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ϕ(x) ��� �=
e2πix − 1

2πix
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< (ϕ(x)) =
sin 2πx

2πx
, = (ϕ(x)) =

sin2 πx

πx
.
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eπin =





1, n = 2k, k ∈ Z,

−1, n = 2k + 1, k ∈ Z,
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ϕ(n) = 0, n ∈ Z.
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ϕ̂(ω) = ϕ̂(x) ��� �=
1

2π

∞∫

−∞

ϕ(x)e−iωx L x
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ϕ̂(ω) =
1

2π
χ(2π + ω).
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χ(ω)
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χ(ω) ��� �=

{
1, 2π ≤ ω ≤ 4π,

0,
©=´ª©�KDG�©�7¶©

.
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ψ(x) ��� �=
e4πix − e2πix

2πix
= e2πixϕ(x) ,
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ψn
k (x) ��� �= 2n/2 e

4πi(2nx−k) − e2πi(2nx−k)

2πi(2nx− k)
,
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n, k ∈ Z
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|ψn
k (x)| =

∣∣∣∣
sinπ (2nx− k)

π (2nx− k)

∣∣∣∣ ,

´C¥\¨�G�¢V¨
lim

n,k,x→∞
|ψn

k (x)| = 0
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ψ̂n
k (ω) =

2−n/2

2π
e−iωk/2n

χ(ω/2n),
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ψ̂(ω) =

1

2π
χ(ω)
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f(x)
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̂f(ax± b) =
1

a
e±iωb/af̂

(ω
a

)
.

· ? � e »
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²�7¶¥	¿ ¨�G�©jL�©�S�§�¡ ¨ª¡¥	§}¥<Pì¨�G�©ï´ªµ=¢L£¢<7m5�7¶¥VLV9�µO¨=®0¥�P�¨�K�¥6Pi9�§�µO¨ª¡¥	§�´
f (x) , g (x)

®h¢	§.L
¨¶¢<W�¡§�^�¡ §,¨¶¥�¢'µQµQ¥�9�§,¨ì¨�G�©\¤
¢�7¶´ª©�8V¢L�©!_:9#¢L¡û¨Û¼'®�¡û¨�¡£´

〈f, g〉 ��� �=

∞∫

−∞

f (x) g (x)
L
x = 2π

∞∫

−∞

f̂ (ω) ĝ (ω)
L
ω = 2π

〈
f̂ , ĝ
〉
,

· ? � ¯ »

KDG�©�7¶© ¨�G�© I#¢<7 ´C¨¶¢L§NL�´YPÖ¥�7 ¨�G�©kµQ¥	¿J5�©UTpµQ¥	§�f�9.^'¢V¨¶© �\� ¨lµ=¢L§ I�©k´ G�¥�K�§f¨�G#¢V¨
G�¢<7¶¿�¥	§�¡£µZKì¢F8	©= ©Q¨¶´ ¢<7¶© ¥:7C¨�G�¥	§�¥�7¶¿�¢	oPi9�§#µ�¨ª¡¥	§#´Y= ?�® ��®mCQ°�Eá®�¡§~¨�G�© ´C©=§�´C© ¨�G#¢V¨
〈ψn

k (x) , ψm
h (x)〉 = δnmδhk

®ñ¢L§.L 〈
ψn

k (x) , ψm
h (x)

〉
= δnmδhk

®
δnm, δhk

I�©O¾
¡ §�^ ¨�G�©��X7ª¥'§�©=µMW'©�7ì´C¼�¿�I#¥'´ �

� ö��#ö��Só��
	�������hô�ó������#ó�����	 ô�ð
� § ¥�7ML�©	7 ¨¶¥ L�©�S�§�©�¢L§�¼}¥�7ML�©�7;L�¡[d�©	7ª©=§'¨¶¡¢	05�7ª¥:5#©	7C¨¶¡ ©6´ ¥�P�¹�G�¢	§�§�¥'§bK�¢F8'©Q©O¨4´Q®h¡ §
¨�G�©PÖ¥	 ¥�K�¡§�^vK�©K�¡ �¿�©Q©Q¨%¨�G�©*¡§,¨ª©�^:7¶¢	´ ∫ 4π

2π

ξ`eimξ L ξ ��� ´ 9�¢	 ¼³¨�G�©=¼ ¿�¡O^�G,¨$I�©
©UTV5�7¶©=´¶´C©!L�¢	´

4π∫

2π

ξ`eimξ L ξ =
1

(−im)`+1

[
Γ (`+ 1, ξ)

]−2imπ

−4imπ
,

I#©=¡ §�^
Γ (`, ξ) ��� �=

∞∫

ξ

t`−1e−t L t ¨�G�©�½ 9� ©	7�aS¢L¿�¿À¢ Pi9�§�µO¨ª¡¥	§0®�¢	§.L
[F (ξ)]

ξ1

ξ0
��� �=

F (ξ1)−F (ξ0)
� p"¥�Kä©	8	©�76®O¡ ¨h¡£´ 5�¥'´¶´C¡OI�©
¨ª¥^	¡O8	©
¨�G�©Q¿ ¢L§\©�TV5� ¡£µO¡ ¨h7¶©=µ�9�74´C¡O8	©gPÖ¥:7ª¿�9�¢

¢	´nPÖ¥	¥�K�´ �
��� �
�#ó������#öÃ�ë�L�\���	�����Q�

m ∈ Z
�
` ∈ N ∪ {0}

�%�L���
ξ ∈ [a, b] ⊂ R

� �����£�

b∫

a

ξ`eimξ �
ξ =





−
`

im

b∫

a

ξ`−1eimξ �
ξ +

[
1

im
ξ`eimξ

]b

a

, ` ≥ 1

[
1

im
eimξ

]b

a

, ` = 0.

 �ª�6�Û� � � ¨"µQ¢	§ I�©\©=¢'´C¡¼À¥�I�¨4¢L¡§�©	L6I�¼H5�¢�7C¨¶¡¢	Ã¡ §,¨ª©	^�74¢V¨¶¡ ¥'§ �
�

� §65#¢<7ª¨ª¡£µU9�£¢<76®
��� �
�#ó���� � öÃ�ë�L�\���	�����Q�

m ∈ Z/{0}
�V���

` ∈ N ∪ {0}
�
���ä�£�

4π∫

2π

ξ`eimξ �
ξ =

∑̀

k=1

(−1)`−k `! (2π)k
(
2k − 1

)

k! (im)`−k+1
, ` ≥ 1

· ? � � »

�V���
4π∫

2π

ξ`eimξ �
ξ = 0, ` = 0.
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 �ª�6�Û� � � µQµQ¥�7ML�¡§�^ ¨¶¥ ¨�G�©=¥�7¶©Q¿lC'®�¡û¨�¡£´




4π∫

2π

ξ`eimξ L ξ = −
`

im

4π∫

2π

ξ`−1eimξ L ξ +

[
1

im
ξ`eimξ

]4π

2π

, ` ≥ 1

4π∫

2π

ξ`eimξ L ξ = 0 , ` = 0.

\ä¼cL�©US�§�¡ §�^
I` ��� �=

4π∫

2π

ξ`eimξ L ξ ®%¢	§.L ¨¶¢<W�¡§�^}¡ §,¨¶¥}¢'µQµQ¥�9�§,¨�· ? � A » ®(Kä©>G�¢F8'©�¨�G�©

7ª©6µU9�74´C¡O8	©�PÖ¥�7¶¿%9�¢

I0 = 0 , I` =
−`

im
I`−1 +

[
1

im
ξ`eimξ

]4π

2π

, ` ≥ 1.
· ? � C6± »

� ©@µ=¢L§6KD7ª¡ ¨ª©\©�T�5� ¡£µO¡ ¨D7ª©6´ 9� ¨¶´




I0 = 0, I1 =

[
1

im
ξ

]4π

2π

,

I2 = −
2

im

[
1

im
ξ

]4π

2π

+

[
1

im
ξ2
]4π

2π

,

I3 = −
3

im

{
−

2

im

[
1

im
ξ

]4π

2π

+

[
1

im
ξ2
]4π

2π

}
+

[
1

im
ξ3
]4π

2π

,

I4 = −
4

im

{
−

3

im

{
−

2

im

[
1

im
ξ

]4π

2π

+

[
1

im
ξ2
]4π

2π

}
+

[
1

im
ξ3
]4π

2π

}

+

[
1

im
ξ4
]4π

2π

,

. . . . . . . . . . . . . . . . . .
¹�¥ ¨�G�¢L¨oKä©\µQ¢	§>KD7ª¡ ¨ª©





I0 = 0, I1 =

[
ξ

im

]4π

2π

,

I2 =

[
−2 · 1

ξ

(im)2
+

ξ2

im

]4π

2π

,

I3 =

[
3 · 2 · 1

ξ

(im)3
− 3 ·

ξ2

(im)2
+

ξ3

im

]4π

2π

,

I4 =

[
−4 · 3 · 2 · 1

ξ

(im)4
+ 4 · 3

ξ2

(im)3
− 4

ξ3

(im)2
+

ξ4

im

]4π

2π

,

. . . . . . . . . . . . . . . . . .

I` =

[
∑̀

k=1

(−1)`−k `! ξk

k! (im)`−k+1

]4π

2π

.

· ? � C:C »
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� ¨�¡´�¢	´ª¥

I` =

[
1

(im)`+1

∑̀

k=1

(−1)`−k `! (ξ/(im))
k

k!

]4π

2π

.

\ä¼�©UTV5�¡µQ¡û¨"µQ¥	¿J5�9�¨4¢V¨ª¡¥	§#´ì¡û¨DPÖ¥' ¥�K�´�¨�G�¢L¨=Á

I` =

[
∑̀

k=1

(−1)`−k `! (4π)k

k! (im)`−k+1

]
−

[
∑̀

k=1

(−1)`−k `! (2π)k

k! (im)`−k+1

]

=
∑̀

k=1

(−1)`−k `!
[
(4π)k − (2π)k

]

k! (im)`−k+1
=
∑̀

k=1

(−1)`−k `! (2π)k
(
2k − 1

)

k! (im)`−k+1
.

�

� §�¢	 ¥:^	¥�9#´C¼	®�¡ ¨"µQ¢L§6I�©@´ G�¥�K�§
� �L�ª�V����V����� ��²�¥:7�¢;^	¡O8	©Q§

m ∈ Z/{0}
¢	§.L

` ∈ N ∪ {0}
®�¡û¨�¡£´

−2π∫

−4π

ξ`e−imξ L ξ =
∑̀

k=1

(−1)k `! (2π)k
(
2k − 1

)

k! (im)`−k+1
, ` ≥ 1

· ? � CF? »

¢L§.L
−2π∫

−4π

ξ`e−imξ L ξ = 0, ` = 0 .

�0'���� �g*�*o- * ����� � ��� +��

� G�©v7¶©=¢L 5�¢<7ª¨³· ? � ? » ¥<Pñ¨�G�©vG�¢�7ª¿�¥	§�¡µ@´¶µQ¢	 ¡§�^JPi9�§#µ�¨ª¡¥	§#´ · ? � C » ®NK�¡û¨�GqG�¢L[PB5#©	7ª¡¥VLÃ®
µO¥	¡§�µQ¡OL�©6´0K�¡û¨�G ¨�G�© ����� � ¾ Pi9�§�µ�¨¶¡ ¥'§0®

´ª¡ §�µ
x ��� �=

sinπx

πx
.

· A � C »

� G�¡´(Pi9�§�µ�¨¶¡ ¥'§0®L¡£´ñ¨�G�©�¿ ¥	¨�G�©	7gPi9�§�µO¨ª¡¥	§�¥<P�¨�G�©�´ª¥L¾�µQ¢	 ©	L ¹�G�¢	§�§�¥	§ ¿%9�û¨¶¡[7¶©=´ª¥	O9�¨ª¡¥	§
¢L§�¢	 ¼�´ª¡´ � � ©\¿�9�´Û¨�¨4¢<W'©S¢'´�´ªµ=¢L¡ §.^%Pi9�§#µ�¨ª¡¥	§ ·P²h¡O^ � C �ú»

ϕ(x) ��� �=
sinπx

πx
=
eπix − e−πix

2πix
,

· A � ? »

´C¥ ¨�G#¢V¨DPÖ¥�7ì¨�G�©vL�¡¢L¨ª©!L�¢	§.L¸´ªµ=¢L©	L�¡ §�´C¨¶¢	§�µO©6´Q®�¡ ¨�¡£´QÁ

ϕn
k (x) ��� �= 2n/2ϕ(2nx− k) = 2n/2 sinπ (2nx− k)

π (2nx− k)
=

= 2n/2 e
πi(2nx−k) − e−πi(2nx−k)

2πi (2nx− k)
.

· A � A »



� �V�#�����O�º� �V� � �=�����Q� �Q���P�³�Û�S�����V�#���L��� �L���Q� �Q� � C!?<A

-
Π
�������
2

ΠΠ
�������
2

-Π
x

-1

1
jsHxL

ΨsHxL

�������N�U���
	 J	B,H=D,D [ D�÷�;�H=]GEGD,ÿ ü 
 D,;¶UÛE [ D
ϕ(x) � UÛB'EG;ªF¸]GEGD A� H=D ø ý
H�þ A ] A U � ø H=÷�B A�ø ]ûEGD A��

ψ(x).

� G�© ¹�G�¢	§�§�¥	§6Kì¢F8	©Q©O¨ì¡£´\· ´ª©Q©@²¦¡[^ � C »

ψ(x) ��� �=
sinπ(x − 1

2 ) − sin 2π(x− 1
2 )

π(x − 1
2 )

· A � ° »

¡ � © �

ψ(x) =
e−2 i π x

(
−i+ ei π x + e3 i π x + i e4 i π x

)

(π − 2π x)
.

� ¨DPi9� S# £´ì¨�G�©@µO¥	§NL�¡û¨¶¡ ¥'§

ψ(x) = ϕ
(
x−

1

2

)
− 2ϕ (2x− 1)

¢L§.L�¨�G�©vL�¡ £¢V¨¶©	L¸¢L§.L ´¶µQ¢L©	L�¡§�´Û¨4¢L§�µQ©=´
ψn

k (x) ��� �= 2n/2ψ(2nx− k)
¢<7¶©

ψn
k (x) ��� �= 2n/2 sinπ

(
2nx− k − 1

2

)
− sin 2π

(
2nx− k − 1

2

)

π
(
2nx− k − 1

2

) .
· A � r »

� G�©\²�¥�9�7¶¡ ©	7ì¨�74¢L§�´ PÖ¥�7¶¿`¥<P¦¨�G�©@´ªµ=¢L¡ §�^�¢L§NL Kì¢F8	©= ©Q¨$Pi9�§�µ�¨¶¡ ¥'§¸¢�7ª©]7¶©=´�5#©6µ�¨ª¡O8	©= ¼

ϕ̂(ω) =
1

2π
χ(ω + 3π)

¡ � © �

ϕ̂(ω) =





1/(2π), −π ≤ ω < π,

0,
©Q£´C©	KDG�©�7¶©

,
¢L§.L



C!?V° ����� �V�º�á�L���

ψ̂(ω) = −e−iω/2 [χ(2ω) + χ(−2ω)]
I#©=¡ §�^#®�©UTV5�¡£µO¡ ¨ª¼	®

ψ̂(ω) =




−e−iω/2, π ≤ |ω| < 2π,

0,
©Q£´C©	KDG�©�7¶©

.

� ¨oPÖ¥	 ¥�K�´�¨�G�¢L¨�¨�G�©³²�¥�9.7ª¡©�7ì¨�7¶¢	§�´�PÖ¥:7ª¿ ¥<P¦¨�G�©%KDG�¥	©mP ¢L¿�¡ ¼�¥<P(Kì¢F8	©Q©O¨4´ì¡´^	¡O8	©=§
I,¼

ψ̂n
k (ω) =

2−n/2

2π
e−iωk/2n

ψ̂(ω/2n)

¡ � © �

ψ̂n
k (ω) = −

2−n/2

2π
e−iω(k+1/2)/2n [

χ(ω/2n−1) + χ(−ω/2n−1)
]
.

· A � � »

� §�¢	 ¥:^	¥�9#´C¼	® ¢'µQµO¥:7�L�¡ §�^ ¨ª¥ · ? � e » ¢	§.Ld· A � A » Kä©qG�¢F8'©>PÖ¥�7�¨�G�©�KDG�¥' ©>P ¢	¿ ¡¼l¥�P
´ªµ=¢L¡ §�^;Pi9�§#µ�¨ª¡¥	§#´QÁ

ϕ̂n
k (ω) =

2−n/2

2π
e−iωk/2n

χ(ω/2n + 3π) .
· A � e »

� ¡û¨�G ¨�G�©�¢�I#¥�8'©%©�T�5.7ª©6´ª´ª¡ ¥'§�´ë¢	§.L\¨�G�©�¤ñ¢�7¶´ª©�8V¢	'¡ L�©Q§,¨¶¡û¨Û¼ï· ? � ¯ » ®FK�©�µ=¢L§@©6¢	´ª¡ ¼@´�G�¥�K
¨�G�¢L¨
��� �
�#ó������0öë� ���L�����V���%�L���Q� �Q� �³�L�ª�³�L��� ���V���V���À�V�'����� �O�º� �V���4� ����� ���@�O�Q���Q�@� ���V�

〈ψn
k (x) , ψm

h (x)〉 = δnmδhk

δnm, δhk
�4�O���
�ï� ���
	³�ª�V�������'�O�S������4�V�ú� �

 �ª�6�Û� �

〈ψn
k (x) , ψm

h (x)〉 = 2π
〈
ψ̂n

k (ω) , ψ̂m
h (ω)

〉

= 2π

∞∫

−∞

2−n/2

2π
e−iω(k+1/2)/2n [

χ(ω/2n−1) + χ(−ω/2n−1)
]

×
2−m/2

2π
eiω(h+1/2)/2m [

χ(ω/2m−1) + χ(−ω/2m−1)
] L

ω

=
2−(n+m)/2

2π

∞∫

−∞

e−iω(k+1/2)/2n+iω(h+1/2)/2m

×
[
χ(ω/2n−1)+χ(−ω/2n−1)

][
χ(ω/2m−1)+χ(−ω/2m−1)

] L
ω

KDG�¡µMG¸¡£´ 	Q©	7ª¥�PÖ¥�7
n 6= m

� ²�¥:7
n = m

¡ ¨�¡´



� �V�#�����O�º� �V� � �=�����Q� �Q���P�³�Û�S�����V�#���L��� �L���Q� �Q� � C!?�r

〈ψn
k (x) , ψn

h (x)〉 =
2−n

2π

∞∫

−∞

e−iω(h−k)/2n [
χ(ω/2n−1) + χ(−ω/2n−1)

] L
ω

¢L§.LÃ®�¢'µQµQ¥�7ML�¡ §.^ ¨¶¥�· ? � ° » ®VI�¼À¨�G�©@µMG#¢L§�^'©�¥�Ph8V¢<7¶¡£¢<I�©
ξ = ω/2n−1

〈ψn
k (x) , ψn

h (x)〉 =
1

4π




−2π∫

−4π

e−2i(h−k)ξ L ξ +

4π∫

2π

e−2i(h−k)ξ L ξ

 .

²�¥�7
h = k

· ¢L§NL
n = m

» ®�¡£´ì¨�7ª¡O8�¡¢	 ¼

〈ψn
k (x) , ψn

k (x)〉 = 1 .

²�¥�7
h 6= k

®�¡ ¨�¡´

4π∫

2π

e−2i(h−k)ξ L ξ =
i

2(h− k)

(
e−4iπ(h−k) − e−8iπ(h−k)

)
= 0 ,

¢L§.L ¢L§�¢	 ¥:^	¥:9�´C¼
−2π∫

−4π

e−2i(h−k)ξ L ξ = 0
�
�

¬�¥�7¶©Q¥�8'©�7nKä©XG�¢F8'©
��� �
�#ó������ëö�� �����P�¶�V����� �L�á�4�"���������V� �4�O�ä�Û�%� ��� �����L�����L� � �4�V�û�����ñ����� �Q�º� �V���

ϕn
k (x)

�
�V��� ���@� �Q�V�O�

n = 0
�%�V�ª���V��� ��� �,�V���L�ú�%��� � ���\�Q�Q���Q�\� ���L�

〈
ϕ0

k (x) , ϕ0
h (x)

〉
= δkh ,

�¶�Q�����
ϕ0

k(x) ��� �= ϕ(x − k)
�

 �ª�6�Û� � � ¨�¡£´

〈ϕn
k (x) , ϕm

h (x)〉 = 2π 〈ϕ̂n
k (ω) , ϕ̂m

h (ω)〉 =

= 2π

∞∫

−∞

2−n/2

2π
e−iωk/2n

χ(ω/2n + 3π)
2−m/2

2π
eiωh/2m

χ(ω/2m + 3π)
L
ω

=
2−(n+m)/2

2π

∞∫

−∞

e−iω(k/2n−h/2m)χ(ω/2n + 3π)χ(ω/2m + 3π)
L
ω .

� G�©Q§
m = n

®VKä©XG�¢F8'©

〈ϕn
k (x) , ϕn

h (x)〉 =
2−n

2π

2nπ∫

−2nπ

e−iω(k−h)/2n L
ω =

sin [(h− k)π]

(h− k)π
.
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¹�¡ §#µO©
h, k ∈ Z

®�¡ ¨DPÖ¥	 ¥�K�´ä¨�G�¢V¨

sin [(h− k)π]

(h− k)π
=

{
1 , h = k

0 , h 6= k

}
= δkh

¨�G�¢L¨�¡´
〈ϕn

k (x) , ϕn
h (x)〉 = δkh .

� G�©Q§
m 6= n

®� ©Q¨"´ª¢�¼
m < n

®�K�©XG�¢F8	©

〈ϕn
k (x) , ϕm

h (x)〉 =
2−(n+m)/2

2π

2mπ∫

−2mπ

e−iω(k/2n−h/2m) L ω ,

¨�G�¢L¨�¡´=®

〈ϕn
k (x) , ϕm

h (x)〉 = 2(m+n)/2 sin [(h− 2m−nk)π]

(h− 2m−nk)π
.

� G�©Q§
m 6= n,

¨�G�© £¢	´C¨"©UTV5�7¶©=´¶´ª¡ ¥'§�¡£´"¢	[Kì¢�¼�´DL�¡ d�©�7¶©Q§,¨oPi7¶¥	¿ 	Q©	7ª¥#®�¡§>P ¢	µ�¨�· ´ª¡ §#µO©
m < n

»

sin

[(
h−

k

2|m−n|

)
π

]
= 0 ⇒

[
h−

k

2|m−n|

]
π = s π , s ∈ Z,

¡ � © �

h = s+
k

2|m−n|
, h, k, s ∈ Z

¢L§.L
h ∈ Z

¥	§�¼�¡ P
m = n

�Ã� G�©	7ª©�PÖ¥�7¶©	®�¡§ ¥:7�L�©	7"¨¶¥>G�¢F8	© ¨�G�©�¥�7ª¨�G�¥�^	¥'§�¢L¡ ¨Û¼�¨�G�©
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m = n
´ G�¥�9� LjI�©@´¶¢V¨ª¡£´ S�©	L � ¹�¥�¨�G�¢L¨

〈ϕn
k (x) , ϕn

h (x)〉 = 2n δkh ,

¢L§.LÃ®�¡§>5�¢<7ª¨ª¡£µU9�¢�7=®VKDG�©=§
n = 0

®

〈
ϕ0

k (x) , ϕ0
h (x)

〉
= δkh .
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ϕn
k (x)

�
�V��� ���@� �Q�V�O�

n = 0
�%�V�ª���V��� ��� �,�V���L�ë����� ���@� ���L�����V� �%�L���Q� �Q� �4�%��� � ���\�Q�Q���Q�\� ���L�

〈
ϕ0

k (x) , ψm
h (x)

〉
= 0, m ≥ 0,

�¶�Q�����
ϕ0

k(x) ��� �= ϕ(x − k)
�
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〈ϕn
k (x) , ψm

h (x)〉 = 2π
〈
ϕ̂n

k (ω) , ψ̂m
h (ω)

〉

= 2π

∞∫

−∞

2−n/2e−iωk/2n

χ(ω/2n + 3π)
2−m/2

2π
eiω(h+1/2)/2m

×
[
χ(ω/2m−1) + χ(−ω/2m−1)

] L
ω

= 2−(n+m)/2

∞∫

−∞

e−iωk/2n+iω(h+1/2)/2m

χ(ω/2n + 3π)

×
[
χ(ω/2m−1) + χ(−ω/2m−1)

] L
ω,
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m ≥ n ≥ 0
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©=¢	´ª¡ ¼�´ª©Q©=§�¨�G�¢V¨6®VPÖ¥�7

m < n
¡ ¨�¡£´

〈ϕn
k (x) , ψm

h (x)〉 = 2−(n+m)/2

2nπ∫

2mπ

e−iωk/2n+iω(h+1/2)/2m L
ω

= −
21+(m+n)/2

(
i ei π[2−m+n−1 (1+2 h)− k] + ei π(h−2m−n k)

)

2n (1 + 2h) − 21+m k
¢L§.L�¨�G�¡£´D5�7¶¥VLV9�µO¨=®�¡§>^	©Q§�©�74¢L L�¥�©=´ì§�¥	¨o8V¢L§�¡£´ G �

�
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γ(`)nm
kh ��� �=

〈 L `

L
x`
ψn

k (x) , ψm
h (x)

〉
.
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`
¾á¥�7ML�©�7DL�©	7ª¡O8V¢V¨ª¡O8	©�¥<P¦¨�G�©mK�¢F8'©Q©O¨0I�¢	´ª¡´ì¡£´

̂L `

L
x`
ψn

k (x) = (iω)`ψ̂n
k (ω)

· ° � ? »

¢L§.L ¢	µ=µO¥�7ML�¡§�^³¨ª¥�· A � � »

̂L `

L
x`
ψn

k (x) = (iω)` 2−n/2

2π
e−iωk/2n

ψ̂(ω/2n)
· ° � A »

= −(iω)` 2−n/2

2π
e−iω(k+1/2)/2n [

χ(ω/2n−1) + χ(−ω/2n−1)
]
.
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γ(`)nm
kh ��� �=

〈 L
`L
x`
ψn

k (x) , ψm
h (x)

〉
= 2π

〈 ̂L `

L
x`
ψn

k (x), ψ̂m
h (x)

〉
.

· ° � ° »

¹,¨¶¢�7C¨¶¡ §�^ZPi7ª¥'¿u©!_�9�¢V¨¶¡ ¥'§�´�· ° � ? » ®ì·Ö° � A » ®h¨�G�©¸µO¥'§�§�©6µ�¨ª¡¥	§ µQ¥�©U`ïµO¡©Q§,¨ · ° � C » µQ¢L§ I�©
µO¥	¿J5�9�¨ª©	L¸¢'µQµO¥:7�L�¡ §�^³¨ª¥
��� �
�#ó������0ö�� ��� �¶�L����� �Q�º� �V� �4�6� � �Q� �O�#� � · ° � C » �C�\� ��� � ���L�����V� �%�L���Q� �Q� � · A � r »
�V�ª���L���V�Q� �Q�

γ(`)nm
kh =

i`2n`

2π

{
δkh

[
1 + (−1)`

] π`+1

`+ 1

(
2`+1 − 1

) · ° � r »

+ (1 − δkh)
`+1
∑̀

j=1

(−1)` `!πj
(
2j − 1

)

j! [i(h− k)]
`−j+1

[
(−1)j − 1

]}
δnm

�O�V�
` ≥ 1

�ä�L���
γ(`)nm

kh = δkhδ
nm,

� ���Q�
` = 0

�
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Kä©X^	©Q¨
〈 L `

L
x`
ψn

k (x) , ψm
h (x)

〉
= 2π

〈
̂L `

L
x`
ψn

k (x), ψ̂m
h (x)

〉
= 2π

〈
(iω)`ψ̂n

k (ω), ψ̂m
h (ω)

〉

= 2π

∞∫

−∞

2−n/2

2π
(iω)`e−iω(k+1/2)/2n[

χ(ω/2n−1) + χ(−ω/2n−1)
]

×
2−m/2

2π
eiω(h+1/2)/2m[

χ(ω/2m−1) + χ(−ω/2m−1)
] L
ω,

KDG�¡µMG¸¡£´ 	Q©	7ª¥;KDG�©Q§
m 6= n

� � G�©Q§
m = n,

¡ ¨DPÖ¥	 ¥�K�´ä¨�G#¢V¨

γ(`)nn
kh =

2−n

2π

∞∫

−∞

(iω)`e−iω(k−h)/2n[
χ(ω/2n−1) + χ(−ω/2n−1)

] L
ω

¢L§.LÃ®VK�¡ ¨�G¸¨�G�©\µMG�¢L§.^	©S¥<P 8�¢�7ª¡£¢<I� ©
ω/2n−1 = ξ

®

γ(`)nn
kh =

i`2(n−1)`

4π

∞∫

−∞

ξ`e−iξ(k−h)/2
[
χ(ξ) + χ(−ξ)

] L
ξ,

· ° � � »

¡ � © �

γ(`)nn
kh =

i`2(n−1)`

4π

[ ∞∫

−∞

ξ`e−iξ(k−h)/2χ(ξ)
L
ξ+

∞∫

−∞

ξ`e−iξ(k−h)/2χ(−ξ)
L
ξ
]
.
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∞∫

−∞

. . . χ(ξ)
L
ξ =

4π∫

2π

. . .
L
ξ,

∞∫

−∞

. . . χ(−ξ)
L
ξ =

−2π∫

−4π

. . .
L
ξ,
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−ξ → ξ¡ § ¨�G�©@´C©6µO¥	§NL�¡§,¨ª©�^:7¶¢	

γ(`)nn
kh =

i`2(n−1)`

4π

[ ∞∫

−∞

ξ`e−iξ(k−h)/2χ(ξ)
L
ξ −

∞∫

−∞

(−ξ)`eiξ(k−h)/2χ(ξ)
L
ξ
]
,

Kä©S¥�I�¨¶¢L¡§

γ(`)nn
kh =

i`2(n−1)`

4π

4π∫

2π

ξ`
[
e−iξ(k−h)/2 + (−1)`eiξ(k−h)/2

] L
ξ.
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γ(`)nn
kh =





i`2(n−1)`

2π

4π∫

2π

ξ` cos
(k − h)

2
ξ
L
ξ, ` = 2M, M ∈ Z,

−
i`+12(n−1)`

2π

4π∫

2π

ξ` sin
(k − h)

2
ξ
L
ξ, ` = 2M + 1, M ∈ Z,

· ° � � »

I#©=¡ §�^
i` = ±1

PÖ¥�7
` = 2M, M ∈ Z,

¢	§.L
i` = ±i

PÖ¥:7
` = 2M + 1 ,M ∈ Z.

� G�©Q§
k = h,

Kä©S¥:I�¨¶¢	¡ §6Pi7¶¥	¿ · ° � ¯ »

γ(`)nn
kk =

i`2(n−1)`

2π(`+ 1)

(
1 + (−1)`

)[
ξ`+1

]4π

2π
=
i`2n`π`+1

2π(`+ 1)

[(
1 + (−1)`

) (
2`+1 − 1

)]
.

� G�©Q§
k 6= h,
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γ(`)nn
kh =

i`2(n−1)`

4π

∑̀

j=1

(−1)` `! (2π)j
(
2j − 1

)
2`−j+1

j! [i(h− k)]
`−j+1

[
(−1)j − 1

]
, ` ≥ 1,

¡ � © �

γ(`)nn
kh =

i`2n`

2π

∑̀

j=1

(−1)` `!πj
(
2j − 1

)

j! [i(h− k)]
`−j+1

[
(−1)j − 1

]
, ` ≥ 1 .
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` = 0

¨�G�©ÀµO¥	§�§�©=µO¨ª¡¥	§ µQ¥�©U`ïµO¡©Q§,¨¶´�7¶©	LV9�µQ© ¨¶¥�¨�G�©�´ªµ=¢L£¢<7
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� § 5�¢�7C¨¶¡µ�9�£¢<76®3I�¼�¢'´ª´�9�¿�¡§�^
k = 0, . . . , 2n − 1, h = 0, . . . , 2m − 1
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²�¥�7ì¨�G�©mS.74´C¨�¥�7ML�©�7

(` = 1)
µO¥�©�`ÀµQ¡ ©=§,¨¶´

γ(1)nm
kh

®#¢V¨�¨�G�©\¥�Kä©	7�´ªµ=¢L©=´
0 ≤ n =

m ≤ 3
¢<7¶©�¨�G�©XPÖ¥' ¥�K�¡ §.^

γ(1)00
00 = 0, γ(1)11

kh = 4

(
0 1

2
− 1

2 0

)
, γ(1)22

kh = 4




0 1 1
2

1
3

−1 0 1 1
2

− 1
2 −1 0 1

− 1
3 − 1

2 −1 0


 ,

γ(1)33
kh = 4




0 2 1 2
3

1
2

2
5

1
3

2
7

−2 0 2 1 2
3

1
2

2
5

1
3

−1 −2 0 2 1 2
3

1
2

2
5

− 2
3 −1 −2 0 2 1 2

3
1
2

− 1
2 − 2

3 −1 −2 0 2 1 2
3

− 2
5 − 1

2 − 2
3 −1 −2 0 2 1

− 1
3 − 2

5 − 1
2 − 2

3 −1 −2 0 2
− 2

7 − 1
3 − 2

5 − 1
2 − 2

3 −1 −2 0
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(` = 2)
µQ¥,©�`ïµO¡©Q§,¨¶´

γ(1)nm
kh

®ë¢V¨S¨�G�©À ¥�K�©�7S´ªµ=¢L©=´
0 ≤

n = m ≤ 3
Á

γ(2)00
00 =

−7π2

3
, γ(2)11

kh =

(
−28 π2

3 −8

−8 −28 π2

3

)
,

γ(2)22
kh =




−112 π2

3 −32 −8 − 32
9

−32 −112 π2

3 −32 −8

−8 −32 −112 π2

3 −32

− 32
9 −8 −32 −112 π2

3


 ,

γ(2)33
kh =




−448 π2

3 −128 −32 − 128
9 −8 − 128

25 − 32
9 − 128

49

−128 −448π2

3 −128 −32 − 128
9 −8 − 128

25 − 32
9

−32 −128 −448π2

3 −128 −32 − 128
9 −8 − 128

25

− 128
9 −32 −128 −448π2

3 −128 −32 − 128
9 −8

−8 − 128
9 −32 −128 −448π2

3 −128 −32 − 128
9

− 128
25 −8 − 128

9 −32 −128 −448 π2

3 −128 −32

− 32
9 − 128

25 −8 − 128
9 −32 −128 −448π2

3 −128

− 128
49 − 32

9 − 128
25 −8 − 128

9 −32 −128 −448π2

3
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(` = 3)
µO¥�©�`ÀµQ¡ ©=§,¨¶´

γ(1)nm
kh

®�¢V¨ä¨�G�©� ¥�K�©�7�´ªµ=¢L©=´
0 ≤ n =

m ≤ 2
Á

γ(3)00
kh = 0, γ(3)11

kh =

(
0 48 − 56π2

−48 + 56π2 0

)
,

γ(3)22
kh =




0 −64
(
−6+7π2

)
48− 224π2 −64(−2+21 π2)

9
64
(
−6 + 7π2

)
0 −64

(
−6+7π2

)
48 − 224π2

−48 + 224π2 64
(
−6 + 7π2

)
0 −64

(
−6 + 7π2

)
64(−2+21π2)

9 −48 + 224π2 64
(
−6 + 7π2

)
0
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γ(`)nn

kh = γ(`)nn
hk , ` = 2M ∈ Z,

γ(`)nn
kh = −γ(`)nn

hk , ` = 2M + 1 ∈ Z.
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