌ � Ã � � � Ç � �

� � � Ê � � Ã

Uk = Gkϕk, k = 1,K, � � � È �
K

∑

k=1

〈P kϕk,γkv〉∂Ωk
= −

K
∑

k=1

〈δkwk,γkv〉∂Ωk
, ∀v ∈ V0(Ω). � � � � �

�5~��$~
ϕ = {ϕk}

K
k=1 = {γkUk}

K
k=1

ÅÃÖÃ#~AÜ�Ì/�EÜ$� � Í]~;Ã Ì/���	ÅX�1~ � � Â � Í�ÜÄÅ Ì � U =

{Uk}
K
k=1

Ì � ∂Ωk
�>�#� P k

�Gk
� �$~+Ì@�"~�� � Ü«Ì@�ÄÃ

P �G ÎF}�Å Í}ÚÍAÌ1�$��~(Ã#��Ì ��� Ü«ÌmÃHÂ.� � Ì ÝÛ � Å � Ωk
�

�w}`~WÞ � Ã�ÜF�`�ÄÌ1��ÞX~AÛ Í �>� �{~ � Ì1�ÄÛ � ÞÞ Ð Ã«Ì	ÞX�1~ � Å � Ü�Î¸Ì�Ã�Ü$~���Ã;ß
Æ �8�"Ã«Å � � � � � � ��Ì � ~ Í �	� � Ì@�«Û � Þ Þ Ð � ��� � Â � Í�ÜÄÅ Ì � ϕ = {ϕk}

K
k=1

� ÎF}�Å Í}Z��~��`�$~;Ã�~ � ÜÄÃ
Ü�� � Í�~;Ã�Ì/� Â � Ï � ÌZÎ � ÃHÌ/Þ Â�Ü«ÅÌ � � Ü+� � � ÃF��Ì	Â �#��� �ÄÅ�~(Ã

∂Ωk �Ç �8��ÌmÍAÌ	ÛZ��Â�Ü$~ ÃHÌ/Þ Â�ÜÄÅ Ì � Ã
Uk

� Í;Í=Ì1� � Å � �¾Ü«Ì � � � È � � Â�Ã«Å � � ϕk

� Ì	Â ��� � �#Ì��@~N���
��Ì7�"~��#� Ì@�«Û � Â`�«Ü�}`~�� �	��� Þ Ð ÃHÅ Ã Ì1�
Ü�}`~ Þ � ÃHÜy�`�ÄÌ1��ÞX~AÛ�Î ~ � ~�~ � Ã«Ì	ÛZ~ �	��� Å Ü«ÅÌ �#� Þ

Ü�}`~;Ì1�$~=Ü«Å Í � Þ � � Í6Ïh�@�«Ì/Â ��� ����~AÜ Â�Ã�Å � Ü$�«Ì � Â�Í�~ Ã#� � Í]~(Ã

H̃ =

K
∏

k=1

L2 (∂Ωk) , ‖µ‖2
H̃

=

K
∑

k=1

‖µk‖
2
L2(∂Ωk),

X̃ =

K
∏

k=1

W
1/2
2 (∂Ωk) , ‖µ‖2

X̃
=

K
∑

k=1

‖µk‖
2

W
1/2

2
(∂Ωk)

,

�>��� ÃHÂ.��Ã#� � Í]~(Ã



� ¯±#¯±®ô¥ À#²(·�¥Aµ«¥=¦¥=¼m¥=#®¹©�º�¥=® ª�´(§+³=´Zµ+Ò ¯ ª�»Zµ�¼m´Z#¯¹½ ���A²�»Z®°¯¹´Z � Æ�Ë

X =
{

µ = {µk}
K
k=1 ∈ X̃ : ∃ν ∈ W 1

2 (Ω), µk = ν|∂Ωk

}

,

X0 =
{

µ = {µk}
K
k=1 ∈ X̃ : ∃ν ∈

◦

W 1
2 (Ω), µk = ν|∂Ωk

}

,

H0 =
{

µ = {µk}
K
k=1 ∈ H̃ : µk = 0|∂Ω∩∂Ωk

� Þ Û�Ì/ÃHÜw~��1~�� Ð ÎF}`~���~ }

.

' ~sÍ=Ì � ÃHÅ � ~�� X̃ ′ =
K
∏

k=1

W
−1/2
2 (∂Ωk) � Ã � � Â � Þ�Ã�� � Í]~�ÜÄÌ

X̃
�8�w}`~ � Ì	ÞÞÌZÎ8Å � �

Å � ÍAÞ Â#ÃHÅÌ � ÅÃF� Â�Þ3�#Þ ÞX~ �
X̃ ⊂ H̃ ⊂ X̃ ′

ÎF}`~��$~
X̃

Å Ãw~��@~�� Ð ÎF}.~��$~ � ~ � Ã�~�Å � X̃ ′
�
' ~ � ÞÃ«Ì � ~]� � ~WÜ�}`~ � ÅX�$~;Í�ÜF�`�ÄÌ � Â�Í=ÜÄÃ;ß

X2 = X ×X, X2
0 = X0 ×X0, X̃2 = X̃ × X̃

�>��� Ü�}`~ ÍAÌ1�$��~(Ã#��Ì �#� Å � � � Â � Þ2Ã�� � Í�~
X ′,2 = X ′ ×X ′

�
�"Ã«Å � �Z� � Ý �e��Ì1�{~�� � Ü«Ì@�ÄÃ

P k
Ì � ~ Í �	�Ú� ~]� � ~ ��ÅÞÅ � ~ � �w� Ì@�«Û

B (µ,ν) =
K

∑

k=1

〈P kµk,νk〉∂Ωk
, ∀µ,ν ∈ X̃2.

�w}�ÅÃJ� Ì@�«Û Å Ã�Í=Ì � ÜÄÅ � Â�Ì/Â�Ã¾Ã«Å � Í]~R� � Ý �e� Ì1�{~�� � ÜÄÌ1�6Ã � ��~ÚÍ=Ì � ÜÄÅ � Â�Ì/Â�ÃA� � ÌZÎ}Ì � ~ Í �>���~;ÎF�«Å Ü�~ ~;Ñ-Â � Ü«ÅÌ ��� � � � � � Ã

ϕ ∈ X2
0 : B (ϕ,ψ) = F (ψ) , ∀ψ ∈ X2

0 ,
� � � Ë �

ÎF}`~��$~

F (ψ) = −
K

∑

k=1

〈δkwk,ψk〉∂Ωk
, ∀ψ ∈ X2. � � � � �

�>��� w ∈ V
ÅÃ Ü�}`~ÖÌ � ~D���ÄÌ	Û � � � Æ ��� � Ñ-Â � ÜÄÅ Ì � � � � � �EÅÃS� Â�Þ3�#Þ ÞX~ � �{~;Í � Â�Ã�~ Ì1�ìÜ$}`~

Í}�Ì	Å Í]~WÌ/��Ü�}`~ Ã�� � Í]~
X0

�#��Ì�Î ~EÍ � ÛZ~�Ü«Ì�Ü$}`~ � Ì	ÞÞÌZÎ8Å � ���$~;Ã«Â�Þ Ü(ß
������� + ����� 0 � ¥A® F ∈ X ′,2 ¯ © §/¥��%�¥6§ »�©�¯± � � � � � ��Õeª�¥A�®±ª�¥�©=´>¦L²�®°¯¹´Z u =

{uk}
K
k=1 ∈ V ´H³E®±ª�¥�·eµ«´ �A¦ ¥A¼ � Ê � Æ � ��� Ê � Ç � ª�»Z©¾» ³=´>µ�¼

uk =Gkϕk +wk, k = 1,K,

Ó�ª�¥Aµ«¥ ϕ ¯ ©p® ª�¥p©=´>¦L²�®°¯¹´Z ´�³ ·eµ«´ �A¦ ¥A¼ � � � Ë ��� � � � � � Ó
¯±® ª��>¯±ØZ¥= F »Ze§ w =

{wk}
K
k=1 ∈ V ¯ ©E® ª�¥ ´Z�¥¸³6µ«´>¼ � � � Æ � �

�ôÜ+Å Ã5��Ì/ÃÄÃHÅX��ÞX~ � Þ ÃHÌ Ü«ÌQ�$~AÎF�ÄÅ Ü�~WÜ�}.~J� � �ÄÅ � Ü«ÅÌ �#� Þ�~(Ñ/Â � Ü«ÅÌ � � Ì@� Ü$� � Í]~;Ã5�`��~(Ã#~ � Ü�~ �
� ��Ì��1~�Å � Û � Ü$�«Å�� � Ì	Ü � Ü«ÅÌ � ��� ��� ~�~ �2� Ì1�{~�� � ÜÄÌ1�

G ��� Ã8Å Ü Î � Ã � ~]� � ~ � � ��Ì��1~ � Û � ��Ã
Ü�Î¸Ì Ý ÍAÌ	ÛZ�#Ì � ~ � Ü�� Â � Í=Ü«ÅÌ � ϕ = (ϕ1, ϕ2)

ÜÄÌ �	� Ì>Ü$}`~�� Ü�ÎìÌ Ý Í=Ì/Û���Ì � ~ � ÜJ� Â � Í�ÜÄÅ Ì �2�Ã ��Ð u ��� ~=Ü
(ϕ)i = ϕi

�{~�Ü�}`~
i Ý Ü$}ÖÍ=Ì/ÛZ�#Ì � ~ � Ü�Ì/�

ϕ � i = 1, 2
�h��Ì@� �	��Ð Ã«Â�Í}

ϕ
Î ~

Í �>� ÎF�ÄÅ Ü$~
ϕ = ϕ1e1 + ϕ2e2, e1 =

(

1
0

)

, e2 =

(

0
1

)

.

��Å � Í]~
G

Å Ã8ÞÅ � ~ � ��Î ~ Í �>� ÎF�ÄÅ Ü$~



� Æ�� º���� »Z¦ »>�¯±����	��º�¯±¦L¨Z²�®°¯±
�����Àe»>Ø�¥A��/´ZØ

u = Gϕ =G(ϕ1e1) +G(ϕ2e2).
� � � � �

� ~�� � Å � � Gij
� Ã

Gijϕ = (G(ϕej))i , i, j = 1, 2
Å Ü Å ÃF��Ì/ÃÄÃHÅX��ÞX~+ÜÄÌZ��~;ÎF�«Å Ü�~ ~;Ñ-Â � Ü«ÅÌ ��� � � � � � Ã

u1 = G11ϕ1 +G12ϕ2,

u2 = G21ϕ1 +G22ϕ2.

¢y�"~�� � Ü«Ì1�6Ã
Gij

� �$~WÞ Å � ~ � � �>�#�Ö� Í�Ü � Ì	Ü�Ì ��� Ü�ÎìÌ Ý Í=Ì/ÛZ�#Ì � ~ � Ü � Â � Í�ÜÄÅ Ì � Þ ÅÏ1~EÌ@�"~�� Ý
� Ü«Ì@�

G
��Â�Ü"Ì � ÃÄÍ � Þ � �w� Â � Í�ÜÄÅ Ì � Ã �	��� ��~AÜ«Â`� � Ã«Í � Þ � �F� � ÞÂ`~(ÃA���w}.~ Ð � �$~�ÞÅ � ~ � � �>���Í=Ì � ÜÄÅ � Â�Ì/Â�Ã8ÃHÅ � Í�~

G
ÅÃ8ÞÅ � ~ � � �	��� Í=Ì � ÜÄÅ � Â�Ì/Â�Ã;�

� � � Í�ÜÄÞ Ð Ü�}`~mÃ � ÛZ~ �>��� Þ Ð Ã«ÅÃWÍ �	� �{~D�{~���� Ì1�ÄÛ�~ � � Ì@��� � Ý �e�2Ì1�{~�� � ÜÄÌ1�6ÃA� '=~ Í �>�
� ~]� � ~EÌ1�{~�� � Ü«Ì@�ÄÃ

Pij = (δG(ϕej))i
�>��� Ü�}`~ � ~]��� �>�#� ψ = Pϕ � Ã

ψ1 = P11ϕ1 + P12ϕ2,

ψ2 = P21ϕ1 + P22ϕ2,

� ÌZÎRÞX~=Ü � ÃìÜÄÂ`� � ÜÄÌ Ü�}`~���ÅÞÅ � ~ � �w� Ì@�«Û B
���ôÜ"Í �	� �"~ �$~AÎF�ÄÅ Ü«Ü�~ ��� ÃAß

B (µ,ν) =

2
∑

i,j=1

bij (µj , νi) ,

ÎF}`~��$~
µ = µ1e1 + µ2e2

� ν = ν1e1 + ν2e2
�	��� ��ÅÞ Å � ~ � �y� Ì1�ÄÛ�Ã

bij(·, ·) � ��~EÜ$}`~
Ì � ~(Ã�Ì/��Ü$}`~ � Ì1�ÄÛ ß

bij (µ, ν) = B (µej , νei) ,
' ~ Í �>� ÎF�«Å Ü�~�� � �ÄÅ � Ü«ÅÌ �#� Þ{~;Ñ-Â � ÜÄÅ Ì �=� � � Ë � � Ã

b11(µ1, ν1) + b12(µ2, ν1) = F1(ν1),
� � � Æ(É �

b21(µ1, ν2) + b22(µ2, ν2) = F2(ν2),
� � � Æ/Æ �

ÎF}`~��$~
ν1, ν2 ∈ X0

� ��~ � �$��Å Ü�� � � Ð Ü��ÄÅ � Þ�� Â � Í=Ü«ÅÌ � Ã �	���

Fi (ν) = F (νei), i = 1, 2,

ÎF}`~��$~
F

Å Ã � Þ Å � ~ � �w� Â � Í=Ü«ÅÌ ��� Þ � ~]� � ~ � Å �=� � � � ���

 0 � 0�� ,`+ � ,�*�� ��� ,�� ��� �B,`*�� ����� � +Q& � � ,�+ � ��� � - ��� �V,�*�� ���

� Ã«Ã�~ � ÜÄÅ � Þ � Ã«Ã«Â�ÛZ��ÜÄÅ Ì � Ã£ÎF}�ÅÍ}~Î�~���~ÖÛ �/� ~ � Â`�ÄÅ � ��Ü�}`~Y�`�$~���ÅÌ	Â�Ã Í=Ì � Ã«Å � ~�� � Ü«ÅÌ � Ã
� �$~+Ü$}`~ � Ì	ÞÞÌZÎ8Å � �#ß
Æ �8�2Å � ~ � �«Å Ü Ð Ì1��Ü�}.~��`�«Ì@��ÞX~AÛ�Â �#� ~��"ÍAÌ � Ã«Å � ~�� � ÜÄÅ Ì � �Ç �8� � � Å Þ � ��ÅÞÅ Ü Ð Ì1�
���$~�~ ��� Ã � Ì1�ÄÛ£Â�Þ � � Ì@�8Ì1�{~�� � ÜÄÌ1�6Ã¸Â ��� ~�� ÍAÌ � Ã«Å � ~�� � ÜÄÅ Ì � �� � � ��ÅÃHÜ�~ � Í]~EÌ1� Ã«Ì	ÞÂ�ÜÄÅ Ì � ÃìÌ/� � ÞÞ2ÃHÂ`�#ÃHÅ � Å � � Ð �`�ÄÌ1��ÞX~AÛmÃ;�



� ¯±#¯±®ô¥ À#²(·�¥Aµ«¥=¦¥=¼m¥=#®¹©�º�¥=® ª�´(§+³=´Zµ+Ò ¯ ª�»Zµ�¼m´Z#¯¹½ ���A²�»Z®°¯¹´Z � Æ �
�ôÜ�Å Ã"Â#Ã#~�� Â�Þ � ÞÃ«ÌmÜÄÌQ��Ì	Å � Ü+Ü�} � Ü � � � Å Þ � ��ÅÞÅ Ü Ð Ì/�¸���$~�~ ��� Ã_� Ì1�ÄÛ£Â�Þ � Ì1�
Ü�}`~ � ~;Ã«ÅX� � ��Þ�~
� Ì1�ÄÛ�Å ÃV�`�ÄÌ��1~ � � Ì@� � Ñ/Â�Å Ü$~��@~ � ~�� � Þ/Í � Ã#~ � Å°� ~	��ÃHÌ�Í � ÞÞX~ � � � ��Ã�Ü$� � Í�Ü#�%���$~�~ ��� Ã�� Ì@�«Û¾Â�Þ �~]��ÅÃHÜÄÃ � Ã�~�~ � Æ � � �-��Ì � Þ Þ�ÍAÌ � ÃHÜ��ÄÂ�Í=Ü«ÅÌ � Ã)�{~���� Ì1�ÄÛZ~ � � ��Ì��1~ � �$~w� � Þ Å � � Ì>Ü Ì � Þ Ð � Ì1� Ü$}`~
� � �«Ü«Å Í=Â�Þ � �ÚÍ � Ã#~ Ì/� Ü$}`~ ��Å�} � �«Û�Ì � ÅÍ�~;Ñ-Â � Ü«ÅÌ � ��Â�Ü7� Ì@�7� � Ü$}`~��R�1~ � ~�� � Þ�Í=Þ � ÃÄÃ�Ì1�
�`�«Ì@��ÞX~AÛmÃA�

� � Ü�} � Ü Ã#~ � Ã�~�Å Ü � Ìh~;Ã ��� Ü�Û � ÜHÜ�~���ÎF}�ÅÍ}R� � �HÜÄÅÍAÂ�Þ � ��� Ì@�«Û Ì1�{~�� � Ü«Ì@�
L
} � ÃA����Ì1�

~]� � ÛZ��ÞX~�Å ÜÚÅÃ'� � Þ Å � � Ì1��Ü�}`~ Í � Ã�~�Ì/� �	� � ����Å Ü$� � � Ð Û � Ü��ÄÅ3�
A

Â ��� ~��ÖÍAÌ ��� Å Ü«ÅÌ �Ü�} � Ü � ÞÞ%Å � Ü�~��ÄÛZ~ � Å � Ü$~D�`�ÄÌ1��ÞX~AÛmÃ�} � �@~mÂ � Å Ñ-Â`~�Ã«Ì	ÞÂ�Ü«ÅÌ � Ã;���_~��1~��HÜ$}`~AÞX~;ÃÄÃWÜÄÌ�Û � Ï1~
� Â`�HÜ$}`~��Q~��$�«Ì@� �>��� Þ Ð Ã«ÅÃ�Ì1�+Ü$}`~�ÛZ~=Ü$}�Ì � Û Ì@��~�Ã«Å ÛZ��ÞX~�Å Ü�Å ÃmÛ�Ì1�$~�Í=Ì � �@~ � ÅX~ � Ü�Ü«Ì
Â�Ü«ÅÞ ÅX��~��`�ÄÌ1�{~��«Ü«ÅX~;Ã%Ì/�2Ü$}`~_� � �HÜÄÅÍAÂ�Þ � � �`�«Ì@��ÞX~AÛwÂ ��� ~���ÍAÌ � Ã«Å � ~�� � ÜÄÅ Ì �2� ÎF}�Å Í}�Û � Ï@~;Ã
Å ÜT��Ì/ÃÄÃ«Å���ÞX~�Ü«Ì�Â#Ã#~�Ã«Ì	ÛZ~D�$~;Ã«Â�Þ ÜÄÃWÌ1��Ü � Å � ~ � �`��~���Å Ì/Â�ÃHÞ Ð � Ì@�EÜ�}`~ Í � Ã�~mÌ/�w�`�ÄÌ1��ÞX~AÛmÃ
Î8Å Ü$} ÍAÌ � �1~ � Ü«ÅÌ ��� Þ � Ã«Í � Þ � ���%� � ��Þ � Í�~WÌ1�{~�� � Ü«Ì@�;�

� � � Í�ÜÄÞ Ð/� ÞX~=Ü"Â#Ã"ÃHÜ«Â ��Ð Ü$}`~£ÃHÜ��ÄÂ�Í�ÜÄÂ`��~£Ì/�
Ì1�{~�� � ÜÄÌ1�6Ã
Gij

�	��� Pij
�#�ôÜ+Å Ã5~ � Ã Ð Ü«Ì

Ã#}�ÌZÎRÜ�} � Ü
G(ϕe1) =

(

G∆ϕ
0

)

,

ÎF}`~��$~
G∆

ÅÃ ����~�~ ��� Ã2Ì@�"~�� � Ü«Ì@��� Ì1�2Ü$}`~¸� � ��Þ � Í�~[~;Ñ-Â � Ü«ÅÌ �2� Å Ü�Û � ��Ã�Ã«Ì	ÛZ~
ϕ � ~]� � ~ �

� Ü
∂Ω

Ü«Ì
u � ~�� � ~ � Å � Ω �>��� �{~AÅ � � � ÃHÌ/Þ Â�ÜÄÅ Ì � Ì1��Ü$}`~��`�ÄÌ1��ÞX~AÛ ß

∆u = 0
Å � Ω, u|∂Ω = ϕ.

�h~�~D� È��.���eËN� � Ì1� � ~=Ü � Å Þ Ã;� �5~ � Í]~
G11 = G∆

�>��� G21 = 0
�

� � Ü$}`~ Ã � ÛZ~�Î ��Ð Å Ü"Í �	� �{~ Ã#}�ÌZÎ � Ü�} � Ü

G(ϕe2) =

(

G21ϕ
G∆ϕ

)

,

ÎF}`~��$~
u = G12ϕ

ÅÃ � Ã«Ì	ÞÂ�Ü«ÅÌ � Ì1��Ü�}.~��`�«Ì@��ÞX~AÛ
−∆u+G∆ϕ = 0, u|∂Ω = 0

Î8Å Ü$} � �/Å��@~ � ϕ �
� � Ü$}`~ Ã � ÛZ~EÎ ��Ð Å Ü"Í �	� �{~ Ã#}�ÌZÎ � Ü$} � Ü

P11 = P22 = P∆
� P12 = δ∆G12

�>���
P21 = 0

� �5~���~
δ∆

Å Ã � ÍAÌ � �1~ � Ü«ÅÌ ��� Þ � Ì1�ÄÛ � Þ � ~��ÄÅ�� � ÜÄÅ��@~8Ì1�{~�� � ÜÄÌ1�[� Ì@� Ü�}.~+� � ��Þ � Í]~
~;Ñ-Â � ÜÄÅ Ì �2� δ∆u = ∂u/∂n

� Ì@��Ã«Ì	ÛZ~
u � P∆

ÅÃQ� � Ý �e�%Ì@�"~�� � Ü«Ì1�Z� Ì@�mÜ�}.~ � � ��Þ � Í]~
~;Ñ-Â � ÜÄÅ Ì �2� P∆

Û � �#Ã8ÃHÌ/Û�~
ϕ � ~]� � ~ �Ú� Ü

∂Ω
Ü«Ì
P∆ϕ

� ~�� � ~ �Ú� Ü
∂Ω

� Ð Ü$}`~��ÄÂ�Þ�~/ß

P∆ϕ =
∂

∂n
G∆ϕ.

�h~�~ � È��V���
Ë�� � Ì@� � ~AÜ � ÅÞ ÃA� � Â.~�ÜÄÌ�Ü�}.~'� Ì1�ÄÛvÌ/� Ì@�"~�� � Ü«Ì1�6Ã
Pij

~;Ñ-Â � ÜÄÅ Ì � Ã � � � Æ;É � �
� � � Æ	Æ �ìÍ �>� �{~���~ � Â�Í]~ � ÜÄÌ�ß

b∆(µ1, ν1) + b12(µ2, ν1) = F1(ν1),
� � � Æ�Ç �

b∆(µ2, ν2) = F2(ν2),
� � � Æ � �

ÎF}`~��$~
b∆(·, ·)

ÅÃ � ��ÅÞ Å � ~ � �w� Ì1�ÄÛ�ÎF}�Å Í}�Í=Ì@���$~;Ã��#Ì ��� Ã%Ü«Ì�Ü$}`~ � � ��Þ � Í]~�~;Ñ-Â � Ü«ÅÌ �2�

b∆(µ, ν) =
K

∑

k=1

〈P∆,kµ, ν〉∂Ωk
.

�ôÜWÍ �>� �{~¾Ã�}�ÌZÎ � � � È��{���hË	� �8Ü�} � Ü���ÅÞÅ � ~ � �y� Ì1�ÄÛ b∆(·, ·)
Å Ã+ÍAÌ � Ü«Å � Â�Ì	Â�Ã �>��� �#Ì-ÃHÅ ÝÜ«ÅX�1~AÞ Ð�� ~�� � ~ � Å � X0

�`�O�ÄÌ1��Þ�~;Û � � � Æ�Ç ��� � � � Æ � �¸Í �>� �{~ ÃHÌ/Þ��@~ � Ã�~;Ñ-Â`~ � Ü«Å � ÞÞ Ð �



� Ç>É º���� »Z¦ »>�¯±����	��º�¯±¦L¨Z²�®°¯±
�����Àe»>Ø�¥A��/´ZØ
� p � � ��� � � �_t`u��5| �  Vs`|�u�r&"
� � � � ÅÃ � ÛZ~;Ã�} Ý �`�«Ì ��~;Í=Ü«ÅÌ � ÛZ~AÜ�}�Ì � � Ì1� Ã«Ì	ÞÂ�Ü«ÅÌ � Ì/� ~;Ñ-Â � ÜÄÅ Ì � � � � Ë ����¢ � Þ Ð Ü$}`~
Ù Â.� � Ì�� Ý � � Þ�~��«Ï�Å �p� �`�.�«Ì	��ÅÛ � Ü«ÅÌ � Ã � �$~ ÍAÌ � Ã«Å � ~��$~ � �{~AÞÌZÎ � Å°� ~/�¸Ü$}`~�Í � Ã#~ ÎF}`~ �Ã#� � Í]~(Ã Ì/�S� � Ã«ÅÃ �>��� Ü��ÄÅ � Þ5� Â � Í=Ü«ÅÌ � Ã ÍAÌ	Å � Í=Å � ~	���5~��1~��HÜ$}`~AÞX~;ÃÄÃ'�@~ � ~�� � Þ ÅX� � Ü«ÅÌ � Ü«Ì
Ü�}`~EÛ�Ì1�$~ �1~ � ~�� � Þ�Ü�}.~£� � ÞX~��ÄÏ-Å ��Ý �)~=Ü��ÄÌ�� � �`�.�«Ì � Í}�Å Ã8Ñ-Â�Å Ü�~ ÃHÜ�� � ÅX�1}-Ü#� Ì@�«Î � � � �

��Ì	ÞÞÌZÎ8Å � �+Ü�}.~ Ù Â.� � Ì�� Ý � � Þ�~��«Ï�Å � ÛZ~=Ü$}�Ì � Î�~8Í}�Ì�Ì/Ã�~�ÃHÌ/Û�~ � � Å Ü$~ Ý�� Å ÛZ~ � ÃHÅÌ �#� Þ
ÃHÂ`�#Ã#� � Í]~�Ì/��� � ÃHÅ Ã �>��� Ü��ÄÅ � Þh� Â � Í=Ü«ÅÌ � Ã

X2
0,h ⊂ X2

0

ÎF}�Å Í} Å Ã ÞÅ � ~ � � Ã�� �>� Ì/�hÃ Ð ÃHÜ�~;Û
Ì/�w� � Ã«ÅÃ�� Â � Í�ÜÄÅ Ì � Ã {

ϕ
(s)
h

}N

s=1
⊂ X2

0

��� � � �`�`�ÄÌ	��Å Û � Ü$~ Ã«Ì	ÞÂ�ÜÄÅ Ì � ϕh ∈ X2
0,h

Ì1�
Ü�}`~��`�ÄÌ1��Þ�~;Û � � � Ç �%Å Ã8Ì1��Ü�}.~ � Ì1�ÄÛ

ϕh =
N

∑

s=1

asϕ
(s)
h ∈ X2

0,h

�>��� } � ÃìÜÄÌ Ã � Ü«Å Ã�� Ð Ü�}`~ � Ì/Þ ÞÌZÎ8Å � �J~(Ñ/Â � Ü«ÅÌ � ß

B (ϕh,ψh) = F (ψh) , ∀ψh ∈ X2
0,h.

�ôË � Æ �
¢ � ~�Í �	� Ì1��Ü � Å �p� Å���~��$~ � ÜQ�@~��6ÃHÅÌ � Ã�Ì/�S�
� � � � Ð Í}�Ì-Ì-ÃHÅ � � X2

0,h

Å �p� Å���~�� Ý~ � Ü+Î ��Ð ÃA� � Ì/ÛZ��Â�Ü � Ü«ÅÌ ��� Þ �`�ÄÌ�Í]~ � Â`�$~£Í �	� �"~ � �`��ÞÅX~ � � Ì@�«Û � ÞÞ Ð Å � Ü�}.~S� Ì	ÞÞÌZÎ8Å � �Ã#~(Ñ/Â.~ � Í�~	ß
Æ � � Ì	ÛZ��Â�Ü$~ � Â � Í=Ü«ÅÌ � Ã

u
(s)
h = Gϕ

(s)
h =

{

Gkϕ
(s)
h,k

}K

k=1
, Π

(s)
h = Pϕ

(s)
h =

{

P kϕ
(s)
h,k

}K

k=1

� Ì1�R~ � Í}
ϕ

(s)
h

�8��Ì~ÍAÌ	ÛZ��Â�Ü$~
Gϕ

(s)
h

Å ÜÚÅÃ � ~�~ � ~ � Ü«Ì ÃHÌ/Þ��@~�ÃHÌ/ÛZ~ � Â���ÅÞ Å � � Ð�`�ÄÌ1��ÞX~AÛ � Ì1��~;Ñ-Â � ÜÄÅ Ì � Â ��� ~��¸ÍAÌ � Ã«Å � ~�� � Ü«ÅÌ � Å � ~��@~�� Ð � � Å ��� ~��"~ ��� ~ � ÜÄÞ Ð Î8Å Ü�}
�#Ì/Â ����� � Ð ÍAÌ ��� Å Ü«ÅÌ � Ã � ~�� � ~ � � Ð ϕ(s)

h

�e�8Í�ÜÄÂ � ÞÞ Ð �	��Ð ÍAÌ � �1~ � ÅX~ � Ü �>�#� Þ Ð ÜÄÅÍ � Þ
Ì1� � Â�ÛZ~��ÄÅÍ � Þ � �`�`�ÄÌ � Í}ÖÍ �>� �"~EÂ#Ã#~ � � Ì@�¸Ü$}�Å ÃF��Â`�$�#Ì-Ã#~/��� � Ü$}`~ � Â�ÛZ~��ÄÅÍ � Þ�~]� Ý
� ÛZ��ÞX~ � �`�$~;Ã�~ � Ü$~ � �"~;Þ ÌZÎ � ÍAÌ � �1~ � ÜÄÅ Ì ��� Þh� � �qÅ � ~��1~�� Ð � � Ã�~�� � � � Ü�~AÞ Ð ÅÃ Â�Ã#~ � �
�ôÜ � ÞÞ ÌZÎ ÃìÂ�Ã8Ü«Ì�Â�Ã�~ Ã#~�� � � � Ü$~�� � ÛZ~;Ã�}`~;Ã�Å ��� Å���~��$~ � Ü+� � Ã8Å �#� ~��{~ ��� ~ � Ü«Þ Ð �

Ç �8�"ÃÄÃ#~;ÛT��ÞX~ �	��� ÃHÌ/Þ��@~w� � Å Ü�~ Ýô� ÅÛZ~ � Ã«ÅÌ ��� Þ`�`�ÄÌ1��ÞX~AÛ �°Ë � Æ �V� Ì1� ϕh

���5�.�`�«Ì	��ÅÛ � Ü�~
ÃHÌ/Þ Â�Ü«ÅÌ � Ì/� Ü�}`~EÌ@�«ÅX�	Å ��� Þ��`�ÄÌ1��Þ�~;Û � Ê � Æ � ��� Ê � Ç �¸ÅÃF�/Å��@~ �Ú� Ã

uh =

N
∑

s=1

asu
(s)
h +wh.

��Ì � ~�� � ~ �	��� ÍAÌ	ÛZ��Â�Ü$~ �	��� Å Ü«ÅÌ �#� Þ�� Â � Í=Ü«ÅÌ � wh
Î ~WÂ�Ã#~ ÍAÌ � �1~ � Ü«ÅÌ ��� Þ{� � �

Å � ~��@~�� Ð � � � Ù Ì	Â ����� � Ð ÍAÌ ��� Å ÜÄÅ Ì � Ã5� Ì@�
wh

Í �>� �"~ � ~�� � ~ � Å � Ü�}.~�Ã«ÅÛ���Þ�~(Ã�Ü
Î ��Ð/� � Ì1�S~�� � ÛZ��ÞX~ Î ~ Í �	� Ã#~AÜ

wh = gh
� ÜEÜ�}`~Ö� � ~ � �@~;ÃWÎF}�Å Í}��"~;Þ Ì � � Ü«Ì

Ü�}`~ � Ì	Û � Å � �#Ì/Â ����� � Ð/� wh = 0 � ÜWÜ�}.~ � Ì � ~;ÃEÌ1��Ã«Â`�{~��$~AÞX~AÛZ~ � Ü6ÃWÎF}�ÅÍ} � ��~ÃHÅ Ü«Â � Ü�~ � ÃHÜ��ÄÅÍ=Ü«Þ Ð Å � Ã«Å � ~ Ω �	��� Ü�}`~ � Â�Ã�~���ÅX~;Í�~AÎ8Å Ã#~%Å � Ü�~�����Ì	Þ � ÜÄÅ Ì � Ü«Ì � ~]� � ~ wh� Ü � ÞÞ�� � ~ � �1~;ÃìÎF}�Å Í}ÚÞ ÅX~;Ã�Å � Ã«Å � ~ Ω � �5~���~
gh

� ~ � Ì>Ü�~(Ã8ÃHÌ/ÛZ~ � �`�`�ÄÌ	��Å Û � ÜÄÅ Ì �Ì/�
g

�e�w}`~��$~£Å Ã � Ì � ~(Í]~;ÃÄÃ«Å Ü Ð Ü«Ì � ~]� � ~S� Â � Í�Ü«ÅÌ � ω ���ÄÌ	Û � � � Æ �F}.~��$~ � �"~(Í � Â#Ã#~
Å Ü Å Ã8Â�Ã�~ � Ì � Þ Ð � Ì1� � ~�� � Å Ü«ÅÌ � Ì/� Ü�}.~ Ù�� Ã � Ì@�F� Â � Í=Ü«ÅÌ � Ã

wh
� ÎF}�ÅÍ}�ÍAÌ	Â�Þ � �{~

~ � ÃHÅÞ ÐÖ� Ì � ~ ~��h��Þ Å Í=Å Ü«Þ Ð ÎF}�ÅÞX~ � ÞX�	Ì1�ÄÅ Ü�}�Û � Ã¸ÅÛZ��ÞX~AÛZ~ � Ü � Ü«ÅÌ � �
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�wp �Yt`t.uOt � "@s`| �  Vs � " 	uOt s���� � x���r5u������  
 ��t �F|#r � ��s	�_uFv
' ~ Í=Ì � ÃHÅ � ~��+Ã Ð ÃHÜ�~AÛ � � � Æ(Ç � � � � � Æ � ��Å ��� Ã�~;Ñ-Â`~ � Í]~ � Â�Ã«Å � �mÜ�~��«ÛmÃ"Ì/�
Ü�}.~T�`�$~���ÅÌ	Â�Ã
Ã#~(Í�Ü«ÅÌ � ����Ì�Ü�}�Å Ã8Ã�~;Í�ÜÄÅ Ì � Å ÃF~(Ã«Ã�~ � Ü«Å � ÞÞ Ð �`�«Ì@��ÞX~AÛ Ý Ã��{~;Í=Å��#Í	�

�5�`�`�ÄÌ	��Å Û � Ü«ÅÌ � Ì1��Ü$}`~�~;Ñ-Â � Ü«ÅÌ ��� � � Æ � ����~ �	� Ã

b∆ (ϕ2,h, νh) = F2 (νh) , ∀νh ∈ X0,h.
� � � Æ �

��Å � Í]~ � Ì1�ÄÛ
b∆(·, ·)

ÅÃ8ÍAÌ � Ü«Å � Â�Ì	Â�Ã �	��� �#Ì-ÃHÅ Ü«ÅX�1~;Þ Ð�� ~]� � ~ �h� ÍAÌ ��� Å ÜÄÅ Ì � Ã�Ì/� Ü�}`~£��~ �Þ�~;Û Û ��� ��~'� Â�Þ3�#Þ ÞX~ � � � Æ/�%Æ � � � �>��� Ü$}`~'� Ì/Þ ÞÌZÎ8Å � �\~;ÃHÜ«ÅÛ � Ü�~ÚÍ �	� �"~ÖÅ Û�ÛZ~ � Å � Ü$~AÞ ÐÌ1��Ü � Å � ~ � ß
‖ϕ2,h − ϕ2‖X0

≤ Cε (ϕ2, X0,h) ,
ÎF}`~��$~

ε(y, Yh) = inf
z∈Yh

‖y − z‖

� ~ � Ì	Ü�~(Ã Ü�}`~ � Å Ã�Ü �>� Í�~ ���«Ì/Û�ÃHÌ/Û�~
y ∈ Y

Ü«ÌEÃHÂ.��Ã#� � Í]~
Yh ⊂ Y

� Ì@� Ã«Ì	ÛZ~ � Â � Í=Ü«ÅÌ ��� Þ
Ã#� � Í]~

Y �>��� Å ÜÄÃ8Ã«Â`��Ã�� � Í�~
Yh

�
�5�`�`�ÄÌ	��Å Û � Ü«ÅÌ � Ì1��Ü$}`~�~;Ñ-Â � Ü«ÅÌ ��� � � Æ(Ç ����~ �	� Ã

b∆ (ϕ1,h, νh) + b12 (ϕ2,h, νh) = F1 (νh) , ∀νh ∈ X0,h.
� � � Ç �

� Ì � Ã«Å � ~�� � Þ Ã«Ì£Ü$}`~ � Ì	ÞÞ ÌZÎ8Å � ��ÃHÂ.��ÃHÅ � Å � � Ð �`�ÄÌ1��ÞX~AÛ

b∆ (ϕ̃1,h, νh) + b12 (ϕ2, νh) = F1 (νh) , ∀νh ∈ X0,h.
� � � � �

�w}`~ � Å���~��$~ � Í�~ �"~AÜ�Î�~�~ � � � � Ç � �>��� � � � � � Å Ã¸Ü�} � Ü�Î ~�Â�Ã#~+Ü�}.~y~�� � Í�Üw� � ÞÂ`~+Ì1�
ϕ2

Å �
� � � � � Å � ÃHÜ�~ �	� Ì/�eÅ Ü6Ã � �`�.�«Ì	��ÅÛ � Ü«ÅÌ � Å �\� � � Ç ���>�+ÃHÅ � �WÜ��ÄÅ �>� �/Þ�~ìÅ � ~;Ñ-Â � ÞÅ Ü Ð Î ~ìÌ@��Ü � Å �

‖ϕ1,h − ϕ1‖X0

≤ ‖ϕ1,h − ϕ̃1,h‖X0

+ ‖ϕ̃1,h − ϕ1‖X0

. � � � Ê �
� Ñ-Â � ÜÄÅ Ì � � � � � �mÅ Ã Ü$}`~�Ì � ~e� Ì@� ϕ̃1,h

Ã«Å � Í]~�Î ~ � Ã«Ã«Â�ÛZ~�Ü$} � Ü
ϕ2

Å Ã � Þ��$~ �/��Ð
� ~]� � ~ �h� Ã«Ì�Î�~EÍ �>� ÎF�«Å Ü�~ � � � � � � Ã

b∆ (ϕ̃1,h, νh) = F̃1(νh), F̃1(νh) = F1 (νh) − b12 (ϕ2, νh) , ∀νh ∈ X0,h,

�>��� Ü�}`~�Ã#~(Í=Ì ��� Ü$~��ÄÛ Ì � Ü$}`~��«ÅX�1}-Üy} �>��� ÃHÅ � ~ Ì/� � � � Ê �+Í �	� �{~�~(Ã�ÜÄÅ Û � Ü�~ � � � � Å �� Ð Â�ÃHÅ � ��Ü$}`~ �h~ � ÞX~AÛ�Û � ß

‖ϕ̃1,h − ϕ1‖X0

≤ Cε (ϕ1, X0,h) .

��ÌY~;ÃHÜ«ÅÛ � Ü$~�Ü�}`~��.�6Ã�ÜEÜ$~��ÄÛ*Ì � Ü�}.~D�«ÅX�1}-Ü�} �>�#� Ã«Å � ~mÌ/� � � � Ê �"Î ~mÃHÂ.��Ü�� � Í=Ü � � � Ç ����«Ì/Û � � � � � �>��� ÃHÂ.��Ã�ÜÄÅ ÜÄÂ�Ü�~
νh = ϕ̃1,h − ϕ1,h

ÜÄÌmÌ1��Ü � Å �

b∆ (ϕ̃1,h − ϕ1,h, ϕ̃1,h − ϕ1,h) = b12 (ϕ2,h − ϕ2, ϕ̃1,h − ϕ1,h) .

��Å � Í]~
b∆(·, ·)

Å ÃF�#Ì-ÃHÅ Ü«ÅX�1~;Þ Ð�� ~]� � ~ � �>��� b12(·, ·) Å Ã Í=Ì � Ü«Å � Â�Ì/Â�ÃìÎ�~WÌ@��Ü � Å � ß

C1‖ϕ̃1,h − ϕ1,h‖
2
X0

≤ b∆ (ϕ̃1,h − ϕ1,h, ϕ̃1,h − ϕ1,h) =

b12 (ϕ2,h − ϕ2, ϕ̃1,h − ϕ1,h) ≤ C2‖ϕ2,h − ϕ2‖X0
‖ϕ̃1,h − ϕ1,h‖X0



� Ç	Ç º���� »Z¦ »>�¯±����	��º�¯±¦L¨Z²�®°¯±
�����Àe»>Ø�¥A��/´ZØ
ÎF}�ÅÍ} ÞX~ �/� Ã¸Ü«Ì

‖ϕ̃1,h − ϕ1,h‖X0

≤ C ‖ϕ2 − ϕ2,h‖X0

≤ Cε (ϕ2, X0,h) .

�5~ � Í]~WÜ�}.~ � Ì	ÞÞ ÌZÎ8Å � ��~;ÃHÜ«ÅÛ � Ü«ÅÌ � Ãw}�Ì	Þ � � Ì@�
ϕ1,h

�	��� ϕ2,h
ß

‖ϕh,1 − ϕ1‖X0

≤ C1ε (ϕ1, X0,h) + C2ε (ϕ2, X0,h) ,

‖ϕ2,h − ϕ2‖X0

≤ C3ε (ϕ2, X0,h) .

�w}`~�� ��� Þ�ÃHÜ�~��£Å Ã �>� ~(Ã�ÜÄÅ Û � Ü«ÅÌ � Ì/�
ε (ϕ,X0,h)

� Ì@�
ϕ = ϕ1, ϕ2

�Z� � Ü�}.~�Ã«ÅÛ���Þ�~(Ã�Ü
Î ��Ð Å Ü"Í �	� �{~ � Ì � ~ � Ã

ε (ϕ,X0,h) ≤ ‖ϕ− ϕ̃h‖X0
,

ÎF}`~��$~
ϕ̃h

ÃHÜ �	��� ÃQ� Ì1� �>� Å � Ü$~��$�#Ì/Þ �	� Ü�Ì/�
ϕ
� Ð Ü$}`~ Ã Ð Ã�Ü$~AÛ Ì/��� � ÃHÅ ÃD� Â � Í�ÜÄÅ Ì � Ã

ÎF}�ÅÍ}R� Ì@�«ÛmÃ
X0,h

�#��ÌZ~;ÃHÜ«ÅÛ � ÜÄÅ Ì � Ã�Ì/� � �`�.�«Ì	��ÅÛ � Ü�~WÃHÌ/Þ Â�Ü«ÅÌ � � �$~��$~ � Â�Í]~ � ÜÄÌ¾Ü$}`~
~;ÃHÜ«ÅÛ � Ü«ÅÌ � Ã � Ì@�8Å � Ü$~��$�#Ì/Þ � Ü«ÅÌ � �`�«Ì�Í�~ � Â`�$~	�

� � Ü$}`~�Í � Ã�~ÚÌ/� Ü�ÎìÌ Ý�� ÅÛ�~ � Ã«Å Ì ��� Þ � Ì	Û � Å � �>��� Ì � ~ Ýô� Å ÛZ~ � ÃHÅÌ ��� Þw�#Ì/Â ����� �«ÅX~;Ã
� Å°� ~/��Ü�}`~ Í � Ã�~WÂ ��� ~�� Í=Ì � ÃHÅ � ~�� � ÜÄÅ Ì � �%Å Ü ÞX~ �/� ÃìÜ«Ì � � Ê#�`���#ËN� ��ß

‖ϕ1,h − ϕ1‖X0

≤ C1h, ‖ϕ2,h − ϕ2‖X0

≤ C2h

� Ì1�WÜ�}.~�Í � Ã#~�Ì/� ��ÅX~;Í]~;Î8ÅÃ�~mÞÅ � ~ � � � � Å Ü$~D~AÞX~AÛZ~ � Ü � �.�`�«Ì	��ÅÛ � Ü«ÅÌ � Ì � ��Ì	Â ����� �ÄÅ�~(ÃA�
�5~��$~

h
Å Ã � ÃHÜ�~��~Ã«Å���~ Ì/� Ì � ~ Ý�� ÅÛZ~ � Ã«Å Ì ��� ÞìÃHÂ.�"~���~;Þ�~;Û�~ � ÜÄÃ¾Û�~(Ã#} � ~]� � ~ � � Ü�� ��#Ì/Â ����� �«ÅX~;Ã;� � Ì � ÃHÜ �	� ÜÄÃ

C1
�>��� C2

� ~��{~ ��� Ì �s� Ì	Û � Å � �	��� Å Ü6Ã � ~;ÍAÌ	ÛZ�#Ì-ÃHÅ Ü«ÅÌ �Å � Ü«ÌmÃ«Â`�{~��$~AÞX~AÛZ~ � ÜÄÃw��Â�Ü � Ì	Ü�Ì � h �

�wp�# x ����t"|#z( 
 � � � ��
��"

�"Ã �	� ~]� � ÛZ��ÞX~mÎ�~�Å � Ü��ÄÌ � Â�Í�~�Ü�}`~D� Ì/Þ ÞÌZÎ8Å � �\�`�ÄÌ1��ÞX~AÛ�Å � � Û¾Â�Þ ÜÄÅ���Þ Ð-Ý Í=Ì ��� ~;Í=Ü�~ �
� Ì	Û � Å �

Ω = [0, 10]2 \ (S1 ∪ S2) ,
� � � Æ �

ÎF}`~��$~
S1

ÅÃ � � ÅÃ«Ï�Ì1�B� �	� ÅÂ�Ã
r1 = 10−2 �	��� Í]~ � Ü$~�� � Ü

c1 = (0.5, 0.5) �	��� S2
Å Ã

� � ÅÃ«Ï�Ì1��Ü�}.~ Ã � Û�~ � �	� ÅÂ�Ã
r2 = r1

�>��� Í]~ � Ü�~�� � Ü
c2 = (4.5, 4.5)

�
' ~ Í}�Ì�Ì-Ã#~

u(x) = ln |x− c1| + ln |x− c2| + 10 ln (5 + |x− c3|) , � � � Ç �
ÎF}`~��$~

|x− y| =
√

(x1 − y1)2 + (x2 − y2)2, ∀x,y ∈ R
2,

�>��� c3 = (−5, 15) � Ã �>� ~�� � Í�ÜEÃ«Ì	ÞÂ�Ü«ÅÌ ���	����� ~]� � ~���Ì	Â ����� � Ð ÍAÌ ��� Å ÜÄÅ Ì � Ã+ÍAÌ ��ÝÃHÅ � ~��ÄÅ � � u � ~]� � ~ � � ��Ì��1~ � Ü � Ì/Û � Å � ��Ì	Â �#��� � Ð �
��Â`�{~��$~AÞX~AÛZ~ � ÜÄÃ � �$~�ÃÄÑ-Â � �$~;Ã Ì1�eÃ«ÅX��~

H = 1 � ��Î ~AÞÞÃ��
S1

�	��� S2
� �$~8ÃHÅ Ü«Â � Ü�~ � Å �Ü�}`~�Í]~ � Ü$~��+Ì/�
Ü�}.~ ÍAÌ1�$��~(Ã#��Ì ��� Å � � Ã«Â`�{~��$~AÞX~AÛZ~ � Ü6ÃA� � Ì � Ü«Ì/Â`�_��Þ Ì	ÜÄÃ+Ì/�
Ü�}.~ � �`�`�ÄÌ	� ÝÅ Û � Ü$~mÃHÌ/Þ Â�ÜÄÅ Ì � � ��~��`�$~;Ã�~ � Ü�~ � Ì � � Å��#� Ç �h� ��ÞÌ>ÜWÌ/� �	� ~�� � Í�Ü �>�#��� �.�`�«Ì	��ÅÛ � Ü�~

� � Þ Â.~;Ã�Ì/�
Ã«Ì	ÞÂ�Ü«ÅÌ � � Ü�Ü�}.~EÞ Å � ~ x1 = x2
ÅÃw�`�$~;Ã�~ � Ü$~ � Ì � ��ÅX��� � �
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�������"g]b�� 	 ? W M;B«Y MAI ; M V-V	X�_�W J : M=Y F)L MA`G8 F 2 _ E
u
< ` F E Y�G�M;I ;+V ` _ Y�ChM;I ; −∆u

< X JGU;G>Y�G-M;I ;V ` _ Y�C
MAY Y�G F ` JLI F
x1 = x2

[
s =

√
2x1

M

� Ì1�ÄÛmÃ"Å � C (Ω)
Ì/�
Ü$}`~J~����ÄÌ1�+Ì/� Ü$}`~ � �`�`�ÄÌ	��Å Û � Ü�~£Ã«Ì	ÞÂ�Ü«ÅÌ � � Ì1�

u �	��� v � �$~
0.3499 �>��� 4.2151× 10−4 Í=Ì@���$~;Ã��#Ì ��� Å � �	Þ Ð �-��Ì¾Þ � �$�1~ � Å��{~���~ � Í]~�Å � Ü�}`~�� � ÞÂ`~;ÃìÌ1�
~��$�«Ì@��� Ì@� � Å��{~���~ � Ü"ÍAÌ	ÛZ��Ì � ~ � Ü6Ã�Ì/� Ü�}`~ Ã«Ì	ÞÂ�ÜÄÅ Ì � Å Ã Í � Â�Ã�~ �Ö� Ì>Ü5� Ð Ü$}`~S�`�ÄÌ1�{~��«Ü«ÅX~;Ã
Ì/� Ü�}`~£Û�~AÜ�}�Ì � ��Â�Üy� Ð ÍAÌ1�$��~(Ã#��Ì ��� Å � � � Å���~��$~ � Í�~EÅ � Í} � � � Í�Ü$~��ÄÅÃHÜ«Å Íy� � Þ Â.~;Ã Ì1��Ü$}`~
~]� � Í=Ü%ÃHÌ/Þ Â�ÜÄÅ Ì � �	ÁF~;Þ � Ü«ÅX�1~F~����ÄÌ1�6Ã � �$~8Ì/��Ü�}`~"Ã � ÛZ~8Ì@� � ~�� �>��� } � �@~w� � Þ Â.~;Ã Ì1�

0.0111�>��� 0.0280
Í=Ì@���$~;Ã���Ì ��� Å � �/Þ Ð � ' ~ � Þ ÃHÌ � Ì>Ü�~ Ü�} � Ü

u
~����ÄÌ1�6Ã � Í}�ÅX~��@~ Ü�}`~;Å�� Û � ��ÅÛ£Â�Û

� � Þ Â.~�Å � Ü�}`~ � Î ~AÞÞ Ã9� � ~AÅX�1}h�#Ì/Â`�$}�Ì�Ì � �
��~=Ü Â#ÃF�#Ì/Å � Ü5}`~���~WÜ$} � Ü"Ü�}`~�� � ÞÂ`~(Ã8Ì/� Ü�}`~T��~;Þ � Ü«ÅX�1~ ~��$�«Ì@�ÄÃ � ��~EÑ-Â�Å Ü�~ Ã«Û � Þ Þ�� Ì1�

ÃHÂ�Í} � Í=Ì � �6Ã#~ � ~(Í=Ì/Û���Ì/Ã«Å Ü«ÅÌ �'� 10×10
Ã«Â`�{~��$~AÞX~AÛZ~ � Ü6Ã$�eÌ1��Í=Ì/Û���Â�Ü � Ü«ÅÌ ��� Þ � Ì/Û � Å � �

�w}`~F~��$�«Ì@� Í �	� �{~5�$~ � Â�Í�~ � � Ð Â�Ã�~8Ì/��}�ÅX�1}`~�� Ý Ì1� � ~��V��Ì	Â ����� � Ð � � ÃHÅ ÃV� Â � Í=Ü«ÅÌ � Ã �>���Û Ì@��~ � Í;Í=Â`� � Ü$~¸Ã«Ì	ÞÂ�Ü«ÅÌ � Ì/�#Ã«Â`��Ã«Å � Å � � Ð �`�ÄÌ1��ÞX~AÛmÃ � Ì1�
� � Ã)� � ÃHÅ Ã � Â � Í�ÜÄÅ Ì � Ã � Ã�~�~�� � � �=�

o��Fp	� u�r_z 
�x "h|�u�r
� � � � � Ì1��ÃHÌ/Þ Â�Ü«ÅÌ � Ì/�[��ÅX} � �ÄÛ�Ì � Å Í ~;Ñ-Â � Ü«ÅÌ � Å � �#Ì/Â ��� ~ ��� Ì	Û � Å � Î � Ã �	��� Þ Ð ��~ �Å � Ü�}�ÅÃ�� � �{~��(���h�"~(Í=Å � Þ
Î ~ � Ï\� Ì1�ÄÛ£Â�Þ � ÜÄÅ Ì � � Ì@�WÜ�}`~�Ü$� � Í]~;Ã�Ì1�¸Ü$}`~ ÃHÌ/Þ Â�Ü«ÅÌ � Ì/�%Ü$}`~
Ì1�ÄÅ��/Å ��� Þ �`�ÄÌ1��Þ�~;Û � ÜWÃ«Â`�{~��$~AÞX~AÛZ~ � Ü6Ã_��Ì	Â �#��� �ÄÅ�~(Ã"Î � Ã+ÃHÂ.�1�1~(Ã�Ü$~ � � � Ñ-Â�ÅX� � ÞX~ � Í�~¾Ì1�
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� Ì1�ÄÛ£Â�Þ � ÜÄÅ Ì � Ã Î � Ã+Ã#}�ÌZÎ � � � Ì	ÛZ��Â�Ü � ÜÄÅ Ì ��� Þ�Û�Ì � ~AÞ Î � Ã"Í=Ì � ÃHÜ��ÄÂ�Í�Ü$~ � Â�Ã«Å � � � ~��1~AÞ ÝÌ1�{~ � � Ì1�ÄÛ � Þ � �`�`�ÄÌ � Í}2�>�5�#Ã�Ü$� � Í�Ü�~����ÄÌ1�[~(Ã�ÜÄÅ Û � Ü�~;Ã%Î�~���~8Ì@��Ü � Å � ~ � � Ì1�¸Ì � ~_�1~��6Ã«Å Ì �Ì/� Ü�}`~ ÛZ~AÜ�}�Ì � ���w}`~ ÛZ~=Ü$}�Ì � } � �1~ Ã�}�ÌZÎ � Å ÜÄÃ_~  Í=ÅX~ � Í Ð ÎF}�Å ÞX~ ÃHÌ/Þ���Å � ��Ü�}.~S�	ÅX�1~ �Ü�~;ÃHÜQ�`�ÄÌ1��Þ�~;ÛÚ�%��Ì�Ì � � �@��~�~AÛZ~ � ÜD�"~AÜ�Î�~�~ � � Â�ÛZ~��ÄÅÍ � Þ �	��� ~]� � Í=Ü ÃHÌ/Þ Â�ÜÄÅ Ì � ÃmÎ � Ã
Ì1��Ã�~��$�1~ � �

� � 	 � t � r_z � "
� Q�� >VM � J M X ` F Y M����	�
��������������
��������������� !�#"����	� � $
���&%(')�+*�",�.-!����/��M A _ 2�B _ 48[1A J X [�Q :(];91M

< JLI10�8K292�J MAI�C� ? �20 M m M�>/F�;/_AX�F I-K _1M�34�
��"5���#6�%����&�#���	���7�8%4�9�:$;6+�7'#���&�9�<')�9$��+=9�4��%��#M A _ 2�B _ 48[�A >hD NH[	Q :(:A@@M
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H/J G-M X�:E_ I-JLB F�I 8�M=Y�J _ I M�*�"(�$
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Y�J _ I :EF Y�G _/; 2 M�*�",�$;"4�	�
�D�K :E:3,HF�Q�5 FLDHGM [ T(C [ ?;9(9 Q M�< JLI10�8K292�J M;IhC� T �TA M�> MA` MAI-JLI�MAI ; ? M O	M L�F I-K _�L�M.>-F;/_;X�F I-K _ 6�I/J Y F 298 V�F«X�F ` F:EF IZY :EF Y�G _/; M�2)2 V�F B6J M;`
> MA` F«X K	JLI�M V/V/X�_�W J : M=Y�J _ I MV��'#���
��W'#���&%(')�����)�X��C� �	�+YZ'#�<�[HG�;')� =#�(�	� [�\ < Q]C«[ @ Q <	^A9 [?A9(9�?�M
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