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�7��Ù>É¿Ê Ð'ÝJ��à Ù"����É���Í¨Ë¿Ð	àÍ�Ð%�¼�7Í�� É·Ð	Ý�� �_à Ù"���_ÙPÝ#Ç��:Ð	Ý$�·Í:Ë¿Ú>Ù>É¿Ê Ð'Ý
Ð%� Í:Ý�ÍAË��>�¨Ê ÝF�<à Ù'�-�·Ê��AÙPà�Ü�Í�����Ù	Ý�Ê����:Ó�É-��Ù>É7Ê��AÓ�Ê É���Ë·Í8Ç�Ê��<É-�«É-��ÍL����É���Ë·Í_Ì�Í���Ù�Ú�ÊÐ'��Ë Ð'� Ù
Ç���Ý�ÙPÜ�Ê��)������É¿Í:Ü ������ÍWàÊ Ý�ÍAÙPË��¯Ð'Ë·Ü)Ð%�/������Ë-��Ç�Ê Ý=�'Í:Ë
� �«Í
�>�#Ù>É·ÊÐ	ÝlÊ��

∆ψ +
8π2m

~2
(E(x) − V (x))ψ = 0 ,

����Í:Ë¿Í
ψ

Ê�� É-��ÍD������Ë-��Ç�ÊÝ=�	ÍAËe� Ù�Ú	Í_����Ý$�<É·ÊÐ	Ý1Ó
m

Ê��¼É���Í_Ü¨Ù'�-�AÓ
~

Ç�ÍAÝ�ÐPÉ¿Í�����à ÙPÝ����c� �
�<Ð	Ý���É5ÙPÝ,ÉAÓ

E
Ê��7É-��Í�ÍAÝ�Í:Ë-�'�'Ó#Ù	Ý�Ç

V
�GÉ¿Ù	Ý�Ç=�q�¯Ð	Ë"É���ÍH�#Ð	É·ÍAÝ'É¿ÊÙ	à�ÍAÝ�Í:Ë-�'�'�#����ÍH��É¿Ë������

É���Ë¿Í¨Ð%� É���Í¨Ý�Ð	Ý�àÊÝ�ÍAÙ	ËZ������Ë-��Ç�Ê Ý$�	Í:ËWÍ
�>�#Ù>É·ÊÐ	ÝpÊ��_ÜD������Ü�Ð'Ë·Í��:Ð	ÜV��àÊ��AÙ>É·Í8Ç��r����Ê��
Í��7��Ù>É¿Ê Ð'Ý Ç�Í
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ÙPÝ�Ç�Ü¨Ù%�'Ý�Ð	Ý��:ÓPÊÝ Ç�Ê��-�GÊ���Ù>É¿Ê Ú'Íq�7��ÙPÝ,É-��Ü Ü�Í
����ÙPÝ�Ê����AÓ	ÊÝ��<Ð'Ý�Ç�ÍAÝ$�GÍ8Ç�Ü¨Ù>ÉGÉ¿Í:Ë%É���ÍAÐ	Ë-�	Ó
Ê Ý ��à Ù'�·Ü¨ÙT�=�l�l�·Ê����	�²Í	� ���Ó�É���Í�
L��Ë·Ê���Ù	Ë¿ÙT� �$�#ÍAË�$��ÊÇ���àÜqÍ
�7��Ù>É¿Ê Ð'Ý�������Í�Ë¿Í?�¯ÍAË_É·Ð
� � Ó��������¯Ð'Ë7Ù�Ü�Ð�Ç�ÍAË·Ý Ð>Ú'Í:Ë¿Ú,ÊÍ��_Ó,ÊÝ$�<à���Ç�ÊÝ=��Ù%�$��à Ê��:ÙPÉ·ÊÐ	Ý$�A�

×ØÐ	Ý$�·ÊÇ�Í:Ë«É���Í_Ü�Ð�Ç�ÍAà1Ý�Ð	Ý�à ÊÝ�ÍAÙ	Ë���Ë·Ð'Ì�àÍ:Ü

i~ψt = −
~

2

2m
∆ψ + V (x)ψ − γ|ψ|p−1ψ

ÊÝ
R

N � N ≥ 2
�
,

��	�����
����Í:Ë¿Í

p < 2N/(N − 2)
ÊQ�
N ≥ 3

Ù	Ý�Ç
p < +∞

ÊQ�
N = 2

�#��Ý�É���ÍH��É-��Ç�� Ð%� É-��Ê��
Í��7��Ù>É¿Ê Ð'Ý��_� � ��Ò��/� �$�=�#Ð7�GÍ8Ç�É-��Ù>ÉWÉ-��ÍV�#Ð	É·Í:Ý,É¿ÊÙ	à

V
Ê���Ì#Ð>��Ý�Ç�Í8Ç�Ù	Ý�Ç ��Ð>�-�·Í��-�GÍ
�*Ù

Ý�Ð	Ý���Ç�Í��	Í:Ý�Í:Ë5Ù>É·ÍZ�<Ë¿Ê É¿Ê��AÙPà��#Ð'Ê Ý,É_Ù>É
x = 0

����Ð	Ë¿ÍD��Ë·Í
�<Ê��GÍAà��'Ó#Ê É_Ê��WÙ'�-����Ü�ÍAÇ É-��Ù>É
VÌ#ÍAà Ð'Ý=�>�*É·ÐlÉ-��Í �<à Ù'�-�

Va
� �¯Ð	ËP�·Ð	Ü�Í

a
�"ÊÝ,É·Ë¿Ð�Ç��$�<Í8Ç�Ìl� 
_Ù>É¿Ð � �AÖ!�ß�1� Ù%��ÊÝ=�

γ > 0ÙPÝ�Ç
~ > 0

���#"��<ÊÍ:Ý,É·à��J�·Ü¨ÙPàà�ÙPÝ�Ç��$�·Ê Ý$� Ù ���'Ù%�$��Ý�Ð>Ú,���=����Ü�ÊÇ�É�É4�l�#Í¨Ë¿ÍAÇ=�$��É¿Ê Ð'Ý1Ó
�_� � �8Ò�����Ë¿Ð>Ú	Í8Ç�É���ÍlÍ%$�Ê���É¿Í:Ý$�:Í�Ð'�*Ù �GÉ¿Ù	Ý�Ç�ÊÝ=� � Ù�Ú	Í��·Ð	à���É¿Ê Ð'Ý Ð%�_��Ë·Ð'Ì�àÍ:Ü&�'�'�(����Ó
É���ÙPÉ7Ê��AÓ�Ù �GÐ'à���É·ÊÐ	ÝlÐ%�rÉ-��ÍL�¯Ð	Ë¿Ü

ψ(x, t) = e−iEt/~u(x) .
��	� Ô)�

�7ÐPÉ¿ÍWÉ���ÙPÉ�� ��Ì���É¿Ê É-��É·ÊÝ=�¨É-��Í_ÙPÝ$�¿Ù>É+*,��	� Ô)�ØÊÝ'É¿Ð �'�'�(���%àÍAÙ'Ç=�«É·Ð

−
~

2

2
∆u+ (V (x) − E)u = |u|p−1u .

����ÍP����ÙPÝ$�	Í�Ð%� Ú�Ù	Ë·Ê ÙPÌ�à Í
y = ~

−1x
�²ÙPÝ#Ç Ë¿Í���à Ù'�:Ê Ý$�

y
Ì7�

x
����Ê ÍAàÇ$�

−∆u+ 2 (V~(x) −E)u = |u|p−1u
ÊÝ

R
N ,

����Í:Ë¿Í
V~(x) = V (~x)

�
��Ý]��Ê����«Í:àà �9��Ý�ÐC�¼Ý���Ù'�#ÍAËAÓ�Û"ÙPÌ�ÊÝ�ÐC�¼Ê É-* � ��.����<Ð'Ý,É·ÊÝ7��ÍAÇ É���ÍP�GÉ���Ç=��Ð%����É5ÙPÝ�Ç�ÊÝ=�

�«Ù�Ú'ÍZ�·Ð	à���É·ÊÐ	Ý$�WÐ'�ØÝ�Ð'Ý�àÊ Ý�Í8ÙPËP������Ë-��Ç�ÊÝ=�	ÍAË*Í
�>�#Ù>É·ÊÐ	Ý��:��/��¹É·Í:Ë_Ü¨Ù'�,ÊÝ=� Ù���É5ÙPÝ�Ç�ÊÝ=�
�«Ù�Ú'Í�Ù	Ý$�·ÙPÉ-*'Ó�Û7ÙPÌ�ÊÝ�ÐC�¼Ê É-*WË¿ÍAÇ��$�:Í��«É-��Í;��Ë¿Ð	Ì�àÍ:ÜnÉ¿Ð�É���ÍP�·Í:Ü�Êà ÊÝ�Í8ÙPË Í:àà Ê���É¿Ê��_Í
�7��Ù>�
É·ÊÐ	Ý

−∆u+ b(x)u = f(x, u)
Ê Ý

R
N ,

��Ý�Ç�ÍAËV����Ê É¿Ù	Ì�à ÍT�<Ð'Ý�Ç�Ê É·ÊÐ	Ý$��Ð	Ý
b

ÙPÝ#Ç Ù'�-� ��Ü�ÊÝ=��É���ÙPÉ
f

Ê��Z�·Ü�Ð�ÐPÉ��rÓ����=��Í:Ë¿à ÊÝ�Í8ÙPË
ÙPÝ�ÇT� ��Ìc�:Ë·Ê É·Ê��:Ù	àU�

��Ý$� ��Ê Ë¿ÍAÇ�Ìl�lÛ7Ù	Ì�ÊÝ�ÐC�¼Ê É+*'����Ù'�#ÍAËAÓ$�ØÍP�:Ð	Ý$�·ÊÇ�Í:Ë É���Í;�¯Ð	àà ÐC�¼ÊÝ=� �<à Ù'�-�¼Ð'���:Ð'�=��àÍAÇ
Í:àà Ê���É·Ê��;���l�GÉ·ÍAÜ � Ê Ý

R
N (N ≥ 3)

á
{

−∆u1 + a(x)u1 = f(x, u1, u2)
Ê Ý

R
N ,

−∆u2 + b(x)u2 = g(x, u1, u2)
Ê Ý

R
N .

��	� Ö0�

��Í)�#Ð'Ê Ý,É«Ð'��É«É���ÙPÉe�:Ð'�=��àÍAÇ�Ý�Ð	Ý�àÊÝ�ÍAÙ	Ë�������Ë���Ç�ÊÝ=�	ÍAË�������É¿Í:Ü �%Ç�Í
���:Ë·ÊÌ�Í_�·Ð	Ü�Íq�=�l�,�
�GÊ��:Ù	à7�$��Í:Ý�Ð'Ü�Í:Ý�Ù)� ������Ù>�rÉ-��Í���Ë¿Ð'��Ù'�'Ù>É¿Ê Ð'ÝDÊÝ�Ì�ÊË¿Í?�¯Ë¿Ê Ý=�'Í:Ý,É Ð'��É¿Ê��AÙPà1��Ì�Í:Ë�� Ð	Ë2
WÍ:Ë¿ËG�
à Ê��	ÍL�=��Ð	É·Ð'Ë·Í��¯Ë¿Ù>��É·ÊÚ	Í*Ü�ÍAÇ�Ê Ù�Ê ÝlÐ'��É¿Ê����:�3/"Ý�ÐPÉ-��Í:Ë¼Ü�Ð	É·ÊÚ�ÙPÉ·ÊÐ	Ý�É·Ð�É���ÍP��É-��Ç���Ð'� �<Ð>���
��à Í8Ç ������Ë-��Ç�Ê Ý$�	Í:Ë�������É¿Í:Ü �¼ÙPË¿Ê��GÍ
�e�¯Ë·Ð'ÜsÉ���ÍD�"Ù	ËGÉ¿Ë·ÍAÍ<�54�Ð����¨É���Í:Ð	Ë-� �¯Ð'Ë¼É���Í�Ç�Ð'��Ì�à Í
�<Ð	Ý#Ç�Í:Ý$�¿Ù>É¿Í	Ó,É��#Ù>É Ê��¼Ù�Ì�ÊÝ�ÙPË-��Ü�Ê($�É���Ë¿ÍWÐ%��Æ«Ð7�GÍ:�ßÞ�ÊÝ$�GÉ·ÍAÊ ÝT�<Ð	Ý#Ç�Í:Ý$�¿Ù>É¿Í��ØÊ Ý�É4�«Ð�Ç�Ê��¹�
�¯Í:Ë¿Í:Ý,ÉZ�l�l�#ÍAË�#Ý�Í��GÉ¿Ù>É¿Í��AÓ��?��� � .!�Å�����l�GÉ·ÍAÜ&�'�	� Ö0�_Ê���ÙPà��GÐ�ÊÜV�#Ð'ËGÉ5ÙPÝ,ÉD�¯Ð'ËÂÊÝ�Ç��$�GÉ·Ë¿Ê ÙPà
Ù%�=��àÊ��:Ù>É¿Ê Ð'Ý$��Ê Ý6��Ì�Í:Ë��:Ð	Ü�ÜD��Ý�Ê��AÙ>É·ÊÐ	Ý��H������É¿Í:Ü � � �8Õ!�"Ù	Ý�Ç Ù	à à �ßÐ>��É·Ê��:Ù	à�� �¼Ê É-����ÊÝ=�
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Ç�Í:Ú�Ê��<Í�� � ��Ô��ß��4�Ð'ËDÊ ÜV��Ð	Ë·É¿Ù	Ý'É�ÙPÌ$�GÉ·Ë5Ù'�<ÉWË¿Í�����à É-�ÂÊ Ý ��Ð'Ì#Ð'à ÍAÚJ����Ù'�:Í��L�¼Ê É�� Ù'�=��àÊ��AÙ>�
É·ÊÐ	Ý$�%É·ÐH��ÙPË·É·Ê ÙPà�Ç�Ê���ÍAË·ÍAÝ'É¿ÊÙ	à#Í
�7��Ù>É¿Ê Ð'Ý$���«Í"Ë¿Í?�¯ÍAË�É¿ÐÂÉ-��Í*Í $=�<Í:ààÍ:Ý,ÉØÜ�Ð	Ý�Ð'�	Ë5Ù%�$�$�
Ìl�
 Ê àÌ�ÙPË-�¨ÙPÝ�Çl��Ë���Ç�Ê Ý=�'Í:Ë � �!�ÅÓ�ÙPÝ�Ç�Ìl�����'Í:Ë��:Ó��4�¿Ù'�WÙ	Ý�Ç�Û"Ù'�-�GÊ Ù'� � �)� �Å�

����Ë·Ð>�=�'��Ð'��É_É-��Ê��Z��Ù'�#ÍAËD�«Í Ù'�-� ��Ü�Í�É���ÙPÉ
a, b ∈ L∞

loc(R
N )

Ù	Ý�Ç�É���ÍAË·Í�Í%$�Ê���É
a , b > 0

� ����� É-��Ù>É
a(x) ≥ a

Ó
b(x) ≥ b

Ù�� Í'��Ê Ý
R

N Ó�ÙPÝ�Ç
esslim|x|→∞a(x) = esslim|x|→∞b(x) = +∞.

�_��Ë ÙPÊÜ Ê Ý É-��Ê�����Ù'�#ÍAË Ê��¨É·Ð���É-��Ç�� É���Í�Í%$�Ê��GÉ·ÍAÝ$�<Í�Ð%�P�GÐ'à���É·ÊÐ	Ý$��É¿Ð É-��Í�ÙPÌ�Ð>Ú	Í
��Ë·Ð'Ì�àÍ:ÜRÊÝWÉ���Í��:Ù>�GÍO����ÍAÝ

f, g
ÙPË¿Í
Ý�Ð	É��<Ð'Ý'É¿Ê Ýl��Ð>�$� ����Ý���É·ÊÐ	Ý��:�!�_��Ë��	Ð,ÙPà>Ê���É¿Ðq� ��ÐC�

��ÐC�gÚ>ÙPË¿ÊÙPÉ·ÊÐ	Ý�Ù	àrÜ�Í<É-��Ð�Ç=�L�:ÙPÝ�Ì#ÍH�$�·ÍAÇ�É·Ð	�#Ý�Ç�Í $�Ê��GÉ·Í:Ý��<Í�Ë·Í
� ��à É-�q�¯Ð	ËL�GÉ¿Ù>É¿Ê Ð'Ý�ÙPË-�
Ý�Ð	Ý$�·Ü�Ð�ÐPÉ��F������Ë-��Ç�ÊÝ=�	ÍAË�������É¿Í:Ü �A�
��ÍDÙ>������Ü�Í"É-��Ù>É

f(x, ·, ·), g(x, ·, ·) ∈ L∞
loc(R

2)
���*Í:Ý�ÐPÉ·Í'á

f(x, t1, t2) = lim
δ→0

essinf{f(x, s1, s2) ; |ti − si| ≤ δ ; i = 1, 2},

f(x, t1, t2) = lim
δ→0

esssup{f(x, s1, s2) ; |ti − si| ≤ δ ; i = 1, 2},

g(x, t1, t2) = lim
δ→0

essinf{g(x, s1, s2) ; |ti − si| ≤ δ ; i = 1, 2},

g(x, t1, t2) = lim
δ→0

esssup{g(x, s1, s2) ; |ti − si| ≤ δ ; i = 1, 2} .

 7Ý�Ç�ÍAË¼É���Í��·ÍL�:Ð	Ý�Ç�Ê É¿Ê Ð'Ý$���ØÍWË¿Í?�¯Ð'Ë·ÜZ��àÙPÉ·ÍL��Ë¿Ð	Ì�àÍ:Ü �'�	� Ö0�«Ù>�e�¯Ð	àà ÐC���Aá
{

−∆u1 + a(x)u1 ∈ [f(x, u1(x), u2(x)), f(x, u1(x), u2(x))]
Ù�� Í	�

x ∈ R
N

−∆u2 + b(x)u2 ∈ [g(x, u1(x), u2(x)), g(x, u1(x), u2(x))]
Ù�� Í'�

x ∈ R
N .��	� �1�

��Í/��Ð	ÊÝ,ÉrÐ'��É1É���ÙPÉ1É���Í��<Ð'Ë·Ë¿Í����#Ð'Ý�Ç�ÊÝ=� ÜD��à É·ÊÚ>ÙPà���ÍAÇWÍ
�7��Ù>É¿Ê Ð'Ý)�#Ù'�1Ì�Í:ÍAÝP�<Ð'Ý$�GÊ Ç�ÍAË·Í8Ç
Ì7�  Ù * *AÐ	à Ù�Ù	Ý�Ç Û7Ñ	Ç=��à Í
������ÊÝ ��� �ß�

�1Í<É
H1 = H(RN ,R2)

Ç�Í:Ý�Ð	É·Í�É-��Í���Ð'Ì#Ð'à ÍAÚ}����Ù>�<Í�Ð%�DÙ	à à
U = (u1, u2) ∈

(L2(RN ))2
�¼Ê É��}�«ÍAÙ%�pÇ�ÍAË·ÊÚ>Ù>É·ÊÚ	Í
� ∂u1

∂xj
,
∂u2

∂xj
(j = 1, . . . , N)

Ù	à��·Ð�ÊÝ
L2(RN )

Ó
Í:Ý�Ç�ÐC�«ÍAÇ]�¼Ê É��lÉ���Í;��� ��Ù	à�Ý�Ð	Ë¿Ü

‖U‖2
H1

=

∫

RN

(

|∇U |2 + |U |2
)

dx =

∫

RN

(

|∇u1|
2 + |∇u2|

2 + u2
1 + u2

2

)

dx .

 Ê Ú'Í:Ý�É���ÍL����Ý���É·ÊÐ	Ý��
a, b : R

N → R
Ù>�¼ÙPÌ�Ð>Ú	Í'Ó�Ç�Í%��Ý�ÍWÉ-��ÍP����Ì$����Ù'�:Í

E =
{

U = (u1, u2) ∈ H1 :

∫

RN

(

|∇u1|
2 + |∇u2|

2 + a(x)u2
1 + b(x)u2

2

)

dx < +∞
}

.

����Í:ÝlÉ���ÍP� ��Ù>�<Í
E

Í:Ý�Ç�ÐC�«ÍAÇ]�¼Ê É��lÉ���Í_Ý�Ð	Ë¿Ü

‖U‖2
E =

∫

RN

(

|∇u1|
2 + |∇u2|

2 + a(x)u2
1 + b(x)u2

2

)

dx
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Ì#Í
�<Ð	Ü�Í
��ÙJ�7Êà Ì�Í:Ë·É�� �#Ù'�<Í'����Ê Ý$�:Í

a(x) ≥ a > 0, b(x) ≥ b > 0
Ó �«Í��#Ù�Ú	Í�É-��Í

�<Ð	Ý,É¿Ê Ýl��Ð>�$� Í:Ü�Ì#Í8Ç�Ç�ÊÝ=�>�
H1 ↪→ Lq(RN ,R2)

�¯Ð	Ë7Ù	à à
2 ≤ q ≤ 2∗ = 2N/(N − 2).��ÍÂÙ>������Ü�ÍWÉ���Ë·Ð>�=�'��Ð>��É7É-��ÍP��Ù'�#ÍAË7É��#Ù>É

f, g : R
N × R

2 → R
Ù	Ë·Í_Ý�Ð'Ý,É·Ë¿Ê Ú�Ê ÙPà

Ü�Í8Ù'����Ë5ÙPÌ�àÍq����Ý$��É¿Ê Ð'Ý$���¿Ù>É·Ê�� ���,ÊÝ=��É���ÍL�¯Ð	àà ÐC�¼ÊÝ=�H�7�l��ÐPÉ-��Í��·Í��Aá
{

|f(x, t)| ≤ C(|t| + |t|p)
�¯Ð'Ë7Ù�� Í	�

(x, t) ∈ R
N × R

2

|g(x, t)| ≤ C(|t| + |t|p)
�¯Ð	Ë7Ù�� Í'�

(x, t) ∈ R
N × R

2 ,

��	� Ò)�

����Í:Ë¿Í
p < 2∗ �



















lim
δ→0

esssup

{

|f(x, t)|

|t|
; (x, t) ∈ R

N × (−δ,+δ)2
}

= 0

lim
δ→0

esssup

{

|g(x, t)|

|t|
; (x, t) ∈ R

N × (−δ,+δ)2
}

= 0;

��	� .0�

f
ÙPÝ#Ç

g
Ù	Ë·ÍL����Ð>�·Í:Ý��·Ð�É-��Ù>É¼É-��Í_Ü¨Ù%�=��Ê Ý=�

F : R
N × R

2 → R
Ç�Í%�#Ý�ÍAÇ�Ìl�

F (x, t1, t2) :=

∫ t1

0

f(x, τ, t2) dτ +

∫ t2

0

g(x, 0, τ) dτ

�·ÙPÉ·Ê��'��Í
�


















F (x, t1, t2) =

t2
∫

0

g(x, t1, τ) dτ +

t1
∫

0

f(x, τ, 0) dτ

ÙPÝ�Ç
F (x, t1, t2) = 0

Ê�� Ù	Ý�Ç Ð'Ý�à���ÊQ�
t1 = t2 = 0;

��	� � �

É���ÍAË·ÍWÍ%$�Ê���É��
µ > 2

� �$���lÉ-��Ù>É��¯Ð'Ë7ÙPÝl�
x ∈ R

N �«Í)�#Ù�Ú	Í
F (x, t1, t2) ≥ 0

Ù	Ý�Ç

µF (x, t1, t2) ≤



























t1f(x, t1, t2) + t2g(x, t1, t2); t1, t2 ∈ [0,+∞)

t1f(x, t1, t2) + t2g(x, t1, t2); t1 ∈ [0,+∞), t2 ∈ (−∞, 0]

t1f(x, t1, t2) + t2g(x, t1, t2); t1, t2 ∈ (−∞, 0]

t1f(x, t1, t2) + t2g(x, t1, t2); t1 ∈ (−∞, 0], t2 ∈ [0,+∞) .

��Ý É���Ê��P�#Ù%��Í:ËD�«Í�Í
��É5ÙPÌ�àÊ����pÉ���Í�Í%$�Ê���É¿Í:Ý$�:Í�Ð%���<Í:Ý,É·ÊË·Í��·Ð	à���É¿Ê Ð'Ý$����É¿Ð�É���Í]���l�GÉ·ÍAÜ
�'�	� �1�<Ó�É��#Ù>ÉÂÊ��:Ó��GÐ'à���É¿Ê Ð'Ý$�_Ç�Í ��Ý�ÍAÇpÐ'Ý�É���Í�����Ð	àÍ�� ��Ù>�<Í'�1����Í���Ë¿Í��:Ê��·Í�Ü�Í8ÙPÝ�ÊÝ=��Ð'�
É���Í_Ý�Ð	É·ÊÐ	ÝlÐ%���?�·Ð	à���É·ÊÐ	Ý��7Ê�����Ë¿Í��<Ê��·ÍAÇ�Ì#ÍAà ÐC�_�
���
	����������������#/ ����Ý$�<É·ÊÐ	Ý

U = (u1, u2) ∈ E
Ê����AÙPàà Í8Ç]�·Ð	à���É·ÊÐ	Ý É·Ð�É���ÍL��Ë¿Ð	Ì�à ÍAÜ

�'�	� �1�ØÊ���É-��Í:Ë¿Í_Í%$�Ê���É��¼ÙZ����Ý$��É¿Ê Ð'Ý
W = (w1, w2) ∈ L2(RN ,R2)

� �$����É��#Ù>É
(i) f(x, u1(x), u2(x)) ≤ w1(x) ≤ f(x, u1(x), u2(x))

Ù�� Í'�
x

ÊÝ
R

N �

g(x, u1(x), u2(x)) ≤ w2(x) ≤ g(x, u1(x), u2(x))
Ù�� Í	�

x
ÊÝ

R
N �
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(ii)

∫

RN

(∇u1∇v1 + ∇u2∇v2 + a(x)u1v1 + b(x)u2v2) dx =

∫

RN

(w1v1 + w2v2) dx
Ó

�¯Ð	Ë7ÙPàà
(v1, v2) ∈ E

�
�_��Ë¼Ü¨ÙPÊÝ�Ë¿Í�����à É7Ê��«É-��ÍL�¯Ð	àà ÐC�¼ÊÝ=�#�
�������  ���
	 &�� ³5³�»�§�¢*¦¯®�¤>¦�±5ª>© �>°¹¦ß°²ª>©�³ ��	� Ò)�� �'�'� �1�*¤P¥·¢
¬5»�Ã �%Ã¹Ã ¢ �)� ��®�¢<©�£�¥·ª��:Ã ¢:§
�'�	� �1�*®�¤�³�¤P¦ØÃ¢¿¤>³�¦«¤¨©�ª>©#¦U¥�°��8°²¤>Ãr³<ªPÃK»�¦ß°²ª>©�°¹©

E.

��g�� o���r � r s�k�� {}w�~7o_��j=~

��Í ��Ë��GÉ Ë¿Í��AÙPàà8�GÐ'Ü�ÍWÌ�Ù>�GÊ��*Ý�ÐPÉ¿Ê Ð'Ý$�e�¯Ë·Ð'ÜnÉ���ÍD×Øà ÙPË-�	Í)�	Ë5Ù	Ç�Ê ÍAÝ'É«É���Í:Ð	Ë-� �¯Ð'Ë«àÐ��:Ù	à à��
�1Ê��$������Ê É+*�����Ý���É·ÊÐ	Ý#ÙPà�� � �GÍAÍ � ��ÓPÒ��l�¯Ð'Ë Ü�Ð'Ë·Í«Ç�Í<É5ÙPÊà�� ���>�1Í:É

E
Ì#Í¼Ù*Ë·Í8ÙPà�Æ ÙPÝ�Ù>���P� ��Ù>�<Í

ÙPÝ�Ç�Ù'�-� ��Ü�Í*É���ÙPÉ
I : E → R

Ê��¼ÙÂàÐ��:Ù	à à��¨�1Ê��$������Ê É+*_����Ý$��É¿Ê Ð'Ý�ÙPàß������Í:Ý É���ÍÂ×Øà ÙPË-�	Í
�	Í:Ý�Í:Ë5ÙPàÊ(*AÍAÇ��'Ë¿Ù'Ç�ÊÍ:Ý,É«Ê��7Ç�Í ��Ý�Í8Ç�Ìl�

∂I(u) =
{

ξ ∈ E∗; I0(u, v) ≥ 〈ξ, v〉 ,
�¯Ð	Ë7Ù	à à

v ∈ E
}

,

����Í:Ë¿Í
I0(u, v)

�GÉ¿Ù	Ý�Ç=���¯Ð	Ë7É-��Í�Ç�Ê Ë¿Í��<É·ÊÐ	Ý�Ù	à�Ç�ÍAË·ÊÚ>Ù>É·ÊÚ	ÍÂÐ%�
I

Ù>É
u

Ê Ý�É���Í�Ç�Ê Ë¿Í��<É·ÊÐ	Ý
v

Ó�É-��Ù>É7Ê��AÓ
I0(u, v) = lim sup

w→u, λ↘0

I(w + λv) − I(w)

λ
.

�1Í<É
Ω

Ì#ÍDÙ	ÝlÙ	Ë·Ì�Ê É·Ë5ÙPË-�¨Ç�Ð	Ü¨Ù	Ê Ý ÊÝ
R

N ����Í:É

EΩ =
{

U = (u1, u2) ∈ H1(Ω; R2) :
∫

Ω

(

|∇u1|
2 + |∇u2|

2 + a(x)u2
1 + b(x)u2

2

)

dx < +∞
}

����Ê���� Ê�� Í:Ý�Ç�ÐC�ØÍ8Ç��¼Ê É��lÉ���Í_Ý�Ð	Ë¿Ü

‖U‖2
EΩ

=

∫

Ω

(

|∇u1|
2 + |∇u2|

2 + a(x)u2
1 + b(x)u2

2

)

dx .

����Í:Ý
EΩ

Ì�Í��:Ð	Ü�Í��¼ÙV�"Ê àÌ#ÍAËGÉq����Ù>�<Í	�
� ����� ! 	 & ��®�¢�¬5»�©�±<¦ß°²ª>©�¤>Ã

ΨΩ : EΩ → R
´
ΨΩ(U) =

∫

Ω

F (x, U) dx
° ³�Ã ªA±5¤PÃ¹Ã 	

� ° £#³:±5®�°¹¦¯½�ª>©
EΩ
�

�«¥·ª8ª�¬%� ��Í ��Ë-�GÉ¼Ð	Ì$�·Í:Ë¿Ú	Í*É��#Ù>É

F (x, U) = F (x, u1, u2) =

u1
∫

0

f(x, τ, u2) dτ +

u2
∫

0

g(x, 0, τ) dτ

=

u2
∫

0

g(x, u1, τ) dτ +

u1
∫

0

f(x, τ, 0) dτ



ÔPÖ � ���������1¡D°¹©#»
Ê���Ù ×«ÙPË5Ù>É����:Ð�Ç�Ð	Ë-� ����Ý$��É¿Ê Ð'Ý�ÙPà�����Ê���� Ê���à Ð��:Ù	à à�� �1Ê��$�-����Ê É+*]�¼Ê É�� Ë¿Í����#Í
��ÉÂÉ¿Ð�É-��Í
�GÍ
�<Ð	Ý#Ç Ú>ÙPË¿Ê ÙPÌ�àÍ	����Ý�Ç�ÍAÍAÇ�Ó�Ì7���'�'� Ò0�

∣

∣

∣
F (x, t1, t) − F (x, s1, t)

∣

∣

∣
=

∣

∣

∣

t1
∫

s1

f(x, τ, t) dτ
∣

∣

∣
≤

∣

∣

∣

t1
∫

s1

C(|τ, t| + |τ, t|p) dτ
∣

∣

∣

≤ k(t1, s1, t) |t1 − s1| .

��Ê Ü�ÊàÙ	Ë·à��
|F (x, t, t2) − F (x, t, s2)| ≤ k(t2, s2, t)|t2 − s2| .����Í:Ë¿Í?�¯Ð'Ë·Í'Ó

∣

∣

∣
F (x, t1, t2) − F (x, s1, s2)

∣

∣

∣
≤

∣

∣

∣
F (x, t1, t2) − F (x, s1, t2)

∣

∣

∣

+
∣

∣

∣
F (x, t1, s2) − F (x, s1, s2)

∣

∣

∣
≤ k(V ) |(t2, s2) − (t1, s1)|,

����Í:Ë¿Í
V

Ê��¼Ù�Ý�ÍAÊ��>�,Ì�Ð'��Ë���Ð�Ð�Ç�Ð%�
(t1, t2), (s1, s2)

�c��Í<É

χ1(x) = max{u1(x), v1(x)}, χ2(x) = max{u2(x), v2(x)}
�¯Ð	Ë7ÙPàà

x ∈ Ω .

�ÅÉ"Ê��7Ð	Ì�Ú�Ê Ð>�$�«É���ÙPÉ"Ê��
U = (u1, u2), V = (v1, v2)

Ì#ÍAà Ð'Ý=��É·Ð
EΩ

Ó�É���ÍAÝ
(χ1, χ2) ∈

EΩ
�"��Ð�Ó:Ì7�)���'àÇ�ÍAË�� ��ÊÝ�Í��7��Ù	à Ê É4�"Ù	Ý�Ç�É���Í/�:Ð	Ý,É·ÊÝl��Ð'����Í:Ü�Ì#Í8Ç�Ç�ÊÝ=�

EΩ ⊂ Lp(Ω; R2)
Ó

|ΨΩ(U) − ΨΩ(V )| ≤ C
(

‖χ1, χ2‖EΩ

)

‖U − V ‖EΩ
,

����Ê����F�:Ð	Ý$�:à���Ç�Í��ØÉ���Í;��Ë·Ð�Ð%���
�

����Í)�¯Ð	àà ÐC�¼ÊÝ=��Ë·Í
� ��à É¼Ê��¼ÙV�	Í:Ý�Í:Ë5ÙPàÊ(*8Ù>É·ÊÐ	Ý Ð%�
�1Í:Ü�Ü¨Ù,.�Ê Ý � � �!�Å�
� ����� !���& ��¢<¦

Ω
�¿¢_¤P©�¤>¥ �:°¹¦U¥¿¤>¥ 	 �	ªP§�¤P°¹©�°¹©

R
N ¤>© ��Ã ¢<¦

f : Ω×R
2 → R

�5¢D¤
º"ªP¥·¢<Ã8¬5»�©�±:¦U°²ªP©�³�»�±5®�¦¹®�¤>¦

f(x, .) ∈ L∞
loc(R

2)
� ��®�¢<©

f
¤>©
�

f
¤>¥·¢ º"ªP¥·¢:ÃA¬5»�©�±:¦ß°²ª>©�³ �

�«¥·ª8ª�¬%�z��ÊÝ$�<ÍWÉ-��Í_Ë¿Í��7��ÊË·ÍAÜ�ÍAÝ,É Ê��¼àÐ��:ÙPà��ØÍWÜ¨Ù"�]���=�=��Ð>�·ÍWÉ���ÙPÉ
f

Ê��¼Ì�Ð'��Ý#Ç�ÍAÇlÌl�
M

ÙPÝ#Ç�Ê É7Ê�� Ý�Ð	Ý�Ý�Í��'ÙPÉ·ÊÚ	Í'���*Í:Ý�ÐPÉ·Í_Ìl�

fm,n(x, t1, t2) =
(

t1+ 1
n

∫

t1−
1
n

t2+
1
n

∫

t2−
1
n

∣

∣

∣
f(x, s1, s2)

∣

∣

∣

m

ds1ds2

)
1
m

.

��Ê Ý��<Í
f(x, t1, t2) = lim

δ→0
esssup{f(x, s1, s2) ; |ti − si| ≤ δ ; i = 1, 2}

�«Í�Ç�Í8Ç��$�:Í
É���ÙPÉ��¯Ð	Ë7ÍAÚ	Í:Ë-�

ε > 0
Ó�É���ÍAË·Í_Í $�Ê��GÉ-�

n ∈ N
∗ ���$���lÉ��#Ù>É��¯Ð	Ë

|ti − si| <
1
n (i = 1, 2)�ØÍL��Ù�Ú'Í

|esssupf(x, s1, s2) − f(x, t1, t2)| < ε
Ð	Ë8Ó�Í��7��ÊÚ>ÙPàÍ:Ý,É·à��	Ó

f(x, t1, t2) − ε < esssupf(x, s1, s2) < f(x, t1, t2) + ε .
�ßÔ������

Æ���É���ÍP�·Í��:Ð	Ý�Ç�Ê Ý�Í��7��ÙPàÊ É4��Ê Ý �ßÔ��������ØÍ_Ð'Ì�É¿Ù	Ê Ý
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f(x, s1, s2) ≤ f(x, t1, t2) + ε
Ù�� Í'�

x ∈ Ω
�¯Ð'Ë

|ti − si| <
1

n
(i = 1, 2)

����Ê�������ÊÍ:à Ç=�

fm,n(x, t1, t2) ≤
(

f(x, t1, t2) + ε
)(

√

4/n2
)

1
m

.
�ßÔ�� Ô)�

�1Í<É

A =
{

(s1, s2) ∈ R
2 ; |ti − si| <

1

n
(i = 1, 2) ; f(x, t1, t2) − ε ≤ f(x, s1, s2)

}

.

Æ�� É-��Í ��Ë���ÉWÊ Ý�Í��7��ÙPàÊ É4��Ê Ý �UÔ��(���"Ù	Ý�Ç�É-��Í�Ç�Í%��Ý�Ê É¿Ê Ð'Ý�Ð'�%É���Í�Í
���·Í:Ý,É¿ÊÙ	à ���=��Ë¿Í:ÜZ��Ü
�ØÍWÐ	Ì�É¿ÙPÊÝ�É���ÙPÉ

|A| > 0
Ù	Ý�Ç

fm,n ≤
(

∫ ∫

A

(f(x, s1, s2))
m ds1 ds2

)
1
m

≥
(

f(x, s1, s2) − ε
) ∣

∣A
∣

∣

1/m
.
�ßÔ�� Ö0�

��Ê Ý��<Í	�UÔ�� Ô0�«ÙPÝ�Ç��UÔ�� Ö1�«Ê ÜV��à��
f(x, t1, t2) = lim

n→∞
lim

m→∞
fm,n(x, t1, t2) ,

Ê Éq���#"��<Í
�«É·Ð ��Ë¿Ð>Ú	Í*É���ÙPÉ
fm,n

Ê��¼Æ«Ð	Ë¿Í:àß���rÍ<É

M =
{

f : Ω × R
2 → R; |f | ≤M

Ù	Ý�Ç
f

Ê��7Ù�ÆØÐ'Ë·ÍAàc����Ý$��É¿Ê Ð'Ý }

,

N =
{

f ∈ M; fm,n
Ê��7Ù�Æ«Ð	Ë¿Í:à ����Ý$��É¿Ê Ð'Ý }

.

×���� � Ô�Ó��1�(� � � �ßÓ
M

Ê��«É���Í;�·Ü¨ÙPàà Í
��É��GÍ:É¼Ð%������Ý$��É¿Ê Ð'Ý$����Ù�Ú�Ê Ý$�DÉ���Í_�¯Ð'à àÐC�¼ÊÝ=�Z��Ë·Ð>�#ÍAËG�
É·ÊÍ��Aá
(i)

{

f ∈ C(Ω × R
2; R); |f | ≤M

}

⊂ M �

(ii) f (k) ∈ M
Ù	Ý�Ç

f (k) k
→ f

ÊÜV��à��
f ∈ M

�
��Ê Ý��<Í

N
Ð	Ì�Ú�ÊÐ'�$�·à�� �<Ð'Ý,É¿ÙPÊÝ$� É���Í �<Ð'Ý,É·ÊÝ7��Ð'�$������Ý$�<É·ÊÐ	Ý$� ÙPÝ#Ç

(ii)
Ê�� ÙPà��GÐ É·Ë-��Í

�¯Ð	Ë
N

É���ÍAÝ1Ó�Ìl��É-��ÍW�1Í:Ì�Í����'��Í*Ç�Ð'Ü�ÊÝ�ÙPÉ·ÍAÇ��<Ð	Ý�Ú'Í:Ë-�	Í:Ý��<Í É���Í:Ð	Ë¿Í:Ü Ó7�ØÍ*Ð	Ì�É5ÙPÊÝ¨É��#Ù>É
M = N

��4�Ð	Ë
f
�ØÍØÝ�ÐPÉ¿Í�É��#Ù>É

f = −(−f)
ÙPÝ�Ç_É���Íe��Ë¿Ð,Ð'��Ð%�#�rÍ:Ü�Ü¨Ù*Ô¼Ê�� �<Ð	ÜV��àÍ<É¿Í	�

�

�1Í<Ée�$�ØÝ�ÐC� Ù'�-� ��Ü�Í¼É-��Ù>É
Ω ⊂ R

N Ê��«ÙDÌ�Ð'��Ý�Ç�ÍAÇ�Ç�Ð'Ü¨ÙPÊÝ1�,Æe��É���ÍL�<Ð'Ý,É·ÊÝ7��Ð'�$�
Í:ÜÂÌ�ÍAÇ�Ç�Ê Ý$�

Lp+1(Ω; R
2) ↪→ L2(Ω; R2)

ÓO�«Í Ü¨Ù"� Ç�Í ��Ý�Í�É���Í àÐl�AÙPàà�� �rÊ��$�-����Ê É-*
����Ý$��É¿Ê Ð'Ý�ÙPà

ΨΩ : Lp+1(Ω; R2) → R
Ìl�

ΨΩ(U) =

∫

Ω

F (x, U) dx
�

� ����� !���&�� ©
�	¢:¥W¦¹®�¢�¤ �5ª �>¢�¤>³5³5»�§"£�¦ß°²ª>©�³�¬<ª>¥Â¤>© 	
U ∈ Lp+1(Ω; R2) �

¢W®�¤ ��¢
∂ΨΩ(U)(x) ⊂ [f(x, U(x)), f (x, U(x))] × [g(x, U(x)), g(x, U(x))]

¤0�¹¢��
x ∈ Ω,

°¹©�¦¯®�¢D³<¢:©�³:¢D¦¹®�¤>¦«° ¬
W = (w1, w2) ∈ ∂ΨΩ(U) ⊂ Lp+1(Ω; R2)

¦¯®�¢:©
f(x, U(x)) ≤ w1(x) ≤ f(x, U(x))

¤)�¹¢��
x

°¹©
Ω

�UÔ�� � �

g(x, U(x)) ≤ w2(x) ≤ g(x, U(x))
¤0�¹¢��

x
°¹©
Ω .

�UÔ�� Ò0�



ÔPÖ). ���������1¡D°¹©#»
�«¥·ª8ª�¬%��Æe�¨É���ÍDÇ�Í%��Ý�Ê É¿Ê Ð'ÝlÐ'�rÉ-��Í�×ØàÙ	Ë��'Í_�'Ë¿Ù'Ç�ÊÍ:Ý,É��ØÍL��Ù�Ú'Í

∫

Ω

(

w1v1 + w2v2
)

dx ≤ Ψ0
Ω

(

U, V
) �¯Ð	Ë7Ù	à à

V =
(

v1, v2
)

∈ Lp+1
(

Ω; R2
)

.

×���Ð�Ð>�·Í
V = (v, 0)

� �$���lÉ-��Ù>É
v ∈ Lp+1(Ω)

Ó
v ≥ 0

Ù�� Í	��ÊÝ
Ω

�#���l�$�AÓ�Ìl�l�rÍ:Ü�Ü¨Ù
Ô�Ó

∫

Ω

w1v dx ≤ lim sup
(h1,h2)→U, λ↘0

∫

Ω

( h1(x)+λv(x)
∫

h1(x)

f
(

x, τ, h2(x)
)

dτ
)

dx

λ

≤

∫

Ω

(

lim sup
(h1,h2)→U, λ↘0

1

λ

h1(x)+λv(x)
∫

h1(x)

f
(

x, τ, h2(x)
)

dτ
)

dx

≤

∫

Ω

f(x, u1(x), u2(x))v(x) dx .

�ßÔ�� .0�

/7Ý�Ù	à Ð>�	Ð'���Gà�� �ØÍWÐ'Ì�É¿Ù	Ê Ý
∫

Ω

f(x, u1(x), u2(x))v(x) dx ≤

∫

Ω

w1v dx
�¯Ð	Ë7Ù	à à

v ≥ 0
ÊÝ
Ω.

�UÔ�� � �

/7Ë-�'��ÊÝ=� Ìl�}�:Ð	Ý,É·Ë5Ù	Ç�Ê��<É·ÊÐ	Ý1Ó����=�=��Ð>�·Í�É-��Ù>É��UÔ�� �1�¨Ê����²ÙPà��GÍ'�Ø����ÍAÝ É���Í:Ë¿Í�Í%$�Ê���É
ε > 0

Ó�ÙV�GÍ:É
A ⊂ Ω

�¼Ê É-�
|A| > 0

Ù	Ý�Ç
w1

Ù'�¼Ù	Ì#Ð>Ú'Í)���$���lÉ��#Ù>É

w1(x) > f(x, U(x)) + ε
ÊÝ
A .

�UÔ�� �0�
��Ù'�,ÊÝ=�

v = 1A
Ê Ý �UÔ�� .1���ØÍWÐ	Ì�É¿ÙPÊÝ

∫

Ω

w1v dx =

∫

A

w1 dx ≤

∫

A

f(x, U(x)) dx ,

����Ê���� �:Ð	Ý,É·Ë5Ù	Ç�Ê��<É-� �ßÔ�� �0������Ë¿Ðl�:Í:Í8Ç�Ê Ý$� Ê Ý É-��ÍJ�¿ÙPÜ�ÍF� Ù"� �«Í�Ð	Ì�É¿ÙPÊÝ É���ÍJ�<Ð'Ë·Ë¿Í<�
� ��Ð	Ý�Ç�Ê Ý=��Ë¿Í�����à É��¯Ð	Ë

g
ÊÝ��ßÔ�� Ò)�<�

�

Æ�� �1ÍAÜ�Ü�Ù Ö�Ó��1Í:Ü�Ü¨Ù Ô��(�RÊ Ýi×��#ÙPÝ=� � Ö!��ÙPÝ#Ç�É���Í�Í:Ü�Ì#Í8Ç�Ç�ÊÝ=�
EΩ ↪→

Lp+1(Ω,R2)
�¯Ð'Ë

ΨΩ : EΩ → R
Ó
ΨΩ(U) =

∫

Ω

F (x, U) dx
�ØÍL��Ù�Ú'Í

∂ΨΩ(U)(x) ⊂ [f(x, U(x)), f (x, U(x))] × [g(x, U(x)), g(x, U(x))]
Ù�� Í'�

x ∈ Ω .

�1Í<É
V ∈ EΩ

������ÍAÝ
Ṽ ∈ E

Ó=����ÍAË·Í
Ṽ : R

N → R
2 Ê��7Ç�Í%�#Ý�ÍAÇ�Ìl�

Ṽ =

{

V (x), x
Ê Ý
Ω,

0,
ÐPÉ-��Í:Ë-�¼Ê��·Í

.
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	�³�¦Å¢:§Â³ ÔPÖ �
4�Ð	Ë

W ∈E∗ �«Í��<Ð	Ý��GÊ Ç�Í:Ë
WΩ ∈E∗

Ω

���$����É��#Ù>É
〈WΩ , V 〉 = 〈W, Ṽ 〉

�¯Ð	ËØÙPàà
V ∈EΩ

�
��Í<É

Ψ : E → R
Ó
Ψ(U) =

∫

RN

F (x, U) dx
�

� ����� !���& ��¢<¦
W ∈ ∂Ψ(U)

´
�

®�¢<¥·¢
U ∈ E

����®�¢:©
WΩ ∈ ∂ΨΩ(U)

´ °¹©�¦¯®�¢*³:¢:©�³:¢
¦¹®�¤>¦

WΩ ∈ ∂ΨΩ(U |Ω)
�

�«¥·ª8ª�¬%��Æe�pÉ���Í�Ç�Í%��Ý�Ê É·ÊÐ	Ý Ð%�*É���Í�×Øà ÙPË-�	Í]�	Ë5Ù	Ç�ÊÍ:Ý,ÉV�ØÍ�Ç�Í8Ç��$�<ÍlÉ-��Ù>É
〈W, Ṽ 〉 ≤

Ψ0(U, Ṽ )
�¯Ð	Ë7ÙPàà

V
ÊÝ
EΩ

Ψ0(U, Ṽ ) = lim sup
H→U, H∈E

λ→0

Ψ(H + λṼ ) − Ψ(H)

λ

= lim sup
H→U, H∈E

λ→0

∫

RN

(F (x,H + λṼ ) − F (x,H)) dx

λ

= lim sup
H→U, H∈E

λ→0

∫

Ω

(F (x,H + λṼ ) − F (x,H))dx

λ

= lim sup
H→U, H∈EΩ

λ→0

∫

Ω

(F (x,H + λṼ ) − F (x,H))dx

λ
= Ψ0

Ω(U, V ).

�7Í:Ý��<Í
〈WΩ , V 〉 ≤ Ψ0

Ω(U, V )
����Ê����lÊ ÜV��àÊ Í
�

WΩ ∈ ∂Ψ0
Ω(U)

�
�

Æ����1Í:Ü�Ü¨Ù'�_Ö Ù	Ý�Ç �T�«Í�Ð	Ì�É5ÙPÊÝ�É-��Ù>É;�¯Ð'ËDÙPÝl�
W ∈ ∂Ψ(U)

���¼Ê É��
U ∈ E

��Ó
WΩ

�¿Ù>É¿Ê����Í
� �UÔ�� �1�«Ù	Ý�Ç��UÔ�� Ò)�<�#��ÍDÙ	à��·Ð�Ð	Ì$�·Í:Ë¿Ú	Í*É���ÙPÉ��¯Ð	Ë
Ω1, Ω2 ⊂ R

N �«ÍL��Ù�Ú	Í
WΩ1

|Ω1∩Ω2
= WΩ2

|Ω1∩Ω2
.

�1Í<É
W0 : R

N → R
Ó=����Í:Ë¿Í

W0(x) = WΩ(x)
ÊQ�
x ∈ Ω

�#����Í:Ý
W0

Ê����«Í:ààrÇ�Í%�#Ý�ÍAÇ
ÙPÝ�Ç
W0(x) ∈ [f(x, U(x)), f (x, U(x))] × [g(x, U(x)), g(x, U(x))]

Ù�� Í	�
x ∈ R

N

ÙPÝ�Ç�Ó"�¯Ð'Ë
ÙPàà
ϕ ∈ C∞

c (RN ,R2)
Ó
〈W,ϕ〉 =

∫

RN

W0ϕdx
�	Æe�DÇ�ÍAÝ$�GÊ É4�DÐ'�

C∞
c (RN ,R2)

Ê Ý
E
�ØÍ_Ç�Í8Ç��$�:Í*É-��Ù>É

〈W,V 〉 =

∫

RN

W0V dx
�¯Ð	Ë7Ù	à à

V
ÊÝ
E

�$�"Í:Ý$�:Í

W (x)=W0(x)∈ [f (x, U(x)), f (x, U(x))]×[g(x, U(x)), g(x, U(x))]
Ù�� Í'�

x ∈ R
N .�ßÔ�� � �

��g��Jk=m�m���m����Jvqw�m/k=w
	 f

�"Í ��Ý�ÍWÉ���Í_Í:Ý�ÍAË��>�V����Ý$��É¿Ê Ð'Ý�ÙPà
I : E → R



ÔPÖ)� ���������1¡D°¹©#»

I(U) =
1

2

∫

RN

(

|∇u1|
2 + |∇u2|

2 + a(x)u2
1 + b(x)u2

2

)

dx

−

∫

RN

F (x, U) dx =
1

2
‖U‖2

E − Ψ(U) .
�UÖ������

����Í�Í%$�Ê���É¿Í:Ý$�:Í%Ð'�$�GÐ'à���É¿Ê Ð'Ý$��É¿Ðq��Ë¿Ð	Ì�à ÍAÜ ��	� �1� �¼Êà à,Ì�Í��4�$�GÉ·Ê(��Í8Ç_Ìl�WÙ7Ý�Ð	Ý$�·Ü�Ð�ÐPÉ��
Ú�Ù	Ë·Ê ÙPÝ,É�Ð%�"É-��Í ��Ð'��Ý,É5ÙPÊÝ�� �
Ù>��������Í:Ð'Ë·ÍAÜ&� �·Í:Í�×���ÙPÝ$� � Ö!�7ÙPÝ�Ç Û7Ñ	Ç=��à Í
����� � � � � �
Ù%�=��àÊÍAÇ É¿Ð�É-��ÍT����Ý$�<É·ÊÐ	Ý�Ù	à

I
Ó Í:Ú'Í:Ý Ê��"É-��Í

PS
�<Ð'Ý�Ç�Ê É·ÊÐ	Ý Ê���Ý�ÐPÉH����à(��àà Í8Ç�����Ð'Ë·Í

��Ë·Í
�<Ê��GÍAà��'Ó��ØÍ;����Í
���¨É���ÍL�¯Ð	àà ÐC�¼ÊÝ=�H�	Í:Ð'Ü�Í<É·Ë¿Ê��q�l�l�#Ð	É���Í
�GÍ
�:á

I(0) = 0
Ù	Ý�Ç É���ÍAË·Í_Í $�Ê��GÉ-�

V ∈ E
���$���lÉ���ÙPÉ

I(V ) ≤ 0;
�UÖ�� Ô)�

����ÍAË·ÍWÍ%$�Ê���É
β, ρ > 0

���$����É���ÙPÉ
I ≥ β

Ð'Ý
{U ∈ E; ‖U‖E = ρ}.

�UÖ�� Ö0�

��& 	 &�� �  �����#'!=��� �
	 �
�� ��& �
�
�ÅÉÂÊ��ÂÐ	Ì�Ú�Ê Ð>�$��É��#Ù>É

I(0) = 0
� 4�Ð	ËÂÉ���Í]�GÍ
�<Ð	Ý#Ç�Ù>���·Í:Ë·É·ÊÐ	Ý��«Í�Ý�Í:Í8Ç�É���Í��¯Ð	àà ÐC�¼ÊÝ=�

à ÍAÜ�Ü¨Ù��
� ����� !���& ��®�¢:¥·¢�¢��'° ³�¦«¦

�
ª*£�ª�³�°¹¦ß°���¢¨±5ªP©�³�¦Å¤P©�¦U³

C1
¤>©
�

C2
³�»�±¿®�¦¹®�¤>¦

f(x, s, 0) ≥ C1s
µ−1 − C2

¬<ª>¥Â¤0�¹¢��
x ∈ R

N , s ∈ [0,+∞).

�«¥·ª8ª�¬%� ��Í ��Ë-�GÉ¼Ð	Ì$�·Í:Ë¿Ú	Í*É��#Ù>É �'�'� �1�ØÊ ÜV��àÊ Í
�

0 ≤ µF (x, s, 0) ≤

{

sf(x, s, 0) s ∈ [0,+∞),

sf(x, s, 0) s ∈ (−∞, 0] ,

����Ê�������à Ù'�:Í��e�$�¼ÊÝlÉ���ÍP�:Ð	Ý�Ç�Ê É¿Ê Ð'Ý$� Ð%� �1Í:Ü�Ü¨Ù¨Ò�Ê Ý � � �!�Å�
�

×���Ð�Ð>�·Í
v ∈ C∞

c (RN ) \ {0}
�GÐ�É��#Ù>É

v ≥ 0
ÊÝ

R
N �3��Í;��Ù�Ú	Í

∫

RN

|∇v|2 + a(x)v2 <∞,

��Í:Ý$�:Í
t(v, 0) ∈ E

�¯Ð	Ë7ÙPàà
t ∈ R

�����l�$�¼Ìl� �rÍ:Ü�Ü¨Ù¨ÒD�«Í_Ð	Ì�É¿ÙPÊÝ

I(t(v, 0)) =
t2

2

∫

RN

|∇v|2 + a(x)v2 dx−

∫

RN

tv
∫

0

f(x, τ, 0) dτ

≤
t2

2

∫

RN

|∇v|2 + a(x)v2 dx−

∫

RN

tv
∫

0

(C1τ
µ−1 − C2) dτ

=
t2

2

∫

RN

|∇v|2 + a(x)v2 dx+ C2t

∫

RN

v dx− C ′
1t

µ

∫

RN

vµ dx < 0

�¯Ð	Ë
t > 0

àÙ	Ë��'Í*ÍAÝ�Ð'�$�'�1�
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	�³�¦Å¢:§Â³ ÔPÖ �
��& �8& � �  � � #>!���� � 	 �
� � ��& � �
��ÍDÐ'Ì$�·Í:Ë¿Ú	Í�É���ÙPÉ �'�'� .1��Ó ��	� � � Ù	Ý�Ç �'�'� �1�«Ê ÜV��à�� É-��Ù>É8Ó=�¯Ð'Ë"ÙPÝl�

ε > 0
Ó�É-��Í:Ë¿Í_Í%$�Ê���É��

ÙH�:Ð	Ý$�GÉ¿Ù	Ý,É
Aε > 0

� ����� É-��Ù>É
|f(x, s)| ≤ ε|s| +Aε|s|

p,

|g(x, s)| ≤ ε|s| +Aε|s|
p,

�¯Ð	Ë7Ù�� Í'�
(x, s) ∈ R

N × R
2 .

�UÖ�� �1�

Æ�� �²Ö�� �1� Ù	Ý�Ç���Ð	Ì�Ð	àÍ:Ú � � Í:ÜÂÌ�ÍAÇ�Ç�Ê Ý$��É-��Í:Ð'Ë·ÍAÜ �«Í;��Ù�Ú	Í'Ó>�¯Ð'Ë7ÙPÝl�
U ∈ E

Ó

|Ψ(U)| = |Ψ(u1, u2)| ≤

∫

RN

|u1|
∫

0

|f(x, τ, u2)| dτdx +

∫

RN

u2
∫

0

|g(x, 0, τ)| dτdx

≤

∫

RN

(

ε

2
|(u1, u2)|

2 +
Aε

p+ 1
|(u1, u2|

p+1

)

dx+

∫

RN

(

ε

2
|u2|

2 +
Aε

p+ 1
|u2|

p+1

)

dx

≤ ε‖U‖2
L2 +

2Aε

p+ 1
‖U‖p+1

Lp+1 ≤ εC3‖U‖2
E + C4‖U‖p+1

E ,

����Í:Ë¿Í
ε

Ê��"ÙPË¿Ì�Ê É¿Ë¿Ù	Ë��¨Ù	Ý�Ç
C4 = C4(ε)

�����l�$�

I(U) =
1

2
‖U‖2

E − Ψ(U) ≥
1

2
‖U‖2

E − εC3‖U‖2
E − C4‖U‖p+1

E ≥ β > 0 ,

�¯Ð	Ë
‖U‖E = ρ

Ó��¼Ê É-�
ρ, ε

ÙPÝ#Ç
β
���#"��<ÊÍ:Ý,É·à����·Ü¨ÙPàà8�#Ð7�GÊ É·ÊÚ	Í;�<Ð'Ý$�GÉ¿ÙPÝ,É��:���*Í:Ý�Ð	É·Í

P =
{

γ ∈ C([0, 1], E); γ(0) = 0, γ(1) 6= 0
Ù	Ý�Ç

I(γ(1)) ≤ 0
}

ÙPÝ�Ç
c = inf

γ∈P
max
t∈[0,1]

I(γ(t)) .

��Í<É
λI (U) = min

ξ∈∂I(U)
‖ξ‖E∗ .

���7���:Ó>Ìl�_É-��Í¼Ý�Ð	Ý��GÜ�Ð�ÐPÉ-�ÂÚ	ÍAË-�·ÊÐ	ÝÂÐ'��É-��Í ��Ð'��Ý'É5ÙPÊÝZ�
Ù>��� �1ÍAÜ�Ü�Ù � Ö!�ÅÓ�É���ÍAË·Í Í $�Ê��GÉ-�
ÙH�·Í��7��ÍAÝ$�<Í

{UM} ⊂ E
� �$����É��#Ù>É

I(Um) → c
Ù	Ý�Ç

λI(Um) → 0 .
�UÖ�� Ò)�

��Ð�Ó�É-��Í:Ë¿Í_Í%$�Ê���É��¼ÙH�·Í��7��ÍAÝ$�<Í
{Wm} ⊂ ∂Ψ(Um); Wm = (w1

m, w
2
m)

���$��� É-��Ù>É
(−∆u1

m + a(x)u1
m − w1

m,−∆u
2
m + a(x)u2

m − w2
m) → 0

ÊÝ
E∗ .

�UÖ�� .0�
�7ÐPÉ¿ÍWÉ���ÙPÉAÓ�Ìl� ��	� �0�<Ó

Ψ(U) ≤
1

µ

(

∫

u1≥0

u1(x)f(x, U) dx+

∫

u1≤0

u1(x)f(x, U)dx+

∫

u2≥0

u1(x)g(x, U) dx

+

∫

u2≤0

u2(x)g(x, U) dx
)

.



Ô �'Õ ���������1¡D°¹©#»
����Í:Ë¿Í?�¯Ð'Ë·Í'Ó,Ìl���UÔ�� � �<Ó

Ψ(U) ≤
1

µ

∫

RN

U(x)W (x) dx =
1

µ

∫

RN

(u1w1 + u2w2) dx ,

�¯Ð	Ë"ÍAÚ	ÍAË��
U ∈ E

ÙPÝ�Ç
W ∈ ∂Ψ(U)

���"Í:Ý$�:Í	Ó�ÊQ�
〈·, ·〉

Ç�Í:Ý�ÐPÉ·Í
�7É-��Í�Ç=��ÙPàÊ É4����Ù	Ê Ë¿ÊÝ=�
Ì#Í:É4�ØÍAÍ:Ý

E∗ ÙPÝ#Ç
E

Ó=�ØÍL��Ù�Ú'Í

I(Um) =
µ− 2

2µ

∫

RN

(|∇u1
m|2 + |∇um|2 + a(x)|um|1 + b(x)|um|2) dx

+
1

µ
〈(−∆u1

m + a(x)u1
m − w1

m,−∆u
2
m + b(x)u2

m − w2
m), Um〉

+
1

µ
〈Wm, Um〉 − Ψ(Um)

≥
µ− 2

2µ

∫

RN

(|∇u1
m|2 + |∇u2

m|2 + a(x)|u1
m|2 + b(x)|u2

m|2) dx

+
1

µ
〈(−∆u1

m + a(x)u1
m − w1

m,−∆u
2
m + b(x)u2

m − w2
m), Um〉

≥
µ− 2

2µ
‖Um‖2

E − o(1)‖Um‖E .

����Ê���Ë·ÍAàÙPÉ·ÊÐ	Ý�Ê Ý �<Ð'Ý��4��Ý$�<É·ÊÐ	ÝV�¼Ê É�� �²Ö�� Ò0� Ê ÜV��àÊ Í
� É��#Ù>É
É���Í�� Ù	àÙ	Ê��G�4��Ü¨ÙPàÍe�·Í��7��ÍAÝ$�<Í
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L2
loc(R

N )
É¿ÐD�GÐ'Ü�Í

U
�'� Ù%��Ê Ý$��ÊÝ,É·ÐÂÙ>���:Ð'��Ý,É
É��#Ù>É

Wm ∈ ∂Ψ(Um)ÙPÝ�Ç
Um ⇀ U

ÊÝ
E
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Wm ⇀ W
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U 7−→ F (x, U)
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L1 Ó�Ê É��¯Ð	àà ÐC���ØÉ-��Ù>É

W ∈ ∂Ψ(U)
������ÍAË·Í��¯Ð	Ë¿Í

W (x) ∈ [f(x, U(x)), f (x, U(x))] × [g(x, U(x)), g(x, U(x))]
Ù�� Í'�

x ∈ R
N

ÙPÝ�Ç

(−∆u1
m + a(x)u1

m − w1
m,−∆u

2
m + b(x)u2

m − w2
m) = 0 ⇐⇒

∫

RN

(

∇u1∇v1 + ∇u2∇v2 + a(x)u1v1 + b(x)u2v2
)

dx

=

∫

RN

(

w1v1 + w2v2
)

dx
�¯Ð'Ë7ÙPàà

(v1, v2) ∈ E.
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{Wm}
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2
≤I(Um) −

1

2
〈(−∆u1

m + a(x)u1
m − w1

m,−∆u
2
m + b(x)u2

m − w2
m), Um〉

=
1

2
〈Wm, Um〉 −

∫

RN

F (x, Um) dx ≤
1

2

(

∫

u1≥0

u1(x)f (x, U) dx
�²Ö�� � �

+

∫

u1≤0

u1(x)f(x, U) dx +

∫

u2≥0

u1(x)g(x, U) dx+

∫

u2≤0

u2(x)g(x, U) dx
)

.
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c

2
≤

∫

RN

(

ε|Um|2 +Aε|um|p+1
)

dx = ε‖Um‖2
L2 +Aε‖Um‖p+1

Lp+1 .
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