
���������	�
������������������	���������������������������� �
!"�#��$��%��&('*)+$��%,-�/.�0�12'/3/3�4�1�56�����	�87(9;:=<>7(?(?
@
© A;B;B ?DC�E @GF-H/IKJ(L"M�N-N>OQP 7(: A=R 9 A : ATS/U IKHWV�X	M�N-N>OYP 9;Z�[ R 7�\ P BD] H-^KIKH E

_ `badcfe�gihkjmlicfa cnlponqr_sjtou`wv `wx ou`yozj{e
c}|�~�cf�ma*qro��dv�c `w� cQ�d�{qrvy`w��_scf��ozj�e
~�vy`yo�c���onq�`w�

�����D�"�������+�����D��������
���� �¡£¢¤¡¦¥�¡�§©¨GªT«�¬W¡®�§°¯�¬>¡¦¢²±= ³¬W�r´����(ª=¨Wµ�¯i¬W¡£¢²±� 6¶
·�¢¤¸K�#¢¤¥� �¹�§6´W¢¤¯º¢¤��¬W ¼»�§6±6��#¢²±½¬>¸�¾¿��¢¤ÀW§=µ6 �¢¤¡£Á
��ÂWÃ	Ä�Å;Æ�Ç È�É-ÊÌË�Í�Î���Ï�Ð	Ñ/Ò	Ò	Ó©�"ÇÔ Õ�ÇÖ�Ê;Í#Î�ÇØ×½Ù-Ö#Ã>Õ�ÇÚÃ�Í
Û Ã>Ö�Ô �Å=×½Å°Â�ÇÉ�Ã�Ür��Ý/Ý	Í�Î���Ï½Ý(Ð/Þ/Þ>Ó©�+Ç ÔÕ�ÇÖ�Ê;Í�Î2Ç ×�Ù�Ö�Ã	Õ�ÇÃ
�
Ï£ÆiÃ	Ç Ô£ß�à�á�â>ã�â/ä�å/à-æ�çéè²êìë-ë¿èGç	æ
í#î�ï�î�ð ñ6î�òôó�ïöõ²÷½ø�î�ù�ú½û�üWýGú½ú½þ�ÿ�ù²îöñ=ð �²î�ò����½ù®ï����	��üWýGú½ú�
�ÿ���°ø�� ð ���;î�ò%÷���� ð �°î��°î��=õ²î��¿ø�î�ù���þ�üWý�ú½ú�


��������� "!#�%$'&)( S E H+*/I V-, U E ]�. E HWV E U�S/U I0/ E / ] H E H#1>I U�] H+2 E H>VGL°^ S/U�] V E @½V�I ] H³F�L�/
F-I03(F/^04 S�]°R/�I V�I01 E ]°U65 E U�] 1;L;^0, E /87 C F#,+/6X9*/I0/öV U I0:+,	V�I ] H ]�. /�,-@GF L;1;L U IØL�:/^ E I0/</�J E�=¿E *�X�L;H+* I V-/ S�](S	R,/^ØL°V�I ] H>1;L U IØL°H-@ E I0/DF-I03;F�7@?A/©L¼@ ] H+/ E	B , E H-@ E V�F E * E /�I03(H R :-L�/ E * E /öV�I02©L°V ];U�]�. L V ] VGL°^E ( S E HC*/I V-, U E F�L�/"L�F/ID3;FE1(L U IØL;H-@ E 7 C F E @ E H+/ ]°U E * U E 3 U E /�/�I ] HF2 ] * E ^HGJILKM�NOI@2 ] * E ^QP .Ú]°UV U L°H+/ .];U 2 E *'/öV-,C*#4R1;L U IØL�:/^ E I0/�,S/ E *DIØHDV�F/ID/ S L S E U 7 C F E 1(L°^0, E / ]�. V�F E /öV-,C*#4R1;L U IØL�:/^ E ]�.H ] H R /�L�2 S ^ E * E ^ E 2 E HWV-/�L U ETE /öV�I02©L=V E *T,S/�IKH+3©V�F-I0/�2 ] * E ^®X�L°HC* L�H E�=fE /öV�I02©L°V ]°U8]�. V�F E
V ] VGL;^ E ( S E HC*/I V-, U E ID/ ] :	VGL;IKH E *U7rM¦H V�F E @�L�/ E ]�. /�I02 S ^ E U L;H+* ] 2V/�L�2 S ^KIKH+3pL°HC* J>H ] = H
2 ] * E ^ S L U L�2 E V E U /6X�I V8I0/�/�F ] = H�:W4X/�I02Y,-^ØL=V�I ] H V�F-L°VôV�F E"E 2 S I U IK@�L;^Z2 E L;HX/ B ,�L U E�E U�U�]°U
]�. /�,-@GF�L62 ] * E ^ R :�L�/ E * E /öV�I02©L=V ];U I0/%^ ] = E U V�F-L;H�V�F�L°V ]�. V�F E * E /�I03(H R :-L�/ E * ] H E 7+[�, E V ]E /öV�ID2©L=V�I ] H ]�. V�F E ,/H-J>H ] = H\2 ] * E ^ S L U L�2 E V E U /rV�F E 2 E L;HY/ B ,-L U E E U�U�]°U�]�. V�F E E /öV�I02©L°V ]°UI0/éF-I03;F E U 7]_^%`Fa\bCc�dfehgEi H/I V E S�](S ,-^ØL°V�I ] H�X+2 ] * E ^ R :�L�/ E * E /öV�I02©L°V ]°U%]�. L+V ] VGL;^¤X-V ] :-I VH2 ] * E ^

jlk_m+nAoCp"q�r6s\t9oUu-qAn

�ÌÙ�Å ÜWÃ%v�ÇÚÃ#w�ÔÅ É%x"Åzy|{�Å°Õ�Ä�ÇØ×½ÖUv�Å¼É	Õ Å°Õ�Ü�ÇQv½É	Õ�ÆºÅ;Õ-×½Ã>ÔA{Uv½É>×�Åh}�×½Ç É/Õ�ÇÚÊ;~-Ö�Ç ×�Å¼Ç�v�v½Å��/Ö�ÔÃ%v;ß
ÊGÉ/ÆºÅ�É%x%×�Ù�ÅiÅ°Õ-×�Å�v�{Uv½ÇÚÊGÅ(Ê+Ù#Ã�Ü	Å�Ù�Ç��	Ù Åzy|{#Å;Õ�Ä�Ç ×�ÖUv½ÅpÃ>Õ#Ä Ê�É	Æ�Å�É#x�×�Ù�Å;ÆdÙ�Ã�Ü/Å³Õ�É	Õ�Å
ÃW×©Ã>ÔÔ¦���ÌÙ�Ö�Ê;Í2Ä�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ É%xôÊGÖ�}6Ù Ã ÜWÃ#v½ÇÃ%w�Ô ÅºÇÚÊDÊGÂ/Å���Å;ÄE�8Ç ×�Ù ×�Ù�ÅX{�Å;Ã	Â�ÃW×'�°Å�v�É
Ã>Õ�Ä Ù�Ã	ÊÌÃºÙ�Ç��	ÙT{�É%{�Ö�ÔÃ>×�ÇÉ	Õ Ü�Ã%v�ÇÚÃ>Õ�}=Å_���¿ÇQ�#��Ýh���U��É%v�×�Ù�ÇÊ�v½Å;Ã	Ê�É	Õp×�Ù�ÅDÄ�Å(ÊGÇ��	Õ�ÏJw�Ã/ÊGÅ(Ä
��É%v½Ü�ÇØ×��=Ï��ÌÙ�É	Æ�{�Ê�É	Õ Å;ÊG×�ÇÆiÃW×�ÉSvE� ÑW�"É#x�×�Ù�Å ×½É>×6Ã>Ô8É#xDÊ�Ö"}6Ù ÃzÜWÃ%v�ÇÚÃ#w�ÔÅ¼Ù�Ã	ÊiÃzÙ�Ç��	Ù
Ü�Ã%v�ÇÚÃ>Õ�}=ÅTÃ	Ê���Å°ÔÔ¦�U� Å©Ã#v½Å�Ô É�É	Â�ÇÕU�;x®É%v�Ã	Õ�É>×½Ù�Å�v��ÌÃ�pÉ#x¿Å;ÊG×�ÇÆ�Ã>×�ÇÕU�º×�Ù�ÅT×½É>×6Ã>Ô£�

� Õ�Å©É#x
×½Ù�Å�{�É/Ê½Ê�ÇQw�ÔÅ��ÌÃ��ÊÌ×�É¼ÊGÉ/Ô Ü/ÅT×�Ù�ÇÚÊ\{"v�ÉSw�Ô Å;Æ{ÇÊ�×�É Ö#ÊGÅD×½Ù�ÅºÆºÉ�Ä�Å;ÔØÏJw�Ã/ÊGÅ(Ä
Ã#{U{Uv½É/ÃS}6Ù�É%xÌÃ ÊG×�Ö�Ä|� ÜWÃ#v½ÇÃ%w�Ô Å/����Õ ×�Ù�ÇÚÊ�}°Ã/ÊGÅº×½Ù�ÅiÜWÃ>ÔÖ�Å;ÊTÉ%x�ÜWÃ#v½ÇÚÃ#w�ÔÅ;Ê�É#x�×�Ù�ÅiÅ°ÔÅ=Ï
ÆºÅ;Õ-×½Ê
É%x�ÃY�#Õ�ÇØ×½Å<{�É%{�Ö�ÔÚÃW×½Ç É/Õ U Ã%v�Å8Ã/Ê�Ê�Ö�Æ�Å;Ä³×�É'w�Å<�/Å°Õ�Å�v½Ã>×�Å;ÄºÃ%}�}=ÉSv½Ä�ÇÕU��×�É©Ê�É	Æ�Å
ÊGÖU{�Å�v�ÏJ{#ÉS{�Ö�ÔÚÃW×�ÇÉ	Õ Æ�É�Ä�Å°Ô£�%�ÌÙ�Å Õ�É	Õ�ÏöÊ½Ã>Æ�{�ÔÅ;Ä�Ü�Ã	Ô Ö�Å;Ê�É#x+×�Ù�Å�ÊG×�Ö#Ä|��ÜWÃ#v½ÇÚÃ#w�ÔÅ¼Ã%v�Å



Ó��WÐ �����³µ�¬���¬>À;¢²±�		¬>¢¤¡�
§

�������cz^���� &)( S E H+*/I V-, U E V ] V�F E8E H#1>I U�] HS2 E HWV S/U�] V E @½V�I ] H"7

{Uv�Å(Ä�ÇO}�×�Å(Ä>wC��×�Ù�ÇÊ�ÆºÉ�Ä�Å;ÔôÃ	Õ�Ä Ö�ÊGÅ(Ä x®É%vD×½Ù�ÅpÅ(Ê�×½Ç ÆiÃW×½Ç É/Õ É#x�×�Ù�Åp×�É>×6Ã>Ô£���Jx ��Å�}°Ã>Õ
��Õ�Ä ÃiÄ�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ¼Æ�É�Ä�Å;Ô�×�Ù�Ã>×\}=ÔÉ/Ê�Å°Ô���v½Å;Ê�Å°Æ�w�Ô Å(Ê%×½Ù�Å�Ä�ÇÚÊG×�v½ÇQw�Ö�×�ÇÉ	Õ¼É#x¿×�Ù�Å�ÊG×�Ö#Ä|�
Ü�Ã%v�ÇÚÃ#w�Ô Å/Í	ÃTÆ�É�Ä�Å°Ô"w#Ã	Ê�Å;Ä�ÏöÅ;ÊG×�ÇÆiÃW×�ÉSv
ÆiÃ��Ù�Ã�Ü/Å�Ã©ÊGÆiÃ	Ô ÔÅ�v
Æ�Å;Ã	ÕpÊ�~-Ö�Ã%v�Å8Å�v�v½É%v ×½Ù�Ã>Õ
ÃDÄ�Å;Ê�ÇQ�/Õ�ÏJw�Ã	Ê�Å;ÄºÉ	Õ�Å	�	�ÌÙ�ÇÚÊ �ÌÃ�©É%xrÅ(Ê�×½Ç ÆiÃ>×�ÇÉ	ÕiÇÚÊl{Uv½Å;Ê�Å°Õ-×�Å(Ä³ÇÕi�éÃ>ÔÔÇÃ	Õ/×ôÅ=×;�-Ã>Ô£�U�Ý;Ð�ö�
�ö×H��Ã/Ê
Ö�Ê�Å;Äº×½É©Å;ÊG×�ÇÆiÃW×�Å�×�Ù�Å8×½É>×6Ã>Ô�É%xr×�Ù�Å+Õ�É	Õ�ÏöÕ�Å��/ÃW×½Ç Ü/ÅÌÜ�Ã%v�ÇÚÃ#w�Ô Å �8Ç ×�ÙX�;Å�v½ÉDÜ�Ã	Ô Ö�Å;Ê
w+� �DÃ%v�Ô�w#Å�v�� � �h�ö�
�ÌÙ�Å ÊG×�Ö#Ä|� ÜWÃ#v½ÇÃ%w�Ô Å ÇÊºÅzy|{Uv½Å;Ê½Ê�Å;Ä ×�Ù�Å�v½Å Ã	ÊºÃF{"v�É�Ä�Ö"}=×³É%x8×-�ôÉ
Ü�Ã%v�ÇÚÃ#w�Ô Å(Ê°ß�Õ�É/ÕU�°Å�v�ÉiÃ>Õ#ÄTw�ÇÕ�Ã%v��/�

� Å©Ê�Ù�Ã>ÔÔ2Ö�Ê�Å�Ã�Õ�Å��tÃ%{U{Uv½É/ÃS}6Ù¼Ã	Õ�Ä Ã#{U{�Ô�� Ã�Æ�É�Ä�Å;Ô��8Ù�ÇO}6Ù�Ä�Å;Ê�}zv½ÇQw�Å;Ê<{#É-ÊGÇ ×�ÇÜ	Å
Ã>Õ�Ä �°Å�v�É�ÜWÃ>ÔÖ�Å(Ê8É#x Ô ÉS�/Ã%v�Ç ×�Ù�Æ�ÇO}+×�v6Ã>Õ�Ê x®É%v½ÆiÃW×�ÇÉ	Õ¼É#x¿×�Ù�Å©Ê�×½Ö�Ä|�¼Ü�Ã%v�ÇÚÃ#w�Ô Å��C}=Å;Õ�Ê�É%v½Å;Ä
v�Å��%v½Å;Ê½ÊGÇÉ	Õ�ÉSvDÃ ×½É%w�Ç ×©Æ�É�Ä�Å°Ô£���ÌÙ�Åº×�ÉSw�Ç ×©ÆºÉ�Ä�Å;Ô
Ù�Ã	ÊRw�Å°Å;ÕzÇ Õ-×�v½É�Ä�Ö"}°Å;Ä w+� ��ÉSw�Ç Õ
� �#�+ÇÕ�Ý����	Ñ�ÍéÄ�Å;Ü	Å;Ô ÉS{#Å(Ä w+� ��Æ�Å;ÆºÇ��/Ã � Ý	�öÍ��Yv½Å°Å;Õ � Ó#��Ã	Õ�Ä �8ÇÄ�Å°Ô�� Ä�ÇÚÊ�}=Ö�Ê½ÊGÅ(Ä Ç Õ
��Æ�Å°Æ�Ç��/Ã � Þh�öÍ��Yv½Å°Å;Õ � ËW�öÍ���Ã	Ä�Ã	Ô ÔÚÃ � ÒW�öÍ ��Ã%�	Õ�Ö�ÊiÅ°×;�ÌÃ>Ô£�\�!���£��� Å�ÊGÖ"�%�	Å(Ê�× Ê�É	Æ�Å
Ã#{U{�ÔÇO}°ÃW×½Ç É/Õ É%x�×�Ù�Å+×½É%w�Ç ×8Æ�É�Ä�Å°Ô�ÇÕ ×½Ù�ÅTÅ;ÊG×�ÇÆ�Ã>×�ÇÉ	Õ É#x�×½Ù�ÅY��Õ�Ç ×�ÅR{�É%{�Ö�ÔÚÃW×½Ç É/Õ ×½É>×6Ã>Ô
É#x
Ã³Õ�É	Õ�ÏöÕ�Å��-ÃW×½Ç Ü/Å�ÊG×�Ö�ÄU�pÜWÃ#v½ÇÃ%w�Ô Å/�

"�k$#&%('Cu*)Hn,+.-0/1'�%�r324'%oUu657/@o|q p q98:/7;;qlo�/1<

Î2Å=×pÖ#ÊpÄ�Å°Õ�É>×�ÅEwC� U = {1, 2, . . . , N} ×�Ù�Å ��Õ�ÇØ×½ÅF{#ÉS{�Ö�ÔÚÃW×½Ç É/Õ2ÍH}=É/Õ�Ê�ÇÊG×�ÇÕU�zÉ#x
NÅ°ÔÅ°Æ�Å°Õ-×½Ê;ÍWÃ>Õ�Ä�w+�

y
×½Ù�Å�ÊG×�Ö#Ä|�DÜWÃ#v½ÇÃ%w�Ô ÅH�8ÇØ×½Ù�×½Ù�ÅôÜWÃ	Ô Ö�Å(Ê

yk
Í
k = 1, . . . , N

Í�Ä�Åz��Õ�Å;Ä
x®É%vÌ×�Ù�ÅDÅ°ÔÅ°Æ�Å°Õ-×½ÊÌÉ%x�×½Ù�Å'{#ÉS{�Ö�ÔÚÃW×½Ç É/Õ2ÍU}=ÉSv�v½Å;Ê�{#É/Õ�Ä�ÇÕU�	Ô��>=	×½Ù�ÅT×�É	×½Ã	Ô�É#x�×½Ù�ÇÚÊ8ÜWÃ#v½ÇÃ%w�Ô Å
ÇÊ
Ä�Å���Õ�Å(Ä�wC�

ty = y1+ · · ·+yN
�>�ÌÙ�Å

n
Ê�ÇQ�;Å�Ê½Ã>Æ�{�ÔÇ Õ"�TÄ�Å;Ê�ÇQ�/Õ�ÇÚÊ
Ê�Ã	ÇÄ©×�ÉRw#Å�Ê�ÇÆ;{�Ô Å

v½Ã	Õ�Ä�É	ÆwÊ½Ã>Æ�{�ÔÇÕU�³ÇQx¿Ã	ÕC��}=É	ÔÔÅ�}�×½Ç É/Õ É%x
n

Ä�ÇÊG×�ÇÕ"}�×�Å;Ô Å;Æ�Å°Õ-×½ÊAx�v½É	Æb×½Ù�ÅR{#ÉS{�Ö�ÔÚÃW×�ÇÉ	Õ
i
Í
i ⊂ U Í>Ù#Ã	Ê¿×�Ù�ÅÌÊ½Ã>Æ�Å�{Uv½É%w�Ã%w�ÇÔ Ç ×-�T×�ÉRw�Å�ÊGÅ;Ô Åh}�×�Å(Ä��>�ÌÙ�Å�Ê�Ç Æ�{�ÔÅ�v½Ã	Õ�Ä�É/Æ Ê�Ã	Æ;{�Ô ÇÕU�

Ä�Å;Ê�ÇQ�/Õ };Ã>Õ w#ÅTÉ%w�×½Ã>ÇÕ�Å(Ä��8Ù�Å;Õ
n

Å°ÔÅ°Æ�Å°Õ-×½ÊAx�v½É	Æb×½Ù�ÅY��Õ�Ç ×�ÅR{�É%{�Ö�ÔÚÃW×½Ç É/Õ¼Ã%v�Å"×½Ã	Â	Å°Õ
�8ÇØ×½Ù¼Åh~-Ö�Ã>Ô2Ê�Å°ÔÅ�}=×�ÇÉ	Õ {Uv�ÉSw�Ã#w�Ç ÔÇØ×½Ç Å(Ê��8ÇØ×½Ù�É	Ö�×<v�Å�{�ÔÃS}=Å;ÆºÅ;Õ-×;�



«�¨;´/§=¸����"¬W °§½´��� 6¡£¢¤¯i¬W¡�¨Wµ�¨�ª¼»�¨>¡ö¬>¸�������§°��´>¢¤¡¦¥�µ½§ Ó���Ý
�ÌÙ�Å'��É%v½Ü�ÇØ×��=Ï��ÌÙ�É	Æ�{�Ê�É	Õ Å;ÊG×�ÇÆiÃW×�ÉSv8É#xì×�Ù�Å'{�É%{�Ö�ÔÃ>×�ÇÉ	Õ ×�É>×6Ã>Ô

t̂(SI)
y =

N

n

∑

k∈i

yk

ÇÊ�Ö�ÕCw�ÇÚÃ	Ê�Å;ÄiÖ�Õ�Ä�Å�vÌÊ�Ç Æ�{�ÔÅ6v6Ã>Õ#Ä�É	ÆbÊ½Ã>Æ�{�ÔÇ ÕU� � Ñ#�£���ÌÙ�Å�Ö�ÕCw�ÇÚÃ	Ê�Å;ÄiÅ(Ê�×½Ç ÆiÃ>×�É%v�É#x�×½Ù�Å
Ü�Ã%v�ÇÚÃ>Õ�}=Å�É#x¿×�Ù�ÇÚÊ8Å;ÊG×�ÇÆiÃW×½É%vÌÇÊ�Ö�ÊGÅ(Ä�ß

V̂ ar(t̂y) = N2
(
1 − n

N

) ŝ2
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×�É>×6Ã>Ô
ty

ÇÊÌÅ(Ê�×½Ç ÆiÃ>×�Å;Ä wC�
t̂(model)
y = t(i)y + t̂(̄i)y .

�¦Ó��Ýh�
Û É/Æ�ÅTÊ�{�Å�}=ÇÚÃ>Ô�Æ�É�Ä�Å;ÔZx®É%vÌ×½Ù�ÅDÜWÃ#v½ÇÃ%w�Ô Å

y
�8Ç ×�Ù �;Å�v½ÉºÃ	Õ�Ä {#É-ÊGÇ ×�ÇÜ	ÅTÜWÃ>ÔÖ�Å;ÊÌÇÚÊÌÖ�Ê�Å;Ä��

� $��$��������L���������������  >���! ��#"%$U |���L |�&�'�
Î2Å=×³Ö�Ê©Ä�Å;Õ�É>×½ÅXw+�

xk = (1, xk)′
Í�ÜWÃ>ÔÖ�Å(ÊDÉ#xÌ×�Ù�ÅpÂ�Õ�ÉW�8Õ Õ�É	Õ�ÏJv½Ã	Õ�Ä�É/ÆdÃ>Ö|y�ÇÔ ÇÚÃ#v��

Ü	Å�}=×�ÉSv
x

Ã>Õ#ÄXwC�
z∗k

Í
k = 1, . . . , N

Í/ÜWÃ	Ô Ö�Å(ÊéÉ%x�ÊGÉ/ÆºÅ+Ö�Õ�ÉSw�ÊGÅ�v�Ü/Å;Ä�v6Ã>Õ�Ä�É	ÆuÜ�Ã%v�ÇÚÃ#w�ÔÅ
z∗

� Û ÖU{U{�É/Ê�ÅT×�Ù�ÅDÜ�Ã	Ô Ö�Å;Ê
z∗k

Í"};Ã>Õ w#Å'� v½ÇØ×�×�Å;Õ¼ÇÕ¼×�Ù�ÅRx®ÉSv�Æ

z∗k = x
′

kβββ + εk,
�¦Ó�� Þ%�
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Ç¦� Å	��ÇØ×�Ä�Å�{#Å;Õ�Ä�Ê¼É	Õ ×½Ù�Å Ö�Õ�Â�Õ�ÉW�8Õ v½Å��%v½Å;Ê½Ê�Ç É/Õ Æ�É�Ä�Å°ÔR{�Ã%v½Ã	Æ�Å=×�Å�v

βββ = (β0, β1)
′Ã>Õ�Ä Å�v�v�ÉSv"×½Å�v½ÆiÊ

εk ∼ N (0, σ2)
ÍZ�8Ù�Ç�}6ÙzÃ#v½ÅºÇ Õ�Ä�Å�{�Å°Õ�Ä�Å;Õ-×;��Î�Å=×

zk
w�Å�Åzy|{Uv½Å;Ê½ÊGÅ(Ä

×�ÙUv½É	ÖU�/Ù ×½Ù�ÅDÜWÃ>ÔÖ�Å;Ê
z∗k

É#x
Ã>Õ¼Ö�Õ�ÉSw�Ê�Å�v½Ü	Å;Ä ÜWÃ#v½ÇÃ%w�Ô Å
z∗

wC�

zk =

{
z∗k , if z∗k ≥ 0,

0, if z∗k < 0,
k = 1, . . . , N.

�¦Ó�� ÓS�

�ÌÙ�ÅiÆ�É�Ä�Å°Ô �/Ç Ü/Å°Õ wC� Å�~-Ö�ÃW×½Ç É/Õ�ÊX�²Ó�� ÞS��Ã>Õ�Ä �²Ó�� Ó+�TÃ>Õ�Ä Ã	Ê½ÊGÉ|}°ÇÃ>×�ÇÕU�
zk

�8ÇØ×½Ù
z∗k

ÇÚÊ
}°Ã>ÔÔÅ;Ä¼Ã;}°Å°Õ�Ê�É%v½Å;Ä v½Å��%v½Å;Ê½Ê�Ç É/ÕpÆ�É�Ä�Å°Ô2ÉSvÌÃ¼¡�¨��°¢¤¡2Æ�É�Ä�Å°Ô2É%x�×½Ù�ÅDÜWÃ#v½ÇÃ%w�Ô Å

z
�

�ÌÙ�Å'}=É	Õ#Ä�ÇØ×½Ç É/Õ�Ã>Ô�Æ�Å(Ã>Õ¼É#x
zk

ÇÚÊÌÅ�~-Ö�Ã>Ô2×�ÉE�²Ê�Å°Å�� Ë#����ß

E(zk|xk) = x
′

kβββΦ
(
x
′

kβββ

σ

)
+ σφ

(
x
′

kβββ

σ

)
, k = 1, . . . , N.

�²Ó�� ËC�

��Å�v½Å
Φ(·) ÇÚÊ�Ã�Ê�×6Ã>Õ�Ä�Ã%v½ÄzÕ�É%v½Æ�Ã	Ô%Ä�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ>x®Ö�Õ"}=×�ÇÉ	Õ�Ã	Õ�Ä

φ(·) ÇÚÊ©Ç ×½ÊºÄ�Å°Õ�Ê�Ç ×-�
x®Ö�Õ"}�×½Ç É/Õ2�

Î2Å=×éÖ#Êl}=É	Õ#ÊGÇÚÄ�Å�véÃDÊG×�Ö#Ä|��ÜWÃ#v½ÇÚÃ#w�ÔÅ%×½Ù�ÃW×%ÃS}�~-Ö�Ç�v�Å(Ê Õ�É	Õ�Ï£Õ�Å��/Ã>×�ÇÜ	Å�Ü�Ã	Ô Ö�Å;Ê
yk

Í/ÊGÖ"}6Ù
×�Ù�Ã>×

zk = ln(yk + 1)
Í

k = 1, . . . , N
�

� � �����9�!�L�!����� �$ »��§ ±6¨W�r´W¢¤¡£¢²¨W�r¬W¸é¯i§6¬W��¨�ªi¬¼�r¨W�����r§	�/¬>¡¦¢¤ÀW§�ÀW¬Wµ�¢²¬��°¸ §
y 


¢¤¡® ¡¤�§
À�¬>¸K¥�§� 

yk
¶
k = 1, . . . , N

¶
¢¤� ¬��é�#¢¤¡ö§,��¨���¥�¸ ¬>¡¦¢²¨>��¶�´/§�%��§6´��°Á

zk = ln(yk + 1)
�¦Ó�� �%�

ª=¨Wµ
z

 =¬>¡¦¢Ú ®ª6ÁW¢¤��� �¦Ó�� Þ%��¶l�¦Ó�� ÓS��¶é¢Ú ©§��°¥�¬W¸2¡�¨

E(yk|xk) = ex
′

kβββ+σ2/2 Φ
(
x
′

kβββ

σ
+ σ

)
− Φ

(
x
′

kβββ

σ

)
.

�¦Ó�� ÒS�

��µ�¨(¨�ª���Î2Å°×8Ö�Ê8Åzy|{Uv½Å;Ê½Ê

E(yk|xk) = E
(
ez∗

k − 1|z∗k > 0
)
P

(
z∗k > 0

)
+ E

(
0|z∗k ≤ 0

)
P

(
z∗k ≤ 0

)
.

�A� Ü-Ç�v�×�Ö�ÅDÉ%x��²Ó�� ÞS��Ã>Õ�Ä>�²Ó�� Ó+�

E(yk|xk) =
1

σ
√

2π

∫
∞

0

(eu − 1)e−
(u−x

′

k
βββ)2

2σ2 du.

�A� Ç Õ-×�Å��%v6ÃW×½Ç ÕU�;��ÅDÉ%w�×6Ã>ÇÕ

E(yk|xk) =
1√
2π

∫
∞

−
x
′

k
βββ

σ

(
eσa+x

′

kβββ − 1
)
e−

a2

2 da

=
1√
2π

ex
′

kβββ

∫
∞

−
x
′

k
βββ

σ

eσa− a2

2 da − 1√
2π

∫
∞

−
x
′

k
βββ

σ

e−
a2

2 da

= ex
′

kβββ+ σ2

2 Φ
(

x
′

kβββ

σ2/2
+

σ2

2

)
− Φ

(
x
′

kβββ

σ2/2

)
.

�
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��É%v³×�Ù�Å Â�Õ�ÉW�8Õ {�Ã%v½Ã	Æ�Å=×�Å�v½Ê
βββ = (β0, β1)

′
Ã>Õ#Ä

σ2 É%x�×�Ù�Å Æ�É�Ä�Å°Ô'�²Ó�� ÞS��Í��²Ó�� Ó+��Í
�²Ó�� �%�ôÔÅ=×�Ö�Ê�Å;ÊG×�ÇÆ�Ã>×�Å�×�Ù�ÅDÜ�Ã	Ô Ö�Å;ÊÌÉ#x

y
É%x¿Õ�É/Õ�Ï�Ê�Ã	Æ;{�Ô Å(ÄpÅ°ÔÅ°Æ�Å;Õ/×6Ê�x�v½É	Æ �¦Ó�� ÒS�AwC�

ŷ
(ltobit)
k = ex

′

kβββ+ σ2

2 Φ
(

x
′

kβββ

σ2/2
+

σ2

2

)
− Φ

(
x
′

kβββ

σ2/2

)
.

�8Å�{�ÔÚÃ%}°Ç Õ"�
ŷk

wC�
ŷ
(ltobit)
k

ÇÕ �¦Ó��Ýh�=Í
k ∈ i

Í|��ÅR�	Å°×8×�Ù�ÅDÕ�Å��QÖ�ÕCw�ÇÚÃ	Ê�Å;Ä Å;ÊG×�ÇÆiÃW×½É%v8É#x
×�Ù�Å'{�É%{�Ö�ÔÃ>×�ÇÉ	Õ ×�É>×6Ã>Ô£ß

t̂(ltobit)
y = t(i)y + t̂(̄i)y =

∑

k∈i

yk +
∑

k∈ī

ŷ
(ltobit)
k .

�²Ë��Ýh�

��Õ©×�Ù�Å<}°Ã	Ê�ÅH�8Ù�Å�v½Åô×½Ù�ÅÌÆ�É�Ä�Å°Ô|{�Ã%v½Ã	ÆºÅ°×�Å�v½Ê
βββ = (β0, β1)

′
Ã	Õ�Ä

σ2 Ã%v�Å�Ö�Õ�Â�Õ�ÉW�8Õ
×�Ù�Å���Ã#v½ÅôÅ(Ê�×½Ç ÆiÃ>×�Å;Ä�x�v½É	Æ�×½Ù�Å�Ê�Ã	Æ�{�Ô ÅÌÄ�Ã>×½Ã6x®É%v¿×�Ù�ÅÌ×�É%w�ÇØ×
Æ�É�Ä�Å°Ô)�¦Ó�� Þ%��ÍU�¦Ó�� ÓS�=ÍWÖ�ÊGÇÕU�
×�Ù�Å³Æ�Ã#y�Ç Æ³Ö�Æ{Ô ÇÂ	Å;Ô ÇÙ�É�É�Ä ÆºÅ°×�Ù�É�Ä��r�ÌÙ�Å;ÇQv�Å;ÊG×�ÇÆiÃW×�ÉSv½Ê

β̂ββ = (β̂0, β̂1)
′

Ã	Õ�Ä
σ̂2 Ã%v�Å

Ö�ÊGÅ(Ä ×�É�Å;ÊG×�ÇÆiÃW×�Å�×½Ù�ÅDÜWÃ>ÔÖ�Å;Ê
yk

É%xìÕ�É/Õ�ÏöÊ½Ã>Æ�{�ÔÅ;Ä Å°ÔÅ°Æ�Å;Õ/×6Ê°ß

ˆ̂yltobit
k = ex

′

kβ̂ββ+σ̂2/2Φ
(
x
′

kβ̂ββ

σ̂
+ σ̂

)
− Φ

(
x
′

kβ̂ββ

σ̂

)
.

�8Å�{�ÔÚÃ%}°Ç Õ"�
ŷk

wC� ˆ̂y
(ltobit)
k

ÇÕF�²Ó�� Ý��Í
k ∈ i

Í+�ôÅ �/Å=×é×½Ù�Å"Å(Ê�×½Ç ÆiÃW×½É%véÉ%xr×�Ù�Å<{�É%{�Ö�ÔÃ>×�ÇÉ	Õ
×�É>×6Ã>Ô

ˆ̂t(ltobit)
y = t(i)y + ˆ̂t(̄i)y =

∑

k∈i

yk +
∑

k∈ī

ˆ̂y
(ltobit)
k .

�²Ë�� Þ%�

�ÌÙ�ÇÊéÅ;ÊG×�ÇÆ�Ã>×�ÉSv
ÇÊ
Õ�É>×éÖ�ÕCw�ÇÚÃ	Ê�Å;Ä��>�ÌÙ�Å {Uv�ÉS{#Å�vG×½Ç Å(Ê É#x�×�Ù�Å8Å(Ê�×½Ç ÆiÃ>×�É%v6Ê�{Uv½É%{�É/Ê�Å;Ä��8Ç ÔÔ
w#ÅDÇÕ�Ü	Å;ÊG×�Ç��/Ã>×�Å(Ä�wC� Ê�Ç Æ³Ö�ÔÚÃW×�ÇÉ	Õ¼ÇÕ ×½Ù�ÅDÕ�Åzy�×"Ê�Å�}=×�ÇÉ	Õ2�

��k�� u 5 s <*/@oUu-qHn��AoUs\r��

�ÌÙ�Å©ÊGÇÆ�Ö�ÔÃ>×�ÇÉ	Õ ��Ã/ÊA{�Å�v�x®É%v½Æ�Å;Ä Ö�Ê�Ç ÕU�º×-��É�{#ÉS{�Ö�ÔÚÃW×�ÇÉ	Õ#Ê°ß�Ã%vG×½ÇD��}°ÇÃ	Ô2Ã>Õ�Ä v½Å;Ã>Ô£�
�ÌÙ�ÅôÊ�ÇQ�;Å%É%x�×�Ù�ÅÌÃ#v�×�ÇQ��}°ÇÃ	Ô%{�É%{�Ö�ÔÚÃW×½Ç É/Õ©ÇÚÊ

N = 1 000
�;�ÌÙ�ÅôÜ�Ã	Ô Ö�Å;ÊìÉ#x�×½Ù�ÅôÜWÃ%v�ÇÚÃ#w�ÔÅ

x
�ôÅ�v�Å�Ê�Ç Æ³Ö�ÔÚÃW×�Å(Ä w+��×�Ù�Å�Õ�É%v½Æ�Ã	Ô�Ä�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ2ß

xk ∼ N (3.5, 1.6)
Í
×�Ù�Å�Å�v�v�ÉSv

×�Å�v½Æ
ε
wC�

εk ∼ N (0, 0.8)
Í
k = 1, . . . , N

�r�ÌÙ�Å�}=É/Õ�Ê�×6Ã>Õ-×+Ü/Å�}=×�É%v+ÇÊR}6Ù�É-ÊGÅ;Õ
βββ =

(β0, β1)
′ = (−3.45, 1.1)′

�>�ÌÙ�Å;Õ³×½Ù�ÅÌÜWÃ>ÔÖ�Å;Ê É%x
z∗k

Ã>Õ�Ä
zk

Ã%v�Å�}=É/Õ�Ê�×�v�Ö�}�×�Å(Ä�wC�T�¦Ó��Ýh�
Ã>Õ�Ä>�²Ó�� ÞS�����ÌÙ�ÅDÜ�Ã	Ô Ö�Å;Ê8É%x

yk
Ã%v�ÅDÉSw�×½Ã	Ç Õ�Å(Ä w+�

yk = ezk − 1
Í
k = 1, . . . , N

� Û Ö"}6Ù
ÃpÜWÃ#v½ÇÃ%w�ÔÅ

y
Ù�Ã	Ê

41%
É%xéÜ�Ã	Ô Ö�Å;Ê+Å�~-Ö�Ã>Ôì×�É

0
ÇÕ�×�Ù�Å_{�É%{�Ö�ÔÃ>×�ÇÉ	Õ2�r�ÌÙ�Å�}=É%v�v½Å°ÔÚÃW×�ÇÉ	Õ

}=É�Å
	�}=ÇÅ°Õ-× w�Å=×-��Å°Å°Õ
z

Ã	Õ�Ä
x

Åh~-Ö�Ã>ÔÚÊ
0.75

x®ÉSv
zk > 0

�
�ÌÙ�Å {�É%{�Ö�ÔÃ>×�ÇÉ	ÕkÉ%x Å°Õ-×½Å�v�{Uv�ÇÚÊ�Å;Ê�É%xp×�Ù�Å }°Ô É	×�Ù�ÇÕU�QÆiÃ	Õ-ÖUx²Ã%}�×½ÖUv½Å Ã%}=×�ÇÜ�ÇØ×-��É%x

N = 187
Å;Ô Å;Æ�Å°Õ-×½Ê¿ÇÚÊìÊG×�Ö�Ä�Ç Å(Ä�Ã	ÊìÃ<v½Å;Ã	ÔS{�É%{�Ö�ÔÃ>×�ÇÉ	Õ2���ÌÙ�ÅôÊG×�Ö#Ä|�DÜWÃ#v½ÇÃ%w�Ô Å

y
���¿ÇQ�#�-Ý�

ÇÊ8Å�y|{#Å;Õ�Ä�Ç ×�ÖUv½Å©É	Õ Å;Õ-Ü�Ç�v�É/Õ�Æ�Å°Õ-×½Ã	ÔZ{Uv½É>×�Åh}�×½Ç É/Õ2���ö×"Ù�Ã/Ê
53%

É#x��°Å�v½É�Å;Ê8ÇÕ¼×�Ù�Å�{#ÉS{�Ï
Ö�ÔÃ>×�ÇÉ	Õ2���ö×8ÇÚÊ%×�v½Ã	Õ�Ê x®É%v½ÆºÅ(ÄiÖ�Ê�Ç Õ"�

z = ln(y + 1)
���ÌÙ�Å+ÔÉ%�-Ã#v½ÇØ×½Ù�Æ É#x�×½Ù�ÅTÇ Õ�}=É	Æ�Å�ÇÊ

×½Ã>Â/Å°ÕiÃ	Ê%Ã>ÕiÃ>Ö|y�ÇÔ ÇÚÃ#v��©ÜWÃ#v½ÇÚÃ#w�ÔÅ
x
�8ÇØ×½Ù�×�Ù�Å8ÜWÃ	Ô Ö�Å(Ê

xk
�	�ÌÙ�Å\}°É%v�v�Å;ÔÃ>×�ÇÉ	Õ;}=É�Å
	�}=ÇÅ°Õ-×

w#Å°×-�ôÅ;Å°Õ
z

Ã	Õ�Ä
x

Å�~-Ö�Ã	ÔÊ
0.58

x®É%v
zk > 0

���ÌÙ�ÅTÄ�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ É%x
z

Ç Õ w#É	×�Ù }°Ã/ÊGÅ(Ê%ÇÚÊ
�	ÇÜ	Å°Õ¼ÇÕ �¿Ç�����Þ��
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1 000
Ê�Ç Æ�{�ÔÅ�v6Ã>Õ�Ä�É	Æ�Ê½Ã>Æ�{�ÔÅ;Ê"É#xéÊ�ÇQ�;Å

n = 20, 40, 100
Ã%v�Å�ÄUv½Ã�8Õ x�v½É	Æ w#É	×�Ù

{#ÉS{�Ö�ÔÚÃW×�ÇÉ	Õ#Ê°�r�ÌÙ�Å;{Uv�É|}°Å;Ä�ÖUv½Å ¸Ø¢ ª=§=µ�§	�ºÉ%xôÃ ÊG×½Ã>×�ÇÚÊ�×½Ç�};Ã>Ô�{Uv½É%�%v6Ã>Æ {�ÃS}6Â�Ã%�	Å Û � Û Ù#Ã	Ê
w#Å;Å°ÕDÖ�Ê�Å;ÄYx®ÉSv2Å;ÊG×�ÇÆiÃW×�ÇÉ	ÕTÉ%x/×½Ù�Å
×�ÉSw�Ç ×�Æ�É�Ä�Å°Ô%{#Ã#v6Ã>Æ�Å=×½Å�v6Êfw+�+ÆiÃWy�Ç Æ³Ö�ÆQÔÇÂ	Å°ÔÇÙ�É�É�Ä
ÆºÅ°×�Ù�É�Ä����ÌÙ�Å+Å;ÊG×�ÇÆiÃW×�Å(Ê

t̂
(SI)
y

Í
t̂
(ltobit)
y

Ã>Õ�Ä ˆ̂t
(ltobit)
y

Ù�Ã�Ü/Å<w�Å°Å°Õ }°Ã	Ô�}°Ö�ÔÃ>×�Å(ÄiÇ Õ Å;Ã%}6Ù
}°Ã	Ê�Å	� ��É%v Ã	Ô Ô�×�Ù�Å�Å(Ê�×½Ç ÆiÃ>×�É%v6Ê

t̂y = t̂
(SI)
y

Í
t̂
(ltobit)
y

Ã	Õ�Ä ˆ̂t
(ltobit)
y

Í%×�Ù�Å�Ã�Ü/Å�v6Ã#�/Å É%x
×�Ù�Å�Å(Ê�×½Ç ÆiÃ>×�Å;Ê ¯̂ty = (

∑1 000
i=1 t̂yi)/1 000

��v½Å�{�Ô ÇO}°Ã>×�Å;ÊpÉ#x
t̂y

Ã#v½Å�Ä�Å°Õ�É	×�Å(Ä w+�
t̂yi
�=Í

Å°Æ�{�Ç�v�ÇO}°Ã	Ô�Ü�Ã%v�ÇÚÃ>Õ�}=Å�É#x¿×�Ù�ÅDÅ(Ê�×½Ç ÆiÃW×½Å;Ê

V̂ ar(t̂y) =
1

1 000

1 000∑

i=1

(t̂yi − ¯̂ty)2,

Å°Æ�{�Ç�v�ÇO}°Ã	Ô2Ê�×6Ã>Õ�Ä�Ã%v½Ä¼Ä�Å;Ü-ÇÚÃW×½Ç É/Õ
Std(t̂y) =

√
V̂ ar(t̂y)

Í�Å;Æ;{�ÇQv½Ç�};Ã>ÔZw�ÇÚÃ	Ê
B̂ias(t̂y) =

¯̂ty − ty
ÍUv½Å°ÔÚÃW×�ÇÜ	Å�Æ�Å;Ã	Õ Ê�~-Ö�Ã#v½Å�Å�v�v�ÉSv

RMSE (t̂y) =

√
V̂ ar(t̂y) + B̂ias

2
(t̂y)

¯̂ty
,

Ã>Õ�Ä¼ÊGÂ/Å��8Õ�Å(Ê�Ê

Skew =
M3(t̂y)

Std
3(t̂y)

, M3(t̂y) =
1

999

1 000∑

i=1

(t̂y − ¯̂ty)3

Ù�Ã�Ü	ÅYw#Å;Å°ÕE}°Ã	Ô�}°Ö�ÔÚÃW×�Å(Ä����ÌÙ�Å'v½Å;Ê�Ö�Ô ×½ÊÌÉ#x
Ê�Ç Æ³Ö�ÔÃ>×�ÇÉ	Õ¼Ã#v½ÅY{"v�Å(ÊGÅ;Õ/×½Å;Ä Ç Õ��¿Ã#w�ÔÅ�Ý	�
� ¨>¯³¯i§°��¡¦ ©¨>��¡®�§��#¢¤¯º¥�¸ ¬W¡£¢²¨W���"§= 6¥�¸Ø¡² 
�$ �<v�×�ÇQ��}°ÇÃ	ÔZ{#ÉS{�Ö�ÔÚÃW×�ÇÉ	Õ��

Ý	�Ý	�/�ôÉ	Æ�{�Ã%v�ÇÚÊ�É	Õ�É%x
t̂
(ltobit)
y

Ã>Õ�Ä
t̂
(SI)
y

�	�ÌÙ�Å8Å;Æ�{�ÇQv½ÇO}°Ã>Ô"w�ÇÃ/Ê É#x
t̂
(ltobit)
y

ÇÚÊ
ÔÚÃ#v��	Å�v
×�Ù�Ã	Õ

t̂
(SI)
y

Í9�8Ù�ÇÔ Å�×�Ù�Å�Å°Æ�{�Ç�v�ÇO}°Ã	ÔìÊG×½Ã>Õ#Ä�Ã#v6Ä�Ä�Å°Ü�ÇÚÃW×½Ç É/Õ¼ÇÚÊ+Ô ÉW��Å�v(Í�Ã>Õ#Ä¼×�Ù�Å³Å;ÊG×�ÇÆ�Ã>×�Å
É#x
×�Ù�Å_v½Å°ÔÚÃW×½Ç Ü/Å©Æ�Å;Ã>Õ�Ê�~-Ö�Ã#v½Å©Å�v�v½É%v�ÇÚÊ+Ô Å(Ê�Ê;���ÌÙ�ÇÊ+Å��rÅ�}=×�ÇÚÊ+ÊG×�v½É	Õ"�	Å�v<x®É%v+×�Ù�ÅºÊGÆiÃ>ÔÔ



«�¨;´/§=¸����"¬W °§½´��� 6¡£¢¤¯i¬W¡�¨Wµ�¨�ª¼»�¨>¡ö¬>¸�������§°��´>¢¤¡¦¥�µ½§ Ó�� �
������� ^ ��� N	I02Y,/^ L=V�I ] H U E /�,-^ V-/87

� L�/ E � ];S ,/^ L=V�I ] HpN	L�2 S ^ E
ty

¯̂
ty B̂ias(t̂y) Std(t̂y) RMSE (t̂y) N>J E�= R/�I 5 E n

H E /�/
	 ] * E ^ ? U V�I i @6IØL;^ 20 4 695 4 791 96 55 0.02 0.81

S L U L�2 E V E U / 40 4 792 97 80 0.03 0.70J	H ] = H 100 4 782 87 122 0.03 0.25

t̂y = t̂
(ltobit)
y 
 E L°^ 20 521 622 102 24 0.17 0.67

40 605 84 28 0.15 0.37

100 567 47 36 0.10 −0.08

	 ] * E ^ ? U V�I i @6IØL;^ 20 4 695 5 743 1 048 4546 0.99 4.44

S L U L�2 E V E U / 40 5 095 400 2043 0.44 2.11,-H-J>H ] = H 100 4 908 213 1 137 0.25 0.93

t̂y = ˆ̂
t
(ltobit)
y 
 E L°^ 20 521 690 169 594 1.19 12.01

40 615 95 194 0.41 0.96

100 567 47 74 0.17 −0.10

N	I02 S ^ E ? U V�I i @6IØL;^ 20 4 695 4 623 − 72 3 518 0.76 1.83

U L;HC* ] 2 40 4 757 62 2 420 0.51 1.38/�L�2 S ^KIKH+3 100 4 665 − 30 1 519 0.33 0.73

t̂y = t̂
(SI)
y 
 E L°^ 20 521 544 24 249 0.46 0.69

40 511 − 10 146 0.29 0.32

100 520 0 73 0.14 −0.04

Ê�Ã	Æ;{�Ô ÅpÊ�ÇQ�;Å	�¿�ÌÙ�Å Ê�Â	Å��8Õ�Å;Ê½ÊDÉ#x�×�Ù�Å¼Ä�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ É#x
t̂
(ltobit)
y

ÇÚÊ©ÔÅ;Ê½ÊD×�Ù#Ã>Õz×�Ù#ÃW×�É%x
t̂
(SI)
y

Í�Å;Ê�{#Åh}=ÇÚÃ>ÔÔQ�Xx®ÉSvÌ×�Ù�Å©Ê�ÆiÃ>ÔÔ2Ê�Ã	Æ�{�Ô ÅDÊ�ÇQ�;Å	�
Ý	� Þ��ì�ôÉ	Æ�{�Ã%v�ÇÚÊ�É	Õ É#x

t̂
(ltobit)
y

Ã>Õ#Ä ˆ̂t
(ltobit)
y

���JxÌ×½Ù�ÅpÆ�É�Ä�Å°Ô {#Ã#v6Ã>Æ�Å=×½Å�v6ÊDÃ#v½ÅiÕ�É>×
Â-Õ�ÉW�8Õ Ã>Õ#Äp×½Ù�Å�� Ã%v�Å�Å;ÊG×�ÇÆiÃW×½Å;ÄTx�v�É/Æ ×�Ù�Å©Ê½Ã>Æ�{�ÔÅ	Í-×�Ù�ÅDÅ°Æ�{�Ç�v�ÇO}°Ã	Ô9w�ÇÃ/Ê°Í�Å°Æ�{�Ç�v½Ç�};Ã>Ô
Ê�×6Ã>Õ�Ä�Ã%v½Ä Ä�Å°Ü�ÇÚÃW×�ÇÉ	Õ�ÍSv½Å°ÔÚÃW×½Ç Ü/Å�Æ�Å;Ã>Õ¼Ê�~-Ö�Ã%v�Å"Å�v�v�ÉSvôÃ>Õ#Ä Ê�Â	Å��8Õ�Å;Ê½Ê%Ã#v½Å"Æ³Ö"}6ÙpÙ�Ç��	Ù�Å�v
×�Ù�Ã	Õ¼ÇÕ¼×�Ù�Å'};Ã	Ê�ÅY�8Ù�Å�v½Å+×½Ù�ÅDÆ�É�Ä�Å°Ô){#Ã#v6Ã>Æ�Å=×½Å�v6Ê�Ã%v�Å�Â�Õ�ÉW�8Õ2�

Ý	� Ó�� �ôÉ/Æ�{�Ã#v½ÇÊ�É	Õ É%x ˆ̂t
(ltobit)
y

Ã	Õ�Ä
t̂
(SI)
y

� �"Å(Ê {�ÇØ×½Å ×½Ù�ÃW×³×�Ù�Å¼Å°Æ�{�Ç�v�ÇO}°Ã	ÔAw�ÇÃ/Ê�É%x
ˆ̂t
(ltobit)
y

ÇÚÊ�Ù�ÇQ�/Ù�Å�v(Í	Ç ×½Ê�Å;Æ;{�ÇQv½Ç�};Ã>Ô�Ê�×6Ã>Õ�Ä�Ã%v½Ä Ä�Å°Ü�ÇÚÃW×�ÇÉ	Õ Ã>Õ�ÄiÅ(Ê�×½Ç ÆiÃ>×�Å"É%x�×�Ù�ÅYv½Å°ÔÚÃW×�ÇÜ	Å
ÆºÅ(Ã>Õ�Ê�~-Ö�Ã%v�Å�Å�v�v½É%v�w#Åh}=É/ÆºÅÌÔÅ;Ê½Ê¿×�Ù�Ã	Õº×�Ù�Ã>× É%x

t̂
(SI)
y

x®É%véÃ>ÕºÇÕ"}zv½Å;Ã/ÊGÇÕU�TÊ�Ã	Æ;{�Ô Å8Ê�ÇQ�;Å	�
� $ �8Å;Ã	ÔZ{#ÉS{�Ö�ÔÚÃW×½Ç É/Õ2�|� ÅDÕ�É>×�Å�×½Ù�ÃW×8×½Ù�Å©Ä�ÇÚÊ�×�v�Ç�w�Ö�×½Ç É/Õ É%x

zk
x®ÉSv

zk > 0
};Ã>Õ�Õ�É>×

w#Å Ã#{"{Uv�Éy�ÇÆiÃW×�Å(Ä}ÊGÉ ��Å°ÔÔYwC� ×½Ù�ÅzÔ ÉS�>ÏöÕ�É%v½ÆiÃ>Ô+Ä�ÇÊG×�v½ÇQw�Ö�×�ÇÉ	Õ �L�¿ÇQ�#�"Þ%�=ÍÌÃ	Õ�Ä}×½Ù�Å
}=É%v�v½Å°ÔÚÃW×�ÇÉ	Õ }°É-Å 	�}=ÇÅ°Õ-×_w�Å=×-��Å°Å;Õ

z
Ã	Õ�Ä

x
ÇÊ³Õ�É	×ºÊ�É�Ù�Ç��	Ù�Ã/Ê�ÇÕ ×½Ù�Å };Ã	Ê�ÅpÉ#x8×½Ù�Å

Ã#v�×�ÇQ��}=ÇÚÃ>ÔZ{�É%{�Ö�ÔÃ>×�ÇÉ	Õ2�
Þ��Ý	�#�ôÉ	Æ�{�Ã%v�ÇÚÊ�É	Õ É%x

t̂
(ltobit)
y

Ã>Õ�Ä
t̂
(SI)
y

�²Ê�Å°Å��¿ÇQ�#��Ó�Í�ËC�����ÌÙ�Å©Å°Æ�{�Ç�v�ÇO}°Ã	ÔZw�ÇÚÃ	Ê8É%x
t̂
(ltobit)
y

ÇÊ¿Õ�É	× Æ³Ö"}6ÙºÙ�ÇQ�/Ù�Å�v¿×½Ù�Ã>Õ�×�Ù�Ã>× É%x
t̂
(SI)
y

ÍWw�Ö�× ×½Ù�Å8Ê�×6Ã>Õ�Ä�Ã%v½Ä³Ä�Å°Ü�ÇÚÃW×½Ç É/Õ�ÇÚÊ
ÊGÇ��>Ï
Õ�ÇD�9}°Ã>Õ-×½ÔQ�³Ô ÉW��Å�v(�W��É%vé×�Ù�ÇÚÊlv½Å;Ã	Ê�É	Õ�Í�×�Ù�Å v½Å°ÔÚÃW×½Ç Ü/Å�Æ�Å(Ã>ÕiÊ�~-Ö�Ã%v�ÅÌÅ�v�v½É%v ÇÚÊéÊGÇ��	Õ�ÇD��};Ã>Õ-×�Ô��
Ô ÉW��Å�v�×�Ù#Ã>Õ¼×�Ù�Ã>×�É#x

t̂
(SI)
y

�#�ÌÙ�ÅDÊGÂ/Å��8Õ�Å(Ê�ÊÌÉ%x w�É>×�Ù Å(Ê�×½Ç ÆiÃW×½É%v6Ê�ÇÊ�Ê�ÇÆºÇÔÚÃ#v(�
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Þ�� Þ����ôÉ	Æ�{�Ã%v�ÇÚÊGÉ/ÕpÉ#x
t̂
(ltobit)
y

Ã>Õ�Ä ˆ̂t
(ltobit)
y

�²Ê�Å°Å'�¿ÇQ�#��ÓS�=���"Ö�Å�×½É³×½Ù�ÅTÅ;ÊG×�ÇÆiÃW×�ÇÉ	Õ
É#x�×�Ù�Å+Æ�É�Ä�Å°Ôf{�Ã%v½Ã	Æ�Å=×�Å�v½Êé×�Ù�Å+Å°Æ�{�Ç�v�ÇO}°Ã	Ô�w�ÇÃ/Ê%É%x ˆ̂t

(ltobit)
y

ÇÚÊôÔÃ%v��/Å�vôÃ	Õ�ÄiÇ ×½Ê�v½Å°ÔÚÃW×�ÇÜ	Å
ÆºÅ(Ã>Õ�Ê�~-Ö�Ã#v½ÅéÅ�v�v½É%v2ÇÚÊìÆ�Ö"}6Ù©Ù�ÇQ�/Ù�Å�v�×�Ù�Ã	Õ�ÇÕD×�Ù�Å�}°Ã/ÊGÅH�8Ù�Å�v½Åé×½Ù�Å%Æ�É�Ä�Å°Ô+{�Ã%v½Ã	ÆºÅ°×�Å�v½Ê
Ã#v½Å�Â�Õ�ÉW�8Õ��

Þ�� Ó��Ì�ôÉ/Æ�{�Ã#v½ÇÊ�É	Õ É%x ˆ̂t
(ltobit)
y

Ã>Õ#Ä
t̂
(SI)
y

� ��Å�};Ã>Ö�Ê�Å�É#xD×½Ù�Å�Å(Ê�×½Ç ÆiÃ>×�ÇÉ	ÕfÉ%x�×½Ù�Å
ÆºÉ�Ä�Å;Ô {�Ã#v6Ã>Æ�Å°×�Å�v6Ê�×�Ù�Å�Å;Æ;{�ÇQv½Ç�};Ã>Ô�w�ÇÚÃ	Ê;w�Å�}=É/Æ�Å;ÊiÃ Ô Ç ×G×½Ô Å w�Ç ×pÙ�Ç��	Ù�Å�v;Í��8Ù�ÇÔÅ ×½Ù�Å
Å°Æ�{�Ç�v�ÇO}°Ã	Ô2Ê�×6Ã>Õ�Ä�Ã%v½Ä Ä�Å°Ü�ÇÚÃW×½Ç É/Õ w�Å�}°É	Æ�Å;Ê�Ê�Ç��	Õ�ÇQ��}°Ã	Õ-×�Ô��iÙ�ÇQ�/Ù�Å�vÌ×½Ù�Ã>Õ¼×½Ù�ÃW×�É%x

t̂
(SI)
y

�

��k�� qHn\t�<�s 'Cu-qHn '

Ý	�Ì�JxÌ×�Ù�ÅpÄ�ÇÚÊG×�v½ÇQw�Ö�×�ÇÉ	Õ É#x�×�Ù�ÅpÊ�×½Ö�Ä|� Ü�Ã%v�ÇÚÃ#w�Ô ÅiÊ½ÃW×�ÇÚÊ ��Å;Ê�×½Ù�Å Ã	Ê½Ê�Ö�Æ�{�×�ÇÉ	Õ�ÊTÉ%xô×½Ù�Å
Æ�É�Ä�Å°Ô_�¦Ó�� Þ%�=Í6�²Ó�� Ó+��ÍY�²Ó�� �%�pÃ>Õ�Ä ×½Ù�ÅF{�Ã%v½Ã	ÆºÅ°×�Å�v½ÊiÉ%xT×�Ù�ÇÚÊpÆ�É�Ä�Å°Ô�Ã#v½Å�Â�Õ�ÉW�8Õ2Í
×�Ù�Å;Õ ×½Ù�Å¼×�É%w�ÇØ×�Æ�É�Ä�Å°Ô Ï�w�Ã/ÊGÅ(Ä Å;ÊG×�ÇÆiÃW×½É%v�Ù#Ã	ÊºÃ�ÔÉW�ôÅ�v�v½Å°ÔÚÃW×½Ç Ü/Å Æ�Å;Ã	Õ�Ê�~-Ö�Ã%v�Å
Å�v�v�ÉSv8×�Ù#Ã>Õ�ÇÕ�×½Ù�Å;};Ã	Ê�Å�É%x%Ã Ê�Ç Æ�{�ÔÅ�v6Ã>Õ�Ä�É	Æ{Ä�Å;Ê�ÇQ�/Õ�ÏJw�Ã	Ê�Å;Ä Å(Ê�×½Ç ÆiÃW×½É%v(�#�Jx
×½Ù�Å
Æ�É�Ä�Å°Ô {�Ã%v½Ã	Æ�Å=×�Å�v½ÊTÃ%v�ÅºÕ�É>×©Â�Õ�ÉW�8Õ�Ír×�Ù�Å;Õ ×½Ù�Å�×�ÉSw�Ç ×©ÆºÉ�Ä�Å;ÔØÏJw�Ã/ÊGÅ(Ä�Å(Ê�×½Ç ÆiÃW×½É%v
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ÇÊ�Õ�Å°Å(Ä�Å;Ä����ÌÙ�ÇÊ8ÇÚÊ�×�Ù�Å�}°Ã	Ê�ÅTÉ#x Æ�É/ÊG×�v½Å;Ã	Ô�ÊGÖUv½Ü	Å���Ê°�

Þ��8�ÌÙ�Åº×�ÉSw�ÇØ×©Æ�É�Ä�Å;ÔØÏJw�Ã	Ê�Å;Ä�Å;ÊG×�ÇÆiÃW×�ÉSvDÉ#xÌÃ ×½É>×6Ã>Ô
ÇÚÊDÊGÅ;Õ�ÊGÇ ×�ÇÜ	Åº×½É ×½Ù�Å�Æ�É�Ä�Å°Ô%Ã/Ê�Ï
ÊGÖ�Æ;{�×�ÇÉ	Õ�Ê;�2�ÌÙ�ÅiÃ#v�×�ÇQ��}=ÇÚÃ>Ôl{�É%{�Ö�ÔÃ>×�ÇÉ	Õ ÇÊR�/Å°Õ�Å�v½Ã>×�Å(ÄFwC� ×�Ù�ÅiÆ�É�Ä�Å;Ô¦Í2Ã	Õ�Ä�×½Ù�Å
v�Å;ÔÃ>×�ÇÜ	Å+ÆºÅ(Ã>Õ¼Ê�~-Ö�Ã%v�Å+Å�v�v�ÉSv%É#x�×�Ù�ÅTÆ�É�Ä�Å°Ô Ï�w#Ã	Ê�Å;ÄiÅ(Ê�×½Ç ÆiÃW×½É%vÌÉ#x�×�Ù�Å+×�É	×½Ã>Ôf�8Ç ×�Ù
×�Ù�ÅDÂ�Õ�ÉW�8Õ {�É%{�Ö�ÔÚÃW×½Ç É/Õ {#Ã#v6Ã>Æ�Å=×½Å�v6ÊôÇÚÊ8ÔÉW�ôÅ�v%×½Ù�Ã>Õ¼×½Ù�ÃW× x®ÉSv v�Å(Ã>Ô2Ä�Ã>×½Ã��

Ó��8�ÌÙ�Å {"v�ÉS{#É-ÊGÅ(Ä Æ�É�Ä�Å;Ô;�¦Ó�� Þ%��ÍY�²Ó�� Ó+��ÍR�²Ó�� �%��}°Ã>Õ w�Å Ã%{U{�ÔÇ Å(Ä ×�É Å;ÊG×�ÇÆ�Ã>×�Å�×½Ù�Å
×�É	×½Ã>Ô#É#xrÅzy|{�Å°Õ�Ä�Ç ×�Ö"v�Å�É/Õ�Å°Õ�Ü�ÇQv½É	Õ�Æ�Å;Õ/×6Ã>Ô|{Uv½É>×½Å�}=×�ÇÉ	Õ�Ç Õ�×½Ù�Å\};Ã	Ê�Å8É#x�×�Ù�Å�Â�Õ�ÉW�8Õ
Æ�É�Ä�Å°Ô){�Ã%v½Ã	Æ�Å=×�Å�v½Ê;�

�;!�� �������'� ���������f�
�ÌÙ�Å Ã>Ö�×½Ù�É%v�ÇÚÊ¼×�Ù�Ã	Õ�Â+x®Ö�ÔD×½É ×½Ù�Å Ê�×½Ö�Ä�Å;Õ/×�É%x ��Å(Ä�Ç Æ�ÇÕ�Ã	Ê��ìÅ�}6Ù�Õ�Ç�};Ã>Ô��"Õ�Ç Ü/Å�v6ÊGÇ ×-�
Îé����Ã	Æ�Ã	Õ�Ã>Ö#ÊGÂWÃ>Ç × �Å6x®É%v8Ù�Å�v8ÇÕU{�Ö�×8ÆiÃ>Â�ÇÕU�iÊGÇÆ�Ö�ÔÚÃW×½Ç É/Õ�ÊÌÃ>Õ�Ä ×�É Û ×6ÃW×½ÇÊG×�ÇO}°Ê8Î�ÇØ×½Ù-Ö#ÃWÏ
Õ�ÇÃ_x®ÉSvÌ×�Ù�ÅDÉS{U{#ÉSvG×½Ö�Õ�Ç ×-�i×�ÉpÃ	Õ�Ã>Ô��C�°Å+×�Ù�Å©Ê�ÖUv½Ü	Å��pÄ�ÃW×6Ã��
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