
���������	�
������������������	���������������������������� �
!"�#��$��%��&'&)(*$��%+,�'-�.�/10'2'2,3#/�45�����	�7698�:�;<6>=9?
@
© A9B9B ?DC�E @GF,H'IKJ>L"M�N,N<OQP 6>R ATS ? A R AVU'W IKHYX�Z	M�N,N<O[P ?98�\ S 6�= P B^] H,_KIKH E

`badcfehg�ihckj lnmockapehgqmsrtlumsv ehwxj
vymsadz{ehwd|}msz�~dj�z jQ`b~dj�rd|�v�mh� ckj�z
j��sad�{ehgqmsr

�����*�%�"���"�����%�*���
���<�	�'�<���}���¡ �¢¤£#����¥§¦5 ���¨ª©
«�¬
	®§¯'°�±9²�³±§´µ�¶�·�<¸�¹,�º�»�³ ´µ²½¼	¾"¿�À<Á'Â'Â�¶�¼qYÃÄº�³
� ¿ÆÅÇ	³ ´ÆÈ1É>Ê�Ë	Ì}É<Í,Î�Ë<Ï½ÐÒÑ	Ó

Ô#Õ�Ö�Õ�× Ø5Õ�ÙÛÚÜÖÞÝàßÄá�Õ�â#ã�ä�åÒæÒæ5ã5çYâèÕÞØT× éèÕ�Ù�êÄë9ì í½î�ã�äYåÒæÄæÄï�ç>ð§ë9á§ì × éèñ§Õ�ÙÛßÒò9ì × ò9ÕqóTÕ�ð§ÝàÕ�ôõá>Õ�â#îGã�äYåÒæÒæ5ï

öø÷úù§û9ü�ý�þ<û	ÿ C�� ]§SàU�] IKHYX�� ]�� H��,L W	��
 L9_ � E U'W�] �,_ E����� ]9W X�F E�� ]��'W X�F Sà]9W � E W�� � � E H S��'] � _ E WE� � L§X�I ] HyL W E @ ] H � I�� E W E ��� M � X�F E�� I 
 E H E�� � L§X�I ] H�@�L§H�� E W E � � @ E � X ] L � � L � I S _KIKH E L W
] H E�� IKX�F LDH ] H SèW E� ] H,L9HYX½_KIKH E L W7U L W X � ] X�F�LTX�� ] X�F E� � L§X�I ] H � L W E*E�� � I 
 L9_ E HYX�IKH � ] �^E
� ] � L§I H

D
ZúL§H���I ��� ] _ � X�I ] H ] � X�F E�� � L � I S _KIKH E L W�U	W�] �'_ E � I � _ ] @�LTX E � IKH

D
ZqX�F E H�X�F E

]§W I � IKH�L§_ U	W�] �'_ E � F�L � L � ] _ � X�I ] H��"! E#� F ] � X�F,L§X
L � � L � I S _KIKH E L W
U'W�] �,_ E� F�L � L � ] _ � X�I ] H
] � � E%$ H,I¡X E X �	U E&� F,IK@GFV@ ]§W�W E� U�] H'� � X ] X�F E X �	U E ] � X�F E _KIKH E L WqU L W X��>M �(� � L � I _KIKH E L W I*)�L§X�I ] H
I � U�] �	� I*�,_ E&� ]9W E�	��E H<X�I L§_ _ � �	I*+ E W E HYX�_KIKH E L WÜU L W X � Z5X�F E H�X�F E ]9W I � IKH�L§_ U'W�] �'_ E� F,L ��� � _¡X�I U _ E� ] _ � X�I ] H � �,.-0/2143'57698�:;� � L � I S _KIKH E L W E�� � L§X�I ] H�Z � � L � I _KIKH E L W I*)�L§X�I ] H#Z�@ ] H=< � � L§X E U�] IKHYX�Z

i S H ] H W E� ]§SH,L9HYX _KIKH E L W�U L W X�Z
i S X �	U E�� ] _ � X�I ] H

>@?.A'BDC�E�F�G4H�I9CKJLFDB
�DM0N ²Ò³°�±§®½Ã%O�± NKM0N ´³ N ±9	®½°�³�P}±§®Ä± N ÃÒ³µ<´Ü±�Q,¸�YÃÄ³ MRN

x(4) = f(t, x), t ∈ I := [0, 1], S « � «�T
U ³ Ã O Ã O�±�V M ¸ N °�<® WYX MRN °�³ ÃÒ³ M0N ²

x(0) = x′(0) = 0 = x(1) = x′(1). S « �[Z T
\ ¸ N XTÃÒ³ M0N

f : I×R → R
³²
²Ò¸�»�» M ²Ò±9°�Ã M V�±]X MRN ÃÒ³ N ¸ M ¸�²õÃ M ¹	±§Ã%O�±9® U ³ Ã O�Ã%O�±7»�	®GÃÄ³	´

°�±§®Ä³ ºY<ÃÒ³º	±
fx

��^ O�± N Ã%O�±^¸ N ³_Q,¸�±^² M ´ºY"V�³´ ³ ÃLW M0` Ã O�± � <¸�XO�Wø»�® M V�´ ±9Å

x(0) = x0, x′(0) = x1, x′′(0) = x2, x′′′(0) = x3

³²�± N ²G¸�®Ä±9° 	² U ±§´´ú'²�Ã O�±�X MRN ÃÄ³ N ¸ M ¸�²�°�±§»�± N °�± N X§± M0` ² M ´¸�ÃÒ³ M0N ² MRN ³ N ³ ÃÄ³	´
°�YÃ5 �
� ¸�®¤®Ä±9²Ò±9	® XO^³µ²õÅ M ÃÒ³ºYYÃÄ±9°�V�WVÃ%O�±Û»�	»#±9®Ä² M"`��^�	�DM0N ÃÒ³ba«�cÆ¶Y¼ �>� ®%V�±4a Z cÞ¶Y¼ �ed 0Xf�² MRN
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 N ° ����� XO�®5	°�±§® a �ecÞ¶ U O M ²�ÃÄ¸�°�³±9° M ² XT³´ ´µYÃ M ® W�»�® M »�±§®ÒÃÒ³±9² M"` ² M ´¸�ÃÒ³ M0N ² M"` Ã U M ¿
» M ³ N Ã]V M ¸ N °�<® WøºY<´¸�±V»�® M V�´±§ÅÇ² �

�DM0N ²Ò³°�±§®7<´µ² M Ã O�± Q,¸�	²Ò³ ¿Þ´³ N ±><®�±7Q,¸�<ÃÒ³ M0N
(

L4x
)

(t) := x(4) − k4x = F (t, x), S « � �RT
U O�±§®Ä±

F, Fx, : I × R → R
	®Ò± X M0N ÃÄ³ N ¸ M ¸�²� N °

F
³µ².V M ¸ N °�±>°Ü¶õÃ%O�<Ãf³µ²§¶õÃ O�±§®Ä±

±���³²GÃÄ²
M ∈ (0, +∞)

²Ò¸�XO Ã O�YÃ

|F (t, x, )| < M ∀(t, x) ∈ I × R.

� ` Ã O�±�´³ N ±9<®%»�<®ÒÃ (

L4x
)

(t)
³² NKM0N ¿Þ®Ä±9² M0N  N Ã U ³ Ã%OÇ®Ä±9²Ò»#±�X�Ã
Ã M Ã%O�±"¹	³º	± N V M ¸ N °�<® W

X M0N °�³ ÃÄ³ MRN ² S « �[Z TT¶qÃ O�YÃf³²9¶qÃ O�±YO M Å M ¹'± N ± M ¸�²^»�® M V�´ ±9Å
(L4x)(t) = 0, S « � Z T O�'²

M0N ´_W�Ã O�±�ÃÄ®Ò³º�³	´#² M ´¸�ÃÒ³ M0N ¶<Ã%O�± N V M ¸ N °�<® W,¿ÆºY<´¸�±7»�® M V�´ ±9Å S « � �RT�¶ S « � Z Tú³µ²%² M ´º�0V�´± �
� ¸�»�» M ²Ò±VÃ%O�<Ã7±7Q,¸�YÃÄ³ MRN ² S « � « T� N ° S « � �'T�<®Ä±�±�Q,¸�³ ºY	´ ± N Ã7³ N f° M ÅÇ<³ N

D(t, x) = {(t, x); 0 ≤ t ≤ 1, |x| ≤ N}.
� ` ² M Å�±�² M ´¸�ÃÒ³ M0N

x(t)
M"` Ã O�±�»�® M V�´ ±9Å S « � �RTT¶ S « �[Z T�³²�´ M X§YÃÄ±9°�³ N Ã O�³µ²�° M ÅÇ<³ N M"`

±7Q,¸�³º�	´ ± N XT±
D(t, x)

¶�³ N M Ã%O�±§® U M ®5°�²§¶�³ `
x(t)

²ÄYÃÄ³²���±>²%Ã O�±^±9²GÃÒ³ÅÇYÃÄ±

|x(t)| ≤ N ∀t ∈ I,

Ã%O�± N ³ ÃD² M ´ º'±9²�<´µ² M Ã%O�±�»�® M V�´ ±9Å S « � «�TT¶ S « � Z T ��� ± U ³´ ´ ²Ä W ` M ® V�®Ä±§º�³ ÃLW Ã%O�<Ã�Ã O�±
»�® M V�´±§Å S « � « T�¶ S « � Z T�	´ ´ M U ²�2Q'¸#	²Ò³ ´³ N ±9<®Ä³��9YÃÄ³ MRN U ³ Ã O�®Ä±9²Ò»�±7X�Ã�Ã M Ã%O�± ° M Å�	³ N
D(t, x)

 N °øÃ O�±^´ ³ N ±><®7»�	®GÃ7³µ²7°�±�� N ±9° V�W
(L4x)(t)

�
� ` ±�Q'¸#YÃÒ³ M0N S « � « T�X§ N V�±^®Ò±>°�¸�XT±>°øÃ M  NKM Ã%O�±9®�Q'¸#	²Ò³ ¿Þ´ ³ N ±><®½±7Q,¸�<ÃÒ³ M0N

(

l4x
)

(t) = F1(t, x),

U O�³_XO ³µ²Ç±7Q,¸�³ºY<´± N ÃÇÃ M S « � «�T�³ N °�³�P}±§®Ä± N Ã ° M ÅÇ<³ N
D1(t, x)

¶ Ã O�± N Ã O�± M ®Ä³ ¹'³ N <´
»�® M V�´±§Å S « � « T�¶ S « � Z T ³ N ² M Å�±4X9	²Ò±9²DO�	²�f² M ´ ¸�ÃÄ³ MRN

x1(t) ∈ D1(t, x).
�	N Ã O�³² U  W

U ± U ±§®Ä±�0V�´ ±�Ã M�M V�Ã5<³ N Å�¸�´ ÃÄ³ »�´ ³ XT³ ÃLW�®Ä±9²Ò¸�´ ÃÄ² ` M ®úÃ O�±7»�® M V�´±§Å S « � «�TT¶ S « �[Z T ��� ³Åf³´µ<®
<»�»�® M RXO U 	²�¸�²Ò±9°n³ N a � c ` M ®½Ã%O�±D²Ò±7X M0N °�¿ M ®Ä°�±9®���¾*¬%² �
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\ ³®5²�Ã U ±D»�® M º	±V®Ä±9²Ò¸�´ Ã5² ` M ®4Q'¸#	²Ò³ ¿Þ´ ³ N ±><®½»�® M V�´±§ÅÇ² M0` Ã O�±^ÃLW�»�± S « � �'T�¶ S « �[Z T�³ ` Ã O�±` M ´´ M U ³ N ¹ X M0N °�³ ÃÄ³ MRN ³²7²ÄYÃÄ³²���±9° ` M ®� N W

(t, x)

k4 +
∂F

∂x
(t, x) > 0. S Z�� « T

�	N M ¸�® ³ N º	±>²�ÃÄ³ ¹,YÃÄ³ MRN U ± ¸�²Ò± Ã%O�± M ²%X§³ ´´µYÃÒ³ M0N Ã%O�± M ® W�°�±§º'±§´ M »�±9° V'W[¼1±§³¹0O,Ã M0N ¿
� ±=O#<®Ä³@a Àec ` M ®½Ã%O�± ` M ¸�®ÒÃ%O�¿ M ®5°�±9®�´³ N ±9	®�°�³�P}±§®Ä± N ÃÄ³	´Ü±7Q,¸�YÃÄ³ MRN ²

x(4) − p(t)x = 0, p(t) > 0. S Z��[Z T
� ±^¸�²Ò±�Ã%O�±9³ ®*°�±�� N ³ ÃÄ³ MRN M0` �X M0NA@ ¸�¹,YÃÄ±*» M ³ N Ã �
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η
³µ².X9<´´ ±>°  
 �Y£,+��	�'�<¨Þ¥�� �Y��£#¨#` M ®DÃ%O�± » M ³ N Ã

t = 0,
³ `

Ã%O�±9®Ò±V±���³µ²�Ã5²� NKM0N ÃÄ®Ò³º�³	´}² M ´¸�ÃÄ³ MRN
x(t)

M"` ±7Q,¸�<ÃÒ³ M0N S Z��[Z T½²Ò¸�XO Ã%O�<Ã

x(0) = x′(0) = 0 = x(η) = x′(η).

\KM ®½± ��	Å�»�´ ±'¶�³ ` Ã%O�±^´³ N ±9	®�±�Q,¸�YÃÄ³ MRN ³µ²
x(4) − k4x = 0

¶�Ã%O�± N X M0N @ ¸�¹'<ÃÒ±V» M ³ N Ã5²
η²Ò<ÃÒ³µ² ` WÇÃ O�± NKMRN ´ ³ N ±><®7±7Q,¸�<ÃÒ³ M0N

cos kη cosh kη = 1.

^ O�± X M0NA@ ¸�¹'YÃÄ± » M ³ N ÃÄ² S M ®f° M ¸KV�´± �9±§® M ²T^³ N Ã O�± M ²%X§³ ´´µYÃÒ³ M0N Ã%O�± M ® W ` M ®�Ã O�±
` M ¸�®ÒÃ%O�¿ M ®5°�±9®^´ ³ N ±9	®D°�³ P�±9®Ò± N ÃÄ³	´ ±7Q,¸�<ÃÒ³ M0N ²D»�´ W�Ã%O�± ²Ò	Åf±�® M ´±ø	²VÃ O�± M ®5°�³ N <® W
�§±§® M ²�³ N Ã%O�± M ²%X§³ ´´<ÃÒ³ M0N Ã%O�± M ® W ` M ®½Ã O�±D²G±�X MRN °�¿ M ®5°�±§®�±7Q,¸�<ÃÒ³ M0N ² �

� ±%°�±�� N ±
i
¿ NKMRN ®Ä±9² M0N  N ²G± M"` Ã O�± ´³ N ±9<®¤»�<®ÒÃ¤ N °^ N

i
¿ªÃLW�»�±%² M ´¸�ÃÒ³ M0N ²Ò³ Å�³´	®Ò´_W

	² ` M ®½Ã O�±D²Ò±7X MRN °�¿ M ®5°�±§®�Q,¸�	²Ò³ ¿Æ´³ N ±9<®½»�® M V�´ ±9Å�² a.-�¶ �ec �
��������� �"!#�%$&�0/1)(^ O�±�´³ N ±><®�»�<®ÒÃ

(L4x)(t) := x(4) − k4x
³µ²

i
¿ NKM0N ®Ò±>² MRN  N Ã U ³ Ã%O

®Ò±>²G»�±7XTÃ1Ã M Ã O�±#V M ¸ N °�<® W X M0N °�³ ÃÄ³ MRN ² S « �[Z TT¶§³ ` Ã%O�±9®Ò±%	®Ò±
± ��0X�ÃÄ´ W
i
X M0N @ ¸�¹'<ÃÒ± » M ³ N ÃÄ²

³ N Ã%O�±^³ N ÃÒ±9®ÒºY	´
(0, 1)

 N °
t = 1

³² NKM Ã� X MRNA@ ¸�¹'<ÃÒ±V» M ³ N Ã �
\KM ®Û±���<Å�»�´±	¶'Ã%O�±*´³ N ±9<®Û»�<®ÒÃ (

L4x
)

(t) := x(4) − k4x
³µ²

(n− 1)
¿ NKMRN ®Ò±>² MRN  N Ã ` M ®

 N W
k = πn

¶
n ≥ 1

�
��������� �"!#�%$&�021)(\ ¸ N X�ÃÄ³ MRN

ξ(t)
³µ²� N

i
¿ªÃLW�»�±f² M ´¸�ÃÄ³ MRN M"` »�® M V�´ ±9Å S « � �'T�¶ S « �[Z TT¶}³ `` M ®�²ÒÅ�	´ ´Ü± NKM ¸�¹0O

α, β > 0
Ã%O�±D°�³�P}±§®Ä± N X§±

u(t; α, β) = x(t; α, β) − ξ(t)

O�	²Ç± ��0X�ÃÄ´ W
i

° M ¸KV�´± �§±9® M ² S M ®YX MRNA@ ¸�¹'<ÃÒ±�» M ³ N ÃÄ²T�³ N Ã O�±�³ N ÃÒ±§®ÄºY<´
(0, 1)

 N °
u(1; α, β) 6= 0

¶ U O�±§®Ä±
x(t; α, β)

³²��² M ´¸�ÃÒ³ M0N�M"` S « � �RTT¶ U O�³_XOn²Ò<ÃÒ³µ² ��±>²
Ã O�±*³ N ³ ÃÒ³µ<´
X M0N °�³ ÃÄ³ MRN ²

x(0; α, β) = ξ(0), x′(0; α, β) = ξ′(0),

x′′(0; α, β) = ξ′′(0) + α, x′′′(0; α, β) = ξ′′′(0) − β.

�	N U O#YÃ ` M ´´ M U ² U ±�X§	´ ´}Ã O�±D² M ´ ¸�ÃÒ³ M0N
x(t; α, β)

 £�¥§� �'�*3 �Y��¦���£�� ² M ´ ¸�ÃÒ³ M0N1�
4"¥ ���<¦ 65 � �]N

i
¿ÆÃLW�»#±�² M ´ ¸�ÃÄ³ MRN

ξ(t)
M"` Ã%O�±�»�® M V�´±§Å S « � �'T�¶ S « � Z T�O�'²¤Ã%O�± ` M ´´ M U ³ N ¹

XO�<®50XTÃÒ±§®Ä³µ²�ÃÄ³_X9²�³ N ÃÄ±§®ÄÅ�² M"` Ã%O�±�º�	®Ò³µYÃÄ³ MRN <´7±�Q,¸�YÃÄ³ MRN È%³ ` k´ ³ N ±9	® ±�Q'¸#YÃÒ³ M0N M0`
º�	®Ò³µYÃÄ³ MRN ²

y(4) − k4y = Fx(t, ξ(t))yO�	²¤±���0XTÃÒ´_W
i
X M0NA@ ¸�¹'YÃÄ±%» M ³ N ÃÄ²õ³ N Ã%O�±�³ N ÃÄ±§®ÄºY<´

(0, 1)
 N °

t = 1
³µ² NKM Ãú�X M0NA@ ¸�¹,YÃÄ±

» M ³ N Ã9¶�Ã%O�± N
ξ(t)

³µ²" N
i
¿ÆÃLW�»#±�² M ´¸�ÃÄ³ MRN1���]M U ±§º'±§®>¶�³ `

t = 1
³µ²"�X M0NA@ ¸�¹,YÃÄ±^» M ³ N Ã9¶

Ã%O�± N
ξ(t)

ÅÇ W�V�±V N
i
¿ªÃLW�»�±�² M ´¸�ÃÄ³ MRN ¶ M ®½³ Ã7ÅÇ W�V�±V N

(i + 1)
¿ÆÃLW�»#±^² M ´¸�ÃÒ³ M0N ¶ M ®

³ Ã5²½ÃLW�»#±^ÅÇ W�V�±^³ N °�±�� N ³ ÃÒ± ��^ O�±V®Ä±9²Ò»#±�X�ÃÄ³ º'±�± ��<Å�»�´±9²�X§ N V�± X MRN ²GÃÒ®Ä¸�X�ÃÄ±9° �
^ O�± ` M ´´ M U ³ N ¹fÃ%O�± M ®Ä±§Ås³µ²½ºY<´³° S ²G±9± a 7�¶*�"c T �
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i
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(L4x)(t) = x(4) − k4x

�µ 
i
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�DM0N ²Ò³°�±§®�Ã%O�± O M Å M ¹	± N ± M ¸�²½°�³ P�±9®Ò± N ÃÄ³	´}±7Q,¸�YÃÄ³ MRN U ³ Ã%O Ã%O�±^´ ³ N ±9	®½»�<®ÒÃ

(L4x)(t)

x(4) − k4x = 0,

U O�±§®Ä±
k

²ÄYÃÄ³²���±>²7Ã%O�± NKMRN ¿Þ®Ò±>² MRN  N X§±�X M0N °�³ ÃÄ³ MRN
cos k cosh k 6= 1

� � ± O#�º	± X M0N ¿
²�ÃÄ®Ò¸�XTÃÒ±>° Ã O�±���®Ò±9± N ` ¸ N XTÃÒ³ M0N ` M ®½Ã O�± M ² XT³´´<Ã M ® W ` M ¸�®ÒÃ%O�¿ M ®Ä°�±9®½´ ³ N ±9	®7»�® M V�´±§Å

{

x(4) − k4x = 0,

x(0) = x′(0) = 0 = x(1) = x′(1)
S � � «�T

 N ° U ±ø¹'³ º'±ÇÃ%O�± ®Ò±>²G»�±7XTÃÒ³º	± ` M ®ÒÅ�¸�´� N °kÃ O�± ±>²�ÃÄ³ ÅÇ<ÃÒ± M0` Ã%O�±���®Ò±9± N ` ¸ N XTÃÒ³ M0N
V#±9´ M U �
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Gk(t, s) =







































1

4
(

− u∗(t, s) · v(1) − u(1) · v∗(t, s) +
∑

τ=s, t

[

u(τ) · v(t + s − τ)

−u(τ−1) · v(t + s−1−τ)−u(t− τ) · v(τ−s)
])

, 0 ≤ s ≤ t ≤ 1,

1

4
(

− u∗(s, t) · v(1) − u(1) · v∗(s, t) +
∑

τ=s, t

[

u(τ) · v(t + s − τ)

−u(τ−1) · v(t + s−1−τ)+u(t− τ) · v(τ−s)
])

, 0 ≤ t < s ≤ 1,

S � �[Z T
� ��¥§¦Ò¥ 4 = 4k3(cos k cosh k − 1)

�<£C�
u, v

�Y¦Ò¥��Y¥�
§¨%�Y¦
�.�5��£ 
§¨Æ� �Y£� V �� 
 �n¨ ���Y¨

u(τ) = [− sin kτ, cos kτ ], v(τ) = [cosh kτ, sinh kτ ],

u∗(t, s) = [− sin k(s − t + 1), cos k(t + s − 1)],

v∗(t, s) = [cosh k(t + s − 1), sinh k(s − t + 1)],

�Y£C�
u · v �	¥§£ �<¨Þ¥T ^¨ ��¥^  
5�Y� �<¦���¦ � �Y� 
§¨ �

��¦ � ��� � ^ O�±���®Ä±§± N ` ¸ N X�ÃÒ³ M0N ³µ² X M0N ²GÃÒ®Ä¸�X�ÃÄ±9° 	²^ N ±9´ ±9Å�± N Ã M"` ��®Ò±9± N�� ²VÅÇYÃÄ®Ò³ �
V'W ®Ò±>°�¸�XT³ N ¹fÃ%O�±^´ ³ N ±9	®7»�® M V�´±§Å S � � «�T%Ã M fÅÇYÃÄ®Ò³ � ` M ®ÒÅ

{

X ′(t) − PX(t) = 0,

A1X(0) + A2X(1) = 0,
S � � �RT

U O�±§®Ä±
X : I → R4 ¶

P, Ai ∈ R4×4 (i = 1, 2)
�"^ O�±���®Ò±9± N ÅÇYÃÄ®Ò³ �.X§ N V#± M V�ÃÄ	³ N ±9°

V'W ` M ®ÄÅ�¸�´µ

G(t, s) =







Y (t)
(

A1Y (0) + A2Y (1)
)−1

A1Y (0)Y −1(s), 0 ≤ s ≤ t ≤ 1,

−Y (t)
(

A1Y (0) + A2Y (1)
)−1

A2Y (1)Y −1(s), 0 ≤ t < s ≤ 1,

U O�±§®Ä±
Y (t) (Y : I → R4×4)

³µ²7 ` ¸ N °�<Å�± N Ã5<´1ÅÇ<ÃÒ®Ä³ � M0` ²%W�²�ÃÄ±§Å)³ N S � � �'T�a Áec �
�
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	 ü ;�
 ; ù�àû� ;���� ÿ �Ü��£�
T¨Æ� �Y£

Gk(t, s)

5�<£ 35¥�¥T �¨ª� �Ç�Y¨�¥B�63§©

∣

∣Gk(t, s)
∣

∣ ≤ Γk :=
(5 +

√
2)
√

cosh 2k + sinh k + 1

4k3
∣

∣ cos k cosh k − 1
∣

∣

. S � � Á'T

��¦ � ��� � ^ O�±7»�® M�M"`�` M ´´ M U ² ` ® M Å �»�® M »�±§®ÒÃLW M0` Ã O�±�²%X9<´µ<®ú»�® M °�¸�X�Ã |u ·v| ≤ |u| |v|ÃÄ"f�³ N ¹�³ N Ã M X M0N ²Ò³µ°�±§®5YÃÄ³ MRN Ã%O#YÃ

|u(τ)| ≤ 1, |v(τ)| ≤
√

cosh 2k,

|u∗(t, s)| ≤
√

2, |v∗(t, s)| ≤
√

cosh 2k.

�

� ±�X§ N ³Å�»�® M º'± Ã O�³²ú±>²�ÃÄ³ ÅÇ<ÃÒ± ` M ®
² M Å�± N ¸�Å.V#±9®Ä²
k

�"\�M ®ú³ N ²�Ã5 N X§±	¶�³ `
k = πn

¶
(n = 1, 2, . . .)

��®Ä±§± N�� ² ` ¸ N X�ÃÄ³ MRN
Gk(t, s)

X§ N V�±D²Ò³ Å�»�´³ �#±9° � � ±V±���»�®Ä±9²Ä² O'W�»�±§®Ò¿
V M ´ ³ X ²G³ N ±� N ° X M ²G³ N ±n³ N ÃÒ±9®ÒÅÇ² M0` Ã%O�±n± ��» MRN ± N ÃÒ³µ<´ ` ¸ N X�ÃÄ³ MRN ²Ç N ° M V�ÃÄ<³ N Ã O�±` M ´´ M U ³ N ¹f±9²GÃÒ³Å�<ÃÒ±>²

∣

∣Gk(t, s)
∣

∣ ≤ (1 +
√

2)ek

k3(ek + 1)
=: Γ1(k), k = (2n − 1)π, S � � À0T

∣

∣Gk(t, s)
∣

∣ ≤ (1 +
√

2)ek

k3(ek − 1)
=: Γ2(k), k = 2nπ. S � � 7'T

�]? 5��)(��>1 G)(�B:$ ��F�� / (�E	��
�H) CKJLF#B
� ±�<»�»�´ W Ã O�± M V�Ã5<³ N ±9°�±>²�ÃÄ³ ÅÇ<ÃÒ±9² S � � À0T�¶ S � � 7RT� N ° ^ O�± M ®Ä±§Å «�Ã M Ã%O�± � ÅÇ°�± N ¿\KM U ´±§®½ÃLW�»#±V±�Q'¸#YÃÒ³ M0N

x(4) = λ2|x|p signx S Á � «�T
U ³ Ã O Ã O�±�V M ¸ N °�<® WYX MRN °�³ ÃÒ³ M0N ² S « �[Z T�¶ U O�±§®Ä±

λ 6= 0
¶
p > 0

¶
p 6= 1

�
8�9&:<; ü :�=�� ÿ � �^¨ ��¥§¦Ò¥�¥�'�µ �¨ª �  � ��¥

k
��£ ¨ ��¥ ���Y¦	�

k = πi, (i = 1, 2, . . .)
A � ��� 
 �

 T�<¨ª�µ %E�¥�  �Y£}¥ � �V¨ ��¥ ���<��� ���
��£��n��£�¥B�§���Y�K��¨Æ�à¥� 

k
(1 +

√
2)ek

(ek + 1)
< β

p
p

p−1

|p − 1| ,
���Y¦

k = (2n − 1)π, S Á � Z T

k
(1 +

√
2)ek

(ek − 1)
< β

p
p

p−1

|p − 1| ,
���Y¦

k = 2nπ, S Á � �'T

� ��¥§¦Ò¥
β

�µ ��D� �� ���¨Æ����¥�¦����<¨:� �D¨ ��¥�¥B�T���<¨ª� �<£
βp = β + (p − 1) · p

p

1−p

A ¨ ��¥T£ ¨ ��¥§¦Ò¥
¥�'�µ �¨à D�Y£

(i − 1)
��¨ª©Ä��¥^  �<�K��¨ª� �<£ � �Û��¦ ��3T� ¥ � S Á � «�TBA S « �[Z T �

��¦ � ��� � ¼1±§Ã7¸�²]X MRN ²Ò³°�±9®½³ N ²GÃÒ±>	° M"` ±7Q,¸�<ÃÒ³ M0N S Á � «�T%Ã O�±^±7Q,¸�³ºY<´± N Ã M0N ±

x(4) − k4x = λ2|x|p sign x − k4x,



�'À Z ����� ¥§¦	����
���¥T£���

U O�±§®Ä±
k

²ÄYÃÄ³²���±>²
cos k cosh k 6= 1

� ·"± NKM ÃÄ±

fk(x) := λ2|x|p sign x − k4x.

� ±�X9 N X9<´ XT¸�´µYÃÄ±½Ã%O�±�ºY	´ ¸�± M"`b` ¸ N XTÃÒ³ M0N
fk(x)

<Ã Ã%O�±�±���ÃÒ®Ä±§Å�¸�Å » M ³ N Ã
xextr

� � ±TÃ

Mk = |fk(xextr)| = λ
2

1−p

(k4

p

)

p

p−1 |p − 1|. S Á � Á'T
� O M�M ²Ò±

Nk > 0
²G¸�XO Ã%O#YÃ

|x(t)| ≤ Nk ⇒ |fk(x)| ≤ Mk, ∀t ∈ I

S ²Ò³ Å�³´	®¤ÃLW�»�±7<®Ä¹	¸�Å�± N Ã5² U ±§®Ä±%¸#²G±>°�³ N a �ec ` M ®úÃ%O�±7²Ò±7X MRN °�¿ M ®5°�±§®¤»�® M V�´±§ÅÇ²T �	�DM Åf¿
»�¸�ÃÄ<ÃÒ³ M0N ²½¹'³ º'±�Ã%O�<Ã

Nk =
(k4

λ2

)
1

p−1

β, S Á � À0T
U O�±§®Ä±

β
³µ²�f» M ²Ò³ ÃÄ³ º'±�® M�M Ã M"` Ã%O�±^±�Q,¸�YÃÄ³ MRN

βp = β + (p − 1)p
p

1−p .

� ±���Ã U ± X M0N ²G³µ°�±§®�Ã O�± Q,¸�	²Ò³ ¿Þ´³ N ±><®½±7Q,¸�<ÃÒ³ M0N
x(4) − k4x = ϕ(x) · {λ2 · |x|p sign x − k4x} =: Fk(x), S Á � 7RT

U O�±§®Ä±
Fk(x) := ϕ(x)fk(x)

�9\ ¸ N XTÃÒ³ M0N
ϕ(x)

²Ò<ÃÒ³µ² �#±9²

ϕ(x) =

{

1, |x| ≤ Nk,

0, |x| ≥ Nk + ε1

 N °
0 < ϕ(x) < 1

` M ®7®Ä±§ÅÇ	³ N ³ N ¹fºY<´¸�±9² M0`
x

��^ O�± N
max

t∈I,x∈R

∣

∣Fk(x)
∣

∣ ≤ Mk + ε2,

Å M ®Ò± M º	±9®
ε1

 N °
ε2

X9 N V�±^ÅÇ	°�±V<® V�³ ÃÒ®5<®Ä³ ´_WÇ²GÅÇ	´ ´ � ��M ³ Ã]X§ N V�±^	²Ä²G¸�Å�±>°ÇÃ%O#YÃ` ¸ N X�ÃÄ³ MRN
Fk(x)

³µ²�²ÒÅ M�M Ã%O  N °�V M ¸ N °�±>° V'W
Mk

�
� ¸�	²Ò³ ¿Þ´³ N ±><®�»�® M V�´±§Å S Á � 7RTT¶ S « �[Z T�X9 N V#± U ®Ä³ ÃGÃÒ± N ³ N Ã%O�±^³ N ÃÒ±9¹	®5<´ ` M ®ÄÅ

x(t) =

1
∫

0

Gk(t, s)Fk(x(s)) ds,

U O�±§®Ä±
Gk(t, s)

³µ²½Ã%O�± ��®Ò±9± N�` ¸ N X�ÃÄ³ MRN ¹	³º	± N V�W S � �[Z T �K^ O�± N
∣

∣x(t)
∣

∣ ≤ ΓkMk,

O�±§®Ä±
Γk

³²½ N ±9²GÃÒ³ÅÇYÃÄ± M0` ��®Ò±9± N�� ² ` ¸ N X�ÃÄ³ MRN ³ N S � � Á'T �'� ` Å M ®Ò± M º	±9®
Ã%O�±�³ N ±7Q,¸�	´ ³ ÃLW
ΓkMk < Nk S Á � -"T
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	½¦��	¥§¦�����	¥§£���� ���½� ¥§¦���T���<¨ª� �<£ �'À �
O M ´µ°�²9¶�Ã%O�± N ±�Q,¸�YÃÄ³ MRN ² S Á � « TÛ N ° S Á � 7'TÛ	®Ò±V±�Q'¸�³ ºY<´± N Ã7³ N Ã O�±D° M Å�	³ N

Ωk = {(t, x) : 0 ≤ t ≤ 1, |x| < Nk}.
�	NYM Ã O�±§® U M ®5°�²Û³ ` ³ N ±�Q'¸#<´³ ÃLW S Á � -"T#O M ´µ°�²9¶,Ã%O�± N Ã%O�± M ®Ò³¹	³ N 	´�»�® M V�´±§Å S Á � «�TT¶ S « �[Z T
<´´ M U ² ` M ®�Q,¸�	²Ò³´ ³ N ±9	®Ò³��9<ÃÒ³ M0N U ³ Ã%O ®Ä±9²Ò»#±�X�ÃfÃ M Ã%O�±�° M ÅÇ<³ N

Ωk

 N ° Ã O�± ´ ³ N ±><®
»�<®ÒÃ

(L4x)(t) = x(4) − k4x
�

�]M ÃÄ³_X§±nÃ%O�<Ãø³ N Ã%O�±�° M ÅÇ<³ N M0` ±�Q,¸�³ ºY	´ ± N XT±
Ωk

X M0N °�³ ÃÄ³ MRN S Z�� «�T�³² ` ¸�´ �#´ ´±9°

S ³ � ± �
k4 +

dFk

dx
> 0

T � ��M ³ Ã ` M ´ ´ M U ² ` ® M Å ^ O�± M ®Ä±§Å « Ã O�YÃø³ ` Ã%O�±�´ ³ N ±9	®Ç»�<®ÒÃ
(L4x)(t) = x(4) − k4x

³²
i
¿ NKM0N ®Ä±9² M0N  N Ã9¶#Ã%O�± N Ã%O�± Q,¸�'²G³ ¿Æ´³ N ±9	®*»�® M V�´ ±9Å S Á � 7'T�¶

S « �[Z T�O�'²* N
i
¿ªÃLW�»�±f² M ´¸�ÃÄ³ MRN ¶#³ ` Å M ®Ò± M º	±§®�Ã%O�±�³ N ±7Q,¸�	´ ³ ÃLW S Á � -0T]O M ´°�²§¶�Ã%O�± N Ã O�±M ®Ä³ ¹'³ N 	´}»�® M V�´±§Å S Á � «�T�¶ S « �[Z T½	´² M O#	²7 N

i
¿ªÃLW�»�±^² M ´ ¸�ÃÄ³ MRN1�

¼1±TÃõ¸�²�X M0N ²Ò³µ°�±§®¤º�	´ ¸�±9²
k

M"` Ã%O�± ` M ®ÒÅ
k = πi, i ≥ 1

�7\�M ®õ²G¸�XO
k

Ã%O�±Û´ ³ N ±><®q»#<®ÒÃ
(L4x)(t) = x(4) − k4x

³µ²
(i − 1)

¿ NKMRN ®Ò±>² MRN  N Ã� N ° Ã O�± ��®Ä±§± N ` ¸ N X�ÃÄ³ MRN
Gk(t, s)²Ò<ÃÒ³µ² ��±>²V±§³ Ã%O�±9®^Ã%O�±ø±9²GÃÒ³ÅÇYÃÒ±

Γ1(k) S ²Ò±§± S � � ÀRT T M ®
Γ2(k) S ²Ò±§± S � � 7RT%T �1� Ã ` M ´ ´ M U ²` ® M Å S Á � Á�T�¶ S Á � À0T�¶ S � � À0TT¶ S � � 7'T�Ã%O�<ÃÇÃ%O�±�³ N ±7Q,¸�	´ ³ ÃLW S Á � -"Tf®Ä±9°�¸�XT±>²�®Ò±>²G»�±7XTÃÒ³º	±§´_W

±§³ Ã%O�±9®½Ã M S Á � Z T M ® S Á � �'T �K^ O�±^»�® M�M"` ³²�X M Å�»�´±TÃÄ± �
�

� �<¦ �Y����Y¦�© 5 � � ` Ã%O�±9®Ò±^± ��³µ²GÃ
k = πi

¶
i = 1, 2, . . . , m

¶ U O�³_XO�²ÄYÃÒ³µ²���±9²½³ N ±7Q,¸�	´ ³ ÃÒ³±9²
S Á �[Z TT¶ S Á � �RTT¶'Ã O�± N Ã%O�±9®Ò±*±���³µ²�Ã7YÃ�´ ±>	²GÃ

m
² M ´ ¸�ÃÒ³ M0N ² M"` °�³ P}±§®Ä± N ÃÛÃLW�»�±9² M"` »�® M V�´ ±9Å

S Á � «�TT¶ S « � Z T �

��? ���: �1 90/ (

�	N ^ "V�´±n«f¹'³ º'± N ³ Nk� »�»�± N °�³ � Ã%O�±�®Ä±9²Ò¸�´ ÃÄ² M"` X§<´ XT¸�´<ÃÒ³ M0N ²�<®Ä±�»�® M º�³µ°�±9° ��^ O�±7W
² O M U Ã%O�<Ã�XT±9®GÃ5<³ N

k
¹	³º	± N ³ N Ã%O�± ` M ®ÒÅ

k = πn, n = 1, 2 . . .
²Ò<ÃÒ³ ` W ³ N ±7Q,¸�	´ ³ ÃÒ³±9²

S Á �[Z Tø N ° S Á � �'T � \KM ® ³ N ²GÃÄ N XT±'¶ ³ `
p = 8

7

¶%Ã%O�± N Ã%O�±9®Ò±�± ��³µ²GÃøÃ%O�®Ä±§±�º�	´ ¸�±9² M0`
k

S k = π, k = 2π, k = 3π
TT¶ U O�³_XO�²Ò<ÃÒ³µ² ` W Ã%O�± ³ N ±7Q,¸�	´ ³ ÃÒ³±9²f"V M º	±'¶1Ã%O#YÃ�Å�±> N ²

Ã%O�<Ã7Ã%O�±9®Ò±V±���³µ²�Ã"<Ã7´ ±>	²GÃ�Ã O�®Ä±§±D² M ´¸�ÃÒ³ M0N ² M0` °�³ P}±§®Ä± N Ã7ÃLW�»#±>² �
� ±�O��º'± X M Å�»�¸�ÃÄ±9° °�³ P�±9®Ò± N Ã7² M ´¸�ÃÄ³ MRN ² ` M ®½Ã O�±^»�® M V�´±§Å







x(4) = 810|x| 87 signx,

x(0) = x′(0) = 0 = x(1) = x′(1).
S À � «�T

^ O�±�² M ´³µ° ´³ N ±�³ N \ ³¹	¸�®Ò±f«*³ N °�³ X§<ÃÒ±>²7DÃÄ®Ò³º�³	´}² M ´¸�ÃÄ³ MRNYM"` »�® M V�´±§Å S À � «�T� N °
°�	²%O�±9°�´ ³ N ±�»�®Ò±>²G± N Ã5²7Ã O�± X M ®Ä®Ò±>²G» M0N °�³ N ¹ N ±§³¹0O�V M ¸�®Ä³ N ¹ø² M ´ ¸�ÃÄ³ MRN S ²Ò±§±f·"± � N ³ ÃÒ³ M0N
�RT �(^ O�±9³ ®7°�³ P}±§®Ä± N X§±4O�'² NKM ° M ¸KV�´±��§±§® M ² S Ã O�± X M0N @ ¸�¹'<ÃÒ±�» M ³ N ÃÄ²T%³ N Ã%O�±�³ N ÃÄ±§®ÄºY<´
(0, 1)

¶�² M �ÃÄ®Ò³º�³	´1² M ´ ¸�ÃÒ³ M0N ³²�
0
¿ÆÃLW�»#±^² M ´¸�ÃÒ³ M0Nq�

\ ³¹	¸�®Ò± Z�� ³ ´´ ¸#²�ÃÄ®Ä<ÃÒ±9²qÃ%O�±�²Ò±7X M0N °�² M ´ ¸�ÃÄ³ MRN M"` »�® M V�´±§Å S À � « T S ² M ´ ³µ°D´³ N ±�T ��� Ãú³²ú
1
¿ÆÃLW,»�±D² M ´¸�ÃÒ³ M0N ¶�V#±�X§<¸#²G±VÃ O�±D°�³ P�±9®Ò± N XT± V�±TÃ U ±§± N N ±§³¹0O�V M ®Ä³ N ¹Ç² M ´¸�ÃÒ³ M0N S °�	²%O�±9°

´ ³ N ±�T½ N ° Ã%O�³µ²�² M ´¸�ÃÒ³ M0N O�	²½± ��0X�ÃÄ´ W M0N ±^° M ¸KV�´±;�§±§® M S X MRNA@ ¸�¹,YÃÒ±V» M ³ N ÃT�³ N ² M Å�±
» M ³ N Ã M0` Ã%O�± M »#± N ³ N ÃÄ±§®Äº�	´

(0, 1) S ²G±9± \ ³¹	¸�®Ä± Z�3 T �'^ O�±"³ N ³ ÃÒ³µ<´#°�YÃÄ M"` Ã%O�±
1
¿ªÃLW�»�±

² M ´ ¸�ÃÄ³ MRN ³µ²7¹'³ º'± N V�W
x′′(0) = 1.1, x′′′(0) = −5.03461937.
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² O M U Ã%O�±
¹	®5<»KO M"` Ã%O�± ®Ò±>²G»�±7XTÃÒ³º	± N ±9³ ¹RO'V M ®Ä³ N ¹7² M ´ ¸�ÃÄ³ MRN ¶ V�±7X9<¸�²Ò±úÃ U M ´³ N ±9²1	´ Å M ²�Ã
X M ³ N X§³°�± �¤� ±§º	±9®GÃ O�±§´±9²Ä²9¶}Ã%O�±n°�³�P}±§®Ä± N XT±�V�±TÃ U ±§± N;N ±§³¹0O�V M ®Ò³ N ¹�² M ´¸�ÃÒ³ M0N  N ° Ã%O�³µ²
² M ´ ¸�ÃÄ³ MRN ³µ²½»�®Ä±9²Ò± N ÃÒ±>°ø³ N \ ³¹	¸�®Ò± � 3  N ° ³ Ã�O#	² M0N ±V²Ò³Åf»�´ ± �§±9® M  N ° MRN ±^° M ¸KV�´ ±
�§±§® M ³ N Ã%O�± M »#± N ³ N ÃÄ±§®Äº�	´

(0, 1)
� ^ O�±�³ N ³ ÃÄ³	´�°�YÃÄ M"` Ã%O�±

2
¿ÆÃLW�»#± ² M ´ ¸�ÃÄ³ MRN ³µ²

±9²Ä²G± N ÃÄ³	´ ´_W °�³ P}±§®Ä± N Ã ` ® M Ås»�®Ä±§º�³ M ¸�² M0N ±	È

x′′(0) = 4099959.008, x′′′(0) = −31634999.21.
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������� - ��	 O � � � E W � β
L§H�� 
 L§_ � E� ] � k ] � X�F E�� ]§W � πi (i = 1, 2 . . .)� ]9W @ E W XGL§I H 
 L§_ � E� ] � p
�

p β ki

p =
4

5
β ≈ 1.3632 k1 = π; k2 = 2π

p =
5

6
β ≈ 1.3553 k1 = π; k2 = 2π

p =
6

7
β ≈ 1.3499 k1 = π; k2 = 2π; k3 = 3π

p =
7

8
β ≈ 1.3461 k1 = π; k2 = 2π; k3 = 3π

p =
8

9
β ≈ 1.3431 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
9

10
β ≈ 1.3407 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
10

11
β ≈ 1.3388 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
11

12
β ≈ 1.3373 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
12

13
β ≈ 1.3359 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

. . . . . . . . .

p =
13

12
β ≈ 1.3065 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
12

11
β ≈ 1.3053 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
11

10
β ≈ 1.3038 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
10

9
β ≈ 1.3019 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
9

8
β ≈ 1.2998 k1 = π; k2 = 2π; k3 = 3π

p =
8

7
β ≈ 1.2969 k1 = π; k2 = 2π; k3 = 3π

p =
7

6
β ≈ 1.2933 k1 = π; k2 = 2π; k3 = 3π

p =
6

5
β ≈ 1.2884 k1 = π; k2 = 2π

p =
5

4
β ≈ 1.2813 k1 = π; k2 = 2π


