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(
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π(t0, t) = Fθ(t0, t).
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∑
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Ṅ = η(t, θ(t), p).
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G(t0, t, π, p, θ) = A(t, p, θ)π(t0, t) +B(t, p, θ)

�R���1½<Àjn�½I´<º ´<À�´Áº �jkº ´"º�-´<¶ë±(l-À��=´Áº ¶/�}É Ñ�� �	ÌGqÕ±F¶�n�´7�Rº� ´<¹�±F·Ç¶/È È¶8q�º�jkë½I×�½I´<±@µ ¶R·
��º ·¤Ò
·Ç±§³Á±§�-´<º¼�RÈå±(l/À#�=´<º¶	�#½���±@½Á»V³ÁºJn�º �jkÏ´<¹�±F²�¹��	½<±Z±�m/¶	ÈÀ�´<º¶	�



�� � © ��¥V° � ©«¢�� ��� ��¬��	¥ � ®V¬R¦	� ��� ¨7° � � ©�¥Á¥ ��
� ©«©X¢¤ �� Ñ	Ñ	�














dp

dt
= π0η(t, θ, p) + A(t, p, θ)p+B(t, p, θ)N,

dN

dt
= η(t, θ, p).
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´<±§µ�²�±§³7�=´ÁÀ�³<±�³<±(�	»7¹�±(½�º ´7½�µq�8s�ºµ�À�µ m=�RÈÀ�±Ï�R´+�ë»§±§³<´Á�Rº� ´<ºµ�±�º��½�´7�R�-´@�y��·¤´Á±§³"´<¹�º¼½
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τ2(x)
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θ = θa
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p(x, t)
�	���

a(x, t)
��±@��¶R´Á±
´<¹�±

m	¶	ÈÀ�µ�±�·Ç³Á�/»�´Áº ¶/��½9¶R·¸²#±(�R³ÁÈ º ´<±��	��� �	À�½I´<±§��º ´Á±��=´���²#¶/º �-´
x

�	���ë´Áº µ�±
t
��¾¿±@³I´7�Rº��È×	Â

´<¹�±�»§¶	����º ´<º¶	�
p(x, t) + a(x, t) = 1

¹�¶/È��½§�
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x ∈ Ωs(t)
�¡�6n*m�º ¶/À�½<È ×/Â���¶ ²�¹#�	½<± »7¹��	�jk	±(½Dq�ºÈÈ

´Á��r/±�²�È¼�	»§±�·Ç¶/³
t ∈ (0, τ1(x))

����·¤´<±§³
t = τ1(x)
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da

dt
(x, t) = π0

1η1(t, θ(x, t), a) +A1(t, a, θ(x, t))a +B1(t, a, θ(x, t))Na,

dNa

dt
(x, t) = η1(t, θ(x, t), a),

q�º ´Á¹ëº ��º ´Áº�	È#»V¶/����º ´<º¶	��½
a(x, τ1(x)) = 0

�	���
Na(x, τ1(x)) = 0

Â�q�¹�±@³<±
A1

�R���
B1�R³Á± k	ºom	±§�}µq�=´Á±§³Áº�	È
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º �-´<±@³
m=�	È
(τ1(x), τ2(x))
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dp

dt
(x, t) = π0

2η2(t, θ(x, t), p) +A2(t, p, θ(x, t))p+B2(t, p, θ(x, t))Nb,

dNb

dt
(x, t) = η2(t, θ(x, t), p),
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�R���
B2
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´<º¶	��½+�R³Á±

p(x, τ2(x)) = 1 − a(x, τ2(x))
�	���

Nb(x, τ2(x)) = 0
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r�²�º±@»§±��R���

´<¹�±�±�s�´<±§³Áº¶	³
´Á¹�³<¶/Àjk	¹
∂Ωs(t)

ÂR´<¹�±"µ�¶���º �#±@��µq�=´Á¹�±§µq�=´Áº»@�RÈ#µ ¶���±@ÈXÂ$k	¶8m/±§³Á��º ��k"´Á¹�±
»VÀ�´<´<º�jkq²�³Á¶�»§±@½Á½Gq�º ´Á¹1½<¶	Èº¼��Ò�½<¶	Èº¼�²�¹#�	½<±Z»7¹#�R�jk/±@½@Â-º¼½Õ´<¹�±Z·Ç¶	ÈÈ ¶8q�º�jk�Ù
�Õ¦<¬�� � ¥§°�� �ht ��¶���º �#±@�¾¿À�´<´<º�jk���¶���±@È7vyÃ¡º��� ´Á¹�±�·ÇÀ���»V´<º¶	�

θ(x, t) ∈ C
2
1(Ωs×I)∩

C(Ωs × I)
Â�³Á±§²�³<±(½I±@�/´Áº ��k ´Á¹�±q´Á±§µ�²#±@³Á�R´<À�³Á±q¶R·Õ´<¹�±�n#¶���×/Â3´Á¹�±ë²�º±@»§±�q�º¼½I±ë½<µ�¶-¶	´<¹

½IÀ�³<· �	»§±
∂Ωs(t)

³Á±§²�³<±(½I±@�/´Áº ��k1´<¹�± ·Ç³<±@±�n�¶	À������R³Á×Í¶	·�´<¹�±1½I¶/È º¼� ��¶/µ��	º �
Ωs(t) =

{x; θ(x, t) < θm}
�R��� »§¶	�-´<º��À�¶	À#½Z·ÇÀ���»V´<º¶	��½

a(x, t)
�R���

p(x, t)
Â¸³<±@²�³<±(½I±@�-´<º�jk

´<¹�±=m/¶	ÈÀ�µ�±+·Ç³7�	»V´<º¶	��½Õ¶	·Å�	À�½�´Á±§��º ´<±��	��� ²#±@³<Èº ´Á±	Â�½<À�»7¹ ´<¹��R´

ρcs
∂θ

∂t
= ∇ · (k∇θ) − ρLa

da

dt
+ ρLp

dp

dt
x ∈ Ωs(t), t ∈ I,

É ��� �(Ì

da

dt
(x, t) = π0

1η1(t, θ(x, t), a) +A1(t, a, θ(x, t))a +B1(t, a, θ(x, t))Na
É ��� Ó	Ì

·Ç¶/³
x ∈ Ωs(t), t ∈ (τ1(x), τ2(x)),

dNa

dt
(x, t) = η1(t, θ(x, t), a), x ∈ Ωs(t), t ∈ (τ1(x), τ2(x)),

É ��� Æ/Ì

dp

dt
(x, t) = π0

2η2(t, θ(x, t), p) +A2(t, p, θ(x, t))p+B2(t, p, θ(x, t))Nb
É ��� Ñ-Ì

·Ç¶/³
x ∈ Ωs(t), t ∈ (τ2(x), T ),

dNb

dt
(x, t) = η2(t, θ(x, t), p), x ∈ Ωs(t), t ∈ (τ2(x), T ),

É ��� �	Ì
q�º ´Á¹ ´Á¹�±Z·Ç¶	ÈÈ¶8q�º �jk n�¶	À������R³Á×»V¶/����º ´<º¶	��½9¶/�

∂Ωs(t)
Ù

θ ≤ θm, jabs − k∇θ · ν ≥ 0,
É ��� �-Ì

(θ − θm)(jabs − k∇θ · ν) = 0,

»§�RÈÈ±@�´<¹�± � ¢ �R y¬=¦�¢¤ �¢���©«ª 1 ¥ n�¶	À������R³Á×ë»V¶	�#��º ´Áº ¶/��½��R�#�

k∇θ · ν − ρLmv · ν = jabs,
É ��� �RÌ

���Rµ�±@�´<¹�± � ©�¥ ® �  ���©«ª 1 ¥ n�¶	À������R³Á×»§¶	����º ´<º¶	���
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θ(x, 0) = θ0(x) < θm x ∈ Ω,
É ��� Ô/Ì

Ωs(0) = Ω,

a(x, τ1(x)) = 0, p(x, τ2(x)) = 1 − a(x, τ2(x)),

Na(x, τ1(x)) = 0, Nb(x, τ2(x)) = 0.

�"¥§° � ¦
� � ��Ë9¹�±�´<±@³<µq½
ρLa

da

dt

�	���
ρLp

dp

dt
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��¶/�FÈ º��±(�R³(�@�Õ´�±(�	»7¹ �js�±@�
º ��½I´Á�	�-´

t
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¶	� ´<¹�±FÀ���r-��¶8q�� µ�¶8m�º ��k º�-´<±@³I· �/»V±

∂Ωs(t)
Ù

θ < θm, jabs − k∇θ · ν = 0, v = 0

¶	³
θ = θm, jabs − k∇θ · ν > 0, v > 0.
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�R���}�-´<±§· �R��Ò���ºok	��¶/³<º��º
n#¶/À������	³<× »V¶/����º ´<º¶	��½ qÕ±�³Á±V·Ç±§³ ´<¶ t ÓRÆ�v�� �Í±}»§�	È È+´<¹�±o²�³Á¶�n�È±§µ É ��� �(Ì��åÉ ��� Ô-Ì © ��¥
°�¬��=¢ �Õ¥ � © ��¥§¦�° � � �"� � ©«©«¢¤ 4� °�¬��	¥ �F�R��� ��¶	´<±�´Á¹��=´´<¹�±o��±�m/±§È¶	²�±@� µq�=´<¹�±§µq�=´Áº»@�RÈ
µ ¶���±@È�º¼½ ³7�=´<¹�±§³Kk	±@��±§³7�RÈ��	������¶�±@½
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k/× ��n�½<¶	³1n#±(� n�×Ï´Á¹�±
q¿¶/³
r�²�º±@»§±	Âhq�¹�º»7¹o��±§²�±§�#��½Z¶	��´<¹�± ´<¹�±§³Áµ ¶	Ò«²�¹-×�½<º»@�RÈ¡²�³<¶/²#±@³I´Áº ±(½�¶R· ´Á¹�±�µ��R´<±@³<º¼�RÈ
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���1´<¹�º¼½�µ�¶���±§Èq¿±��	³<±Fµq�	º ��È×1»V¶	�#»V±§³Á��±(� q�º ´<¹1´Á¹�±�²�³<¶$n�È ±@µ ¶	·Å¹�±@�=´"´<³7�R��½I·Ç±§³
�R��� ´Á±§µ�²�±§³7�=´<À�³<±���º½I´<³ÁºJn�À�´<º¶	��º� ´Á¹�±-qÕ¶	³1r�²�º ±(»V±���À�³<º�jk ´Á¹�±�´Á¹�±§³Áµq�RÈ�²�È¼�	½<µ��
»VÀ�´<´<º�jk��¸Ë9¹�±ë²�³Á¶�n�È±§µdº½Ï½I¶/ÈJm/±@�åÂåº ·"�=´��	��×�µ�¶	µ�±§�-´�´Á¹�±q´Á±§µ�²#±@³Á�R´<À�³Á±q¶R·�±�m	±§³Á×
²#¶/º �-´�¶R·¡´<¹�±=qÕ¶	³1r�²�º±@»V±Z�R�#�´Á¹�±=k	±@¶	µ�±V´Á³<×q¶	·�´Á¹�±=q¿¶/³
r�²�º±@»§±��	³<±Zº¼��±§�-´Áº ��±(�å�

Ë9¹�±�¹�±(�=´Ny�Àjsq��±§��½<º ´�×
jabs

�R���
v

�R³Á±�±�l-À��	È�´Á¶ p§±@³<¶�¶/��´<¹�±"²��R³<´%¶R·In�¶	À������R³Á×
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Qw = 0.65Qt = 0.65 · const · V Ic,

q�¹�±§³Á±
V

º¼½�´Á¹�± m/¶	È ´Á��k/±���³Á¶	²1º �Í�R³7»F�R���
Ic
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θ − θ0 =
Qw

2πk
e−λvξ e

−λvr

r
,

q�¹�±§³Á±
ξ = x− vt

Â
1/2λ = k/ρcs

�	���
r
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θ = θm
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(

r
′2 − 2r′ sinφ+ 1

)1/2

dφ,

q�¹�±§³Á±
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∫
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(
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√
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(
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º �-´<¶ÍÉ���� Æ/ÌVÂ#�	��� ´Á��r-º�jkëº�-´<¶�/»§»§¶	À��-´�´<¹#�=´

ds′ → 0
º½"º �1· �/»�´+±(l-À�ºJm=�	È ±@�/´"´<¶

dφ → 0
ÂxqÕ±Z¶�n�´7�Rº�

jabs = −je · lim
dφ→0

rdφ
(

√

x2 + f2(x)
)

−1 (

√

1 + (f ′(x))2
)

−1

(xf ′(x) − f(x))

Rdφ

= −jer
xf ′(x) − f(x)

(x2 + f2(x))
√

1 + (f ′(x))2
.

���>k/±§��±@³Á�	ÈXÂ-´Á¹�±F±"s�²�³Á±@½Á½Iº¶	�·Ç¶	³
cosψ

»§�	� n�±=q�³Áº ´<´<±§�1º�´Á¹�±Z·Ç¶	³Áµ

cosψ = n · νr,

q�¹�±§³Á±
νr

º½�´<¹�± À���º ´:m	±(»�´<¶/³Ï�R´�´<¹�± ²�¶	º�-´
P

²�¶	º�-´<º�jk�º� ´<¹�± ��º³Á±@»�´Áº ¶/� ¶R·�´Á¹�±
±§µ�º ´<´<º�jk1²#¶/º �-´

Q
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´<¹�±Fµ�¶8m�º ��k�·Ç³Á¶	�-´�´Á��r	±(½%´Á¹�±Z·Ç¶	³Áµ

jabs = je
r

dp
· n · νr,

É ��� �/Ì

q�¹�±§³Á±
dp

º½¿´<¹�±���º¼½I´Á�R�#»V±Dn�±V´5qÕ±§±@�q´<¹�±+²�¶	º�-´
P
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