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1  u¡£¢	¤-¡£¥E¦�§©¨«ª�¬®�§©¥£¯U°6ª�§©±³²
� �	´�µ/��¶�·�¸¹º(»�¼
�O½6�	��¾Kº¿ºEÀÁ½ �3Â
�
Ã³Ä �	¸ ¹³Å#Æ/ÇOÈÊÉKË�Ì�Í�Î/Ï�Æ	Ð�ÑÁÒOÓ
2 Ô��ª�±V§©±³¢�±Õ¯×Ö�Ø�Ù�¡£±ÛÚ�¯:Üf¡£±³§ÞÝ�ªß¡O�à�á�ÖOÜ8¦j¢�±Õ¯:°BâjÝ:§Þ¯:�Ý6¯�ãB¬®�§©¥£¯U°6ª�§©±³²äÖ�Ø+åv¡£±³¥K§Þ¡
� ¸ µ-��» � �	¸ ��¸º�æ�¹¶���çOè
�
Ã³Ä �	¸ ¹³Å�é�Í�Ò�É�ê�Î�ë�ë	ÒOÐ�ÑÁÒ	Ó
� ¾(ì:¾:¸¶	¾(� � ¾(·�ÀÁ¾ Ä æ�¾:½+çOí�»�çOî/îOí�ï�½ð¾:¶�¸ñºE¾K�óò/´���¾ Â ç�»�çOî/î/ô

õ÷öùø:ú(û�ü�ýOú	þ�ÿ C�����C���C F�����D C÷C�	
��� GI?6G�uF��KF T���C ?�� ��� G�� C�� � ��� � � J ��� � � ��D C÷A J�� � � ����C�� G C��C�	�� J(F � G��(F ?�� C�� ?6G C F�� ��� � � ��D C�� �-F-?���G��(F �
Sn(t) � C� F C � J ��� � � ����G��(F � � � ��D C"!#� � C F <$ �&% �IC�� �'� ��C
C)( �-J*��G��KF �

x′′ = −nx2n−1 %�G���D���D C GIF-G��G J � ?��KF � G��G��(F �
x(0) = 0 + x′(0) = 1 +%�D C���C

n = 1, 2, . . .,�-
.0/�132*465879!:� � C F <�$ �)% �IC��%C)( ��J&��G��(F � + A J�� � � �;��C�� G C��%C�	�� J(F � G��(F + �IC�� F-G � ?�J&��G ? � GIF C

<>=�?�@BA3CEDGFIH�JKAML�DB@
� �fÀ�N�¸ñº¿�MOOÀð¾�P¿¾"µ/¸ ¶/¾�À�N�¾�¾&Q�·�½ð¾(ºðºÁ¸RO/��º>OTSÊÀ�N�¾ � �VU�¹WO	½ ºÁ¾:½ð¸¾(º�¾*Q�·��O��ºÁ¸WO	�÷ì&O�¾*Xfì:¸ ¾(�-Àðº
S�O	½BÀ�N�¾÷¹¾ Ä ��¸ñºÁì(�£ÀÁ¸ñìfºÁ¸ ��¾�SÛ´���ì�Àð¸RO/���O���]ºÁ¸ Ä ¸¹�	½YO	��¾Kº �v� N�¾÷¹¾ Ä ��¸ñºÁì(�£ÀÁ¸ñìZSÛ´���ìUÀÁ¸WO	�
sl t ì:�	� æ#¾B��¾*[���¾(� �/º

t =

y
∫

0

d s√
1 − s4

, y = sl t \ Â	�Â8]

O	�fÀ�N�¾+¸�-ÀÁ¾(½Á¶£�O¹ [0, A], P^N�¾(½Á¾ A =
1
∫

0

d s√
1−s4

»��O����À�N�¾:�ó¾&Q�ÀÁ¾(����¾K�fÀ�Ou¾:�-Àð¸ ½ð¾
R

¸�ó�
sin

Ã ¹ ¸W_	¾ Ä �O����¾(½ ��� N�¾�¸�-ÀÁ¾(µ	½6�O¹�¸ � \ Â/� ÂV] �	·�·�¾(�O½6º¿¸ �óÀ�N�¾�À�N�¾`O	½�UaOTSÊÀ�N�¾�¹ ¾ Ä ��¸ºðì:�OÀÁ¾
ìU´�½ð¶	¾¿µ	¸¶	¾(�ßæ3U (x2 +y2)2 = x2−y2.

� N�¾��O¹ ÀÁ¾(½Á���OÀÁ¸¶	¾;P¿�VU�À�OB��¾&[���¾�À�N�¾;SÛ´���ìUÀÁ¸WO	�
sl t ¸ñº�À�Ofì&O/��ºÁ¸��¾(½�À�N�¾B�EO	��¹¸ ��¾(�O½�b¿�	´�ì�N3U÷·�½�O	æ�¹¾ Ä

x′′ = −2x3, x(0) = 0, x′(0) = 1.
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� À�¸º>_��MO�P�� \�� è� ��� ç	ç � �� ] À�N��OÀ
À�N�¾"¹ ¾ Ä ��¸ºðì:�OÀÁ¸ñì¿ºÁ¸��¾GSÛ´���ìUÀÁ¸WO	� sl t ì(�O��æ�¾�¾&Q�·�½ð¾(ºðºE¾K�
¸ �}ÀÁ¾(½ Ä ºGO
SvÀ�N�¾�ò/�/ì&O/æ�¸�	�ä¾(¹ ¹¸ ·�ÀÁ¸ñì SÛ´���ì�Àð¸RO/��º \�� Â  � bBN �3Â��  ] �/º

sl t = k0 sd

(

t

k0
; k0

)

= k0

sn( t
k0

; k0)

dn( t
k0

; k0)
, k0 := 2−

1

2 ,

O	½
sl t = sn(t; i), i =

√
−1.

� º>SÞ�	½%�	º P ¾ _��MO�PbÀ�N�¾:½ð¾"�O½ð¾��MO�S�O	½ Ä ´�¹�/º S�O	½
À�N�¾"µ/¾:��¾(½ð�	¹�ÀÁ¾(½ Ä OTSjÀ�N�¾ � �VU�¹WO	½
ºE¾(½Á¸¾(º"¾&Q�·��O�#ºE¸WO	� S�O/½"À�N�¾ßò-�	ì*O	æ�¸ñ�O��¾(¹ ¹¸ ·�ÀÁ¸ñìYSÛ´���ìUÀÁ¸WO	��º �j� ��ºÁ¾:¶	¾(�-ÀÁ¸¾UÀ�N9OTS
À�N�¾���� Ã
À�N ìU¾(�-ÀÁ´�½�U � ì�N�¾UÀEÀß¸ � � � Õ» � ��¿�	��� ��� %·�½�O£¶�¸��¾K� À�N�¾÷½ð¾(ì:´�½ð½Á¾(�/À�S�O/½ Ä ´�¹�/º S�O	½BÀ�N�¾� �VU�¹WO	½�ºÁ¾:½ð¸ ¾Kº
¾&Q�·��	��ºE¸WO	�fì*O-¾*X÷ìU¸¾:�-Àðº>O
SjÀ�N�¾"ò-�	ì*O	æ�¸ñ�O��¾(¹ ¹¸ ·�ÀÁ¸ñìGSÛ´���ìUÀÁ¸WO	��º �/� ´ Ä O	�-À
¸ � � ç� N��/º8¸�/Àð¾:½ð·�½ð¾UÀÁ¾K� À�N�¾(ºÁ¾×½ð¾(ºÁ´�¹ À6º^SÛ½�O Ä ì&O Ä æ�¸���OÀ�O	½ð¸ñ�O¹3·KO	¸�-ÀIOTS�¶�¸¾*P ��� U�´���µ
¸ � � í��ì*O	��ºÁ¸��¾:½ð¾(� � ì�N�¾:ÀEÀ�� ºISÛ´���ìUÀÁ¸WO	��º X, Y, Z �	����·�½�O£¶�¸��¾(��º�O Ä ¾×½ð¾(ì:´�½ðºÁ¸¶	¾YS�O/½ ÃÄ ´�¹ñ�	º�´�ºÁ¸ ��µ÷À�N�¾��	¹ µ/¾:æ�½6�O¸ñì:�	¹v�	·�·�½�O/�	ì�N ��� ½Á¸µ	µ/¾×¸� � Â î��ì*O	��ºÁ¸��¾:½ð¾(� À�N�¾�¸ �-ÀÁ¾(µ	½6�O¹
��¾&[���¸ Àð¸RO/� O
S sn(t; k), �#� Ä ¾:¹WU

t =

∫ sn(t;k)

0

d s
√

(1 − s2)(1 − k2s2)
.

� Q�·��O����¸ ��µ�À�N�¾�¸ �-Àð¾:µ	½6�O�#�ó�	���÷À�N�¾:� ¸�-ÀÁ¾:µ/½ð�OÀÁ¸��µZP ¾Bµ/¾UÀ�À�N��OÀ

t =
∞
∑

n=0

C2n(k)
sn2n+1(t; k)

2n + 1
, P^N�¾:½ð¾ C2n(k) = knPn

(

k

2
+

1

2k

)

�O��� Pn(s) ¸º�À�N�¾ n
Ã À�N �Ê¾:µ/¾:����½ð¾�· O/¹RU��MO Ä ¸�	¹ �"! ºE¸��µ ��# ½ Ä �	���%$&�Ê�Oµ/½ð�	��µ	¾�� º+¸� Ã

¶	¾:½6ºÁ¸RO/��S�O	½ Ä ´�¹� � Â ³»EO	��¾�O	æ�Àð�O¸��º¿À�N�¾ � �VU�¹WO	½�ºÁ¾:½ð¸ ¾Kº ¾*Q�·��O��ºÁ¸WO	�

sn(t; k) =

∞
∑

n=0

t2n+1

(2n + 1)!
σ2n+1(k),

P^N�¾:½ð¾

σ2n+1(k) =

[

d2n

d s2n

(

1

P (s)

)2n+1
]

s=0

, P (s) =

∞
∑

m=0

C2m(k)
s2m

2m + 1
.

� N�¾×�O´�À�NMO/½8��¸ºðìU´#ºÁºÁ¾(º�À�N�¾:� À�N�¾�ì&O Ä ·�´�Àð�OÀÁ¸WO	���	¹Êì&O Ä ·�¹ ¾*Q�¸ À�U OTS®À�N�¸ñº Ä ¾UÀ�NMO����O���
·�½�O£¶�¸ñ��¾(ºuÀ�N�¾(' Ä O	½ð¾}·�½ð�/ì�ÀÁ¸ñì:�	¹*) ½Á¾KìU´�½ð½ð¾:��ì:¾ S�O/½ Ä ´�¹ñ�	ºZS�O	½÷À�N�¾ � �VU�¹RO/½fºE¾(½Á¸¾(º÷ì*O Ã
¾&X÷ìU¸¾:�-ÀðºZO
S sn(t; k) �O��� sn2(t; k).

� N�¾ [�½6º�À���¸��¾}�MO	�-ÀÁ½ð¸¶-¸ñ�O¹¿ì&O�¾&X÷ì:¸ ¾(�/À6ºZP ¾(½Á¾
ì&O Ä ·�´�ÀÁ¾(� ��� �}À�N�¾�PBO/½�_ � Â	Â 3À�N�¾�¾&Q�·��	��ºE¸WO	�#ºGOTS sn(t; k) �O��� sn2(t; k) P¿¾:½ð¾Bì&O/� Ã
ºE¸ñ��¾:½ð¾(�÷¸ �ó· O�P¿¾:½6º>OTSÊÀ�N�¾ Ä O���´�¹ ´#º k. b ¹WO/ºÁ¾(��¾&Q�·�½ð¾(ºðºÁ¸RO/��º>S�O/½%À�N�¾�[#½ðºEÀ �MO/�-ÀÁ½ð¸ ¶�¸ñ�O¹
ì&O�¾&X÷ìU¸¾:�-À6ºGP ¾(½Á¾�O	æ�Àð�O¸��¾K� �

� ��À�N�¸ñº�·��O·�¾:½ P¿¾"O	æ�À6�O¸��À�N�¾�S�O/½ Ä ´�¹�/º^S�O/½"À�N�¾ � �VU�¹RO/½"ºÁ¾:½ð¸ ¾Kº"ì&O�¾*Xfì:¸ ¾(�-Àðº�S�O	½
À�N�¾ SÛ´���ìUÀÁ¸WO	� sl t �O����ºE¸ Ä ¸ ¹ñ�O½�SÛ´���ìUÀÁ¸WO	��º Sn(t) ´�ºÁ¸��µ�À�N�¾ ºÁ� Ä ¾ �O·�·�½�O-�	ì�N �®� N�¾
SÛ´���ì�Àð¸RO/��º8�	½Á¾���¾&[#��¾(� �	º�º�O	¹´�Àð¸RO/��ºGOTS®À�N�¾�¸��¸ ÀÁ¸ñ�O¹3¶£�O¹´�¾B·�½�O	æ�¹ ¾ Ä º
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x′′ = −nx2n−1, x(0) = 0, x′(0) = 1,

P^N�¾:½ð¾ n = 1, 2, . . . . �®¸ ½6ºEÀBP¿¾+ì&O/��ºÁ¸��¾(½�À�N�¾�SÛ´���ì�Àð¸RO/� t = t(y) ��¾&[���¾(�÷æ3U \ Â/� ÂV] O/½
ºE¸ Ä ¸ ¹ñ�O½B¸�-ÀÁ¾:µ/½ð�	¹ù½Á¾(¹�OÀÁ¸WO	��º �3� N�¾:� P¿¾�¾&Q�·��O�#��À�N�¸ñº�SÛ´���ìUÀÁ¸WO	� �£À��(¾:½�Oó·KO	¸�-À�´�ºE¸��µ
À�N�¾+æ�¸ �EO Ä ¸�	¹MS�O/½ Ä ´�¹� �/� N�¾+ì&O�¾&X÷ìU¸¾:�-À6º>S�O	½%À�N�¾ � �VU�¹WO	½%ºÁ¾:½ð¸¾(º S�O/½ sl t \ �	��� Sn(t)

]
�O½ð¾IO/æ�Àð�	¸ ��¾K�äæ3U÷¸��¶	¾(½ðºÁ¸RO/� O
SÊÀ�NEO/ºÁ¾�¸�óÀ�N�¾ � �VU�¹RO/½¿ºÁ¾:½ð¸ ¾Kº�¾&Q�·��	��ºE¸WO	� S�O	½ t = t(y).�MO	½�À�N�¸ñº:»MP¿¾�´�ºÁ¾+À�N�¾B½ð¾(ìU¾(�-À;S�O/½ Ä ´�¹ñ�ßæ3U
	 �Oæ�½ð¾:¸W_
O Ã �:U�ºÁ¾:�M_�O � Â ç� �

�G=��� L�@ C����3H���A
������� û ����� þ � Ú�¯8jÖ£#±V°�§©¥K§Þ¡£¨jÝðÖK¯�� Ý:§Þ¯U#±Þª"ÖEØ�±©Ú�¯ � ¡£²£¨ ÖO°�ª:¯U°�§Þ¯Uª+¯ ��¦�¡£�ª�§ÞÖ£+ØUÖO°�±©Ú�¯
Ø6¢��Ý:±V§ÞÖO Sn(t) =

∞
∑

m=0
Sn,mtm ¡£°ð¯+¤	§©¥�¯: 	U² Sn,1 = 1 ¡O�à

Sn,2nk+1 =
1

2nk + 1

∑

1β1+···+kβk=k

(−2)
−2k+

k
P

j=1

βj

× (V ; β1, . . . , βk, 2nk)

k
∏

j=1

(

2j−1
j−1

)βj

k
∏

j=1

(2nj + 1)βj

, \ ç �Â8]

! Ú�¯:°Á¯ k = 1, 2, . . . ¡£jà

(V ; β1, . . . , βk, 2nk) =

(

β1 + β2 + · · · + βk + 2nk
)

!

β1!β2! · · ·βk!(2nk)!
,

(

2j − 1

j − 1

)

=
(2j − 1)!

j! (j − 1)!
.

" °ÁÖKÖ�Ø � �3¾:À Fn(x) æ�¾�À�N�¾B¸��¶	¾(½ðºÁ¾�SÛ´���ì�Àð¸RO/� O
S Sn(t)
��� N-´#º

Fn(x) =

x
∫

0

du√
1 − u2n

=
∞
∑

k=0

Fn,2nk+1x
2nk+1

¸ ��º�O Ä ¾���¾:¸µ
N�æKO	´�½�NMO3O���OTS#�:¾(½�O#»3P^N�¾:½ð¾

Fn,2nk+1 =
F

(2nk+1)
n (0)

(2nk + 1)!
=

(2k − 1)!!

(2k)!!
· 1

2nk + 1
(k = 0, 1, 2, . . .); \ ç � ç ]

(2k − 1)!! = 1 · 3 · 5 · · · (2k − 1) (k = 0, 1, 2, . . . ), (−1)!! = 1;

(2k)!! = 2 · 4 · 6 · · · 2n (k = 0, 1, 2, . . . ), 0!! = 1.

�3¾UÀ�´�º�ì&O	�#ºE¸ñ��¾:½ y = f(x) �O����¹¾UÀ x = g(y) æ�¾ß�	��¸�-¶/¾:½6ºE¾"SÛ´���ì�Àð¸RO/� �j� À P��	º
º NMO�P��ä¸ �óÀ�N�¾�½ð¾(ìU¾(�-À¿�O½ÁÀÁ¸ñìU¹¾ OTS#	j�	æ�½ð¾:¸W_
O×�	��� �:U�ºÁ¾:�M_�O � Â ç�jÀ�N��£À�À�N�¾%$�ºEÀÁ½�O�P8º _�¸ � º
S�O	½ Ä ´�¹ñ� � ô�#S�O	½�À�N�¾ m

Ã À�N ��¾:½ð¸¶��OÀÁ¸¶	¾�OTS
�O�}¸�-¶/¾:½6ºE¾ISÛ´���ìUÀÁ¸WO	��ì:�	�óæ�¾YP�½ð¸ ÀÁÀÁ¾:���/º

g(m)(y) =
∑

1α2+···+(m−1)αm=m−1

(−1)α2+···+αm
(2α2 + · · · + mαm)!

α2!(2!)α2 · · ·αm!(m!)αm

×
[

(f ′(x))
−1
]2α2+···+mαm+1 (

f (2)(x)
)α2

· · ·
(

f (m)(x)
)αm

,
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P^N�¾:½ð¾ y = f(x) » f ′(x) 6= 0

�%� ¾YP�¸ ¹¹ ½Á¾*SÛ¾:½�À�OßÀ�N�¸ñº;S�O	½ Ä ´�¹ñ���	º À�N�¾ $%	 � Ã S�O	½ Ä ´�¹ñ� �
�3¾UÀ g = Sn

�O��� f = Fn

��� O	ÀÁ¸ñìU¾�À�N#�£À Fn
′(0) = 1

��� À8�O·�·�¾(�	½ðº¿À�N��£À

Sn(t) =

∞
∑

m=0

Sn,mtm,

P^N�¾:½ð¾ Sn,0 = 0 » Sn,1 = 1 �O���

Sn,m =
1

m!

∑

1α2+···+(m−1)αm=m−1

(−1)

m
P

j=2

αj

(

m
∑

j=2

jαj

)

!

m
∏

j=2

αj !(j!)αj

m
∏

j=2

(

F (j)(0)
)αj

,

P^N�¾:½ð¾ m = 2, 3, . . . �

� û ��� � ø��Þú�� ��� � þ â#§©�Ý6¯�±©Ú�¯��ÖO�±³°�§©¥(§Þ¡O¨ � ¡£²£¨ ÖO° ªU¯:°�§Þ¯Uª�¯ �U¦�¡O�ª�§ÞÖ£ Ý6ÖK¯ � Ý:§Þ¯U#±Þª�Ö�Ø
±©Ú�¯�Ø6¢��Ý:±³§ÞÖ£ Fn

¡£°Á¯ Fn,1
ã Fn,2nk+1 (k = 1, 2, . . .) ã�±ÛÚ�¯B�Ö£#±V°�§©¥K§Þ¡£¨ � ¡O²£¨ Ö£°�ª:¯:°�§Þ¯�ª

¯ �U¦�¡£�ª�§ÞÖOqÝ6Ö(¯�� ÝU§Þ¯:�±Vª×Ö�ØB±ÛÚ�¯ Ø6¢��Ý:±V§ÞÖO Sn
¡O°Á¯ Sn,1

ã Sn,2nk+1 (k = 1, 2, . . .) �
� N�¾:½ð¾&S�O/½Á¾ Sn(t) =

∞
∑

k=0

Sn,2nk+1t
2nk+1 �O��� P¿¾}´#ºE¾�¸� $%	�� Ã S�O	½ Ä ´�¹ñ� O	��¹WU

À�NMO-ºE¾BºÁ´ Ä º:»MP^N�¸ì�N ºÁ�OÀÁ¸ñº�S�U
k
∑

j=1

(2nj)α2nj+1 = 2nk O	½ k
∑

j=1

jβj = k, P^N�¾(½Á¾ βk = α2nk+1 (k = 1, 2, . . .).

� N�¾:�

Sn,2nk+1 =
1

(2nk + 1)!

∑

1β1+···+kβk=k

(−1)

k
P

j=1

βj

×

(

k
∑

j=1

(2nj + 1)βj

)

!

k
∏

j=1

βj !((2nj + 1)!)βj

k
∏

j=1

(

F (2nj+1)
n (0)

)βj

,

O	½

Sn,2nk+1 =
1

2nk + 1

∑

1β1+···+kβk=k

(−1)

k
P

j=1

βj

(V ; β1, . . . , βk, 2nk)

k
∏

j=1

F
βj

n,2nj+1,

\ ç � ��]
P^N�¾:½ð¾

k
∑

j=1

(2nj + 1)βj = 2n

k
∑

j=1

jβj +

k
∑

j=1

βj = 2nk +

k
∑

j=1

βj

�O���
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(V ; β1, . . . , βk, 2nk) =

(

2nk +
k
∑

j=1

βj

)

!

(2nk)!
k
∏

j=1

βj !

¸º8�u·�¾:½ Ä ´�À6�£Àð¸RO/� P�¸ À�N ½ð¾:·�¾UÀÁ¸ ÀÁ¸WO	�#º \ ì)S � � Â  ] S�O/½ Ä ´�¹� ��� S S�O/¹ ¹WO�P8ºBSÛ½�O Ä \ ç � ç ] À�N��OÀ
k
∏

j=1

F
βj

n,2nj+1 =

k
∏

j=1

(

(2j − 1)!!

(2j)!!
· 1

2nj + 1

)βj

.

$+��¾�O	æ�À6�O¸��º¿À�N��OÀ
k
∏

j=1

(

(2j − 1)!!
)βj

=
k
∏

j=1

(

(2j − 1)!! (2j − 2)!!

(2j − 2)!!

)βj

=
k
∏

j=1

(

(2j − 1)!

(j − 1)! 2j−1

)βi

= 2
−k+

k
P

j=1

βj
k
∏

j=1

(

(2j − 1)!

(j − 1)!

)βj

,

k
∏

j=1

(

(2j)!!
)βj

= 2k

k
∏

j=1

(j!)βj ,

k
∏

j=1

F
βj

n,2nj+1 = 2
−2k+

k
P

j=1

βj

k
∏

j=1

(

2j−1
j−1

)βj

k
∏

j=1

(2nj + 1)βj

,

\ ç � í ]
P^N�¾:½ð¾ (2k−1

k−1

)

(k = 1, 2, . . .) �	½Á¾�æ�¸�MO Ä ¸ñ�O¹3ì*O�¾&X÷ìU¸¾:�-Àðº \ ì)S � � Â  ]��
� OOÀð¸ì:¾�À�N��OÀ

(−1)

k
P

j=1

βj

2
−2k+

k
P

j=1

βj

= (−2)
−2k+

k
P

j=1

βj

. \ ç � ô ]
� N�¾ S�O	½ Ä ´�¹ñ� \ ç �Â8] S�O/¹ ¹WO�P8º;SÛ½�O Ä \ ç � ��] » \ ç � í ] �O��� \ ç � ô ]��

á
ÖO°ÁÖ£¨©¨¡£°�²���� � N�¾ZSÛ´���ìUÀÁ¸WO	� S1(t)
ì*O	¸��ìU¸ñ��¾KºIP�¸ À�N À�N�¾u¾(¹ ¾ Ä ¾:�-Àð�	½�U sin t P�¸ À�N�À�N�¾

P ¾(¹ ¹ _��MO�P��}�MO	�-Àð½Á¸¶�¸�	¹3ì&O�¾&X÷ìU¸¾:�-À6ºGOTSÊÀ�N�¾ � �VU-¹WO	½�ºÁ¾:½ð¸ ¾Kº¿¾&Q�·��O�#ºE¸WO	� �£À t = 0 Å

S1,2k+1 =
(−1)k

(2k + 1)!
.

! ºÁ¸ ��µ \ ç �Â8] O/��¾�O	æ�À6�O¸��º¿À�N�¾�ºÁ¾UÀ^O
S®¸ñ��¾:�-Àð¸ Àð¸ ¾Kº:Å

∑

1β1+···+kβk=k

(−2)
−2k+

k
P

i=1

βi

(V ; β1, . . . , βk, 2k) ·

k
∏

j=1

(

2j−1
j−1

)βj

k
∏

j=1

(2j + 1)βj

=
(−1)k

(2k)!
,

P^N�¾:½ð¾ k = 1, 2, . . .
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á
ÖO°ÁÖ£¨©¨¡£°�²��%� � N�¾ SÛ´���ì�Àð¸RO/� S2(t)

ì&O/¸ �#ìU¸ñ��¾(º P�¸ À�N À�N�¾ ¹ ¾ Ä ��¸ºðì:�OÀÁ¸ñì�ºE¸��¾ sl t � � Õ»P^N�¸ì�N ì:�	�bæ�¾ ¾&Q�·�½ð¾(ºðºE¾K� À�N�½�O/´�µ
NbÀ�N�¾ ò-�	ì*O	æ�¸ñ�O�b¾:¹¹ ¸·�Àð¸ì SÛ´��#ì�ÀÁ¸WO	�#º ��� ¾:��ì:¾óÀ�N�¾
�MO	�-ÀÁ½ð¸¶-¸ñ�O¹Oì*O�¾&X÷ìU¸¾:�-Àðº#OTS-À�N�¾ � �VU�¹WO	½3ºÁ¾:½ð¸ ¾Kº ¾&Q�·��	��ºE¸WO	���£À t = 0 S�O	½ À�N�¾�¹¾ Ä ��¸ñºÁì(�£ÀÁ¸ñì
ºE¸��¾��O½ð¾�µ	¸¶	¾:�}æ3U S2,1 = 1 �O�#�

S2,4k+1 =
1

4k + 1

∑

1β1+···+kβk=k

(−2)
−2k+

k
P

j=1

βj

× (V ; β1, . . . , βk, 4k)

k
∏

j=1

(

2j−1
j−1

)βj

k
∏

j=1

(4j + 1)βj

(k = 1, 2, . . . ).

�G=�� �:CEL���J � A L D @
	 þ � þ�
� � ý	ú�� � �

sin t

bBO	��ºÁ¸��¾:½ sin t = 1+
∞
∑

k=1

s2k+1t
2k+1.

� N�¾ ¶£�O¹´�¾(º OTS s2k+1 (k = 1, 2, . . .) O/æ�Àð�	¸ ��¾(�
æ�Uóì&O Ä ·�´�Àð�£Àð¸RO/�ó´#ºE¸��µ�À�N�¾�S�O	½ Ä ´�¹ñ� \ ç �Â8] \ S�O/½ n = 1

] �	½Á¾

s2k+1 =
(−1)k

(2k + 1)!
, (k = 1, 2, . . . ).

	 þ�� þ�
� � ý	ú�� � �
sl t

bBO	��ºÁ¸��¾:½ sl t =
∞
∑

k=0

s4k+1t
4k+1.

� N�¾�[�½6º�À��MO/�/Àð½Á¸¶�¸�	¹
ì&O�¾&X÷ìU¸¾:�-À6º�OTS%À�N�¾ � �VU�¹WO	½
ºE¾(½Á¸¾(º"¾&Q�·��O�#ºE¸WO	� S�O/½8À�N�¾�SÛ´��#ì�ÀÁ¸WO	� sl t �£À t = 0 µ	¸¶	¾(��æ3UóÀ�N�¾ ��� ¼ � � ·�½�O	µ/½ð� Ä
�O½ð¾	Å

s1 = 1, s5 = − 1

10
, s9 =

1

120
, s13 = − 11

15600
,

s17 =
211

3536000
, s21 = − 1607

318240000
.

� º^SÞ�	½"�	º P ¾Y_��MO�PB»�À�N�¾ ��� ¼ � � ·�½�O/µ	½6� Ä �MO-¾Kº��MO	À N���¶	¾B¾*Q�·�¹ ¸ñìU¸ À S�O	½ Ä ´�¹�/º;S�O	½
À�N�¾ � �VU�¹RO/½uì*O-¾*X÷ìU¸¾:�-Àðº�O
S"À�N�¾ ò-�	ì*O	æ�¸ñ�O�b¾:¹¹ ¸·�Àð¸ì SÛ´��#ì�ÀÁ¸WO	�#ºf�O��� ì:�	¹ì:´�¹�OÀÁ¾Kº×À�N�¾
ºE¾(½Á¸¾(º×æ�U]½ð¾:·�¾(�OÀÁ¾(��¹RU]��¸���¾(½Á¾(�/Àð¸�OÀÁ¸��µ��	��� ¾:¶£�	¹ ´��OÀÁ¸��µ��OÀuî \ O	½�P^N�¸ì�N�¾:¶	¾(½×¶£�O¹´�¾
P ¾�� ½ð¾ß¾*Q�·��O����¸ ��µ �O½�O	´���� ]�� $�S�ì&O	´�½ðºÁ¾ß¸ ÀY_��MO�P8ºIS�O	½ Ä ´�¹ñ�	º�S�O	½���¾(½Á¸¶£�£Àð¸ ¶/¾(ºIOTS%À�N�¾
ò/�/ì&O	æ�¸�	�ä¾:¹¹¸ ·�Àð¸ì SÛ´���ì�Àð¸RO/��º �

� N�¾�¶£�O¹´�¾(º OTSBÀ�N�¾ ì*O-¾*X÷ìU¸¾:�-Àðº s4k+1 (k = 1, 2, . . .) �	æ O£¶/¾�ì&O/¸ ��ì:¸��¾0P�¸ À�N
À�NMO-ºE¾YO/æ�Àð�	¸ ��¾K�äæ3U}ì&O Ä ·�´�Àð�£Àð¸RO/�ó´#ºE¸��µ�À�N�¾�S�O	½ Ä ´�¹ñ� \ ç �Â8] S�O/½ n = 2

��� ¾:�EOOÀÁ¾�S�O/½
æ�½Á¾(¶�¸ À�UjÅ
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A(β) = (−2)
−2k+

k
P

j=1

βj

, B(β) = (V ; β1, . . . , βk, 4k),

C(β) =

k
∏

j=1

(

2j − 1

j − 1

)βj

, D(β) =

k
∏

j=1

(4j + 1)βj .

	 þ�� þ � þ
k = 1

1 · β1 = 1.

β1 A(β) B(β) C(β) D(β)
Â

− 1
2 5 1 5

s5 = s4·1+1 =
1

5
·
(

−1

2

)

· 5 · 1

5
= − 1

10
.

	 þ�� þ�� þ
k = 2

1 · β1 + 2 · β2 = 2.

β1 β2 A(β) B(β) C(β) D(β)

ç î 1
4 45 1 25

î Â
− 1

8 9 3 9

s9 = s4·2+1 =
1

9

[

1

4
· 45 · 1

25
+

(

−1

8

)

· 9 · 3

9

]

=
1

120
.

	 þ�� þ 	 þ
k = 3

1 · β1 + 2 · β2 + 3 · β3 = 3.

β1 β2 β3 A(β) B(β) C(β) D(β)
� î î − 1

8 455 1 125

î î Â
− 1

32 13 10 13
Â Â î 1

16 182 3 45

s13 = s4·3+1 =
1

13

[

(

−1

8

)

· 455 · 1

125
+

(

− 1

32

)

· 13 · 10

13

+
1

16
· 182 · 3

45

]

= − 11

15600
.
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	 þ�� þ��Êþ

k = 4

1 · β1 + 2 · β2 + 3 · β3 + 4 · β4 = 4.

β1 β2 β3 β4 A(β) B(β) C(β) D(β)

í î î î 1
16 4845 1 625

î î î Â
− 1

128 17 35 17

ç Â î î − 1
32 2907 3 225

Â î Â î 1
64 306 10 65

î ç î î 1
64 153 9 81

s17 = s4·4+1 =
1

17

[ 1

16
· 4845 · 1

625
− 1

128
· 17 · 35

17
− 1

32
· 2907 · 3

225

+
1

64
· 306 · 10

65
+

1

64
· 153 · 9

81

]

=
211

3536000
.

	 þ�� þ�� þ
k = 5

1 · β1 + 2 · β2 + 3 · β3 + 4 · β4 + 5 · β5 = 5.

β1 β2 β3 β4 β5 A(β) B(β) C(β) D(β)
ô î î î î −1/32 53130 1 3125
� Â î î î 1/64 42504 3 1125
ç î Â î î −1/128 5313 10 325Â î î Â î 1/256 462 35 85
î Â Â î î 1/256 462 30 117
î î î î Â

−1/512 21 126 21Â ç î î î −1/128 5313 9 405

s21 = s4·5+1 =
1

21

[

− 1

32
· 53130 · 1

3125
+

1

64
· 42504 · 3

1125
− 1

128
· 5313 · 10

325

+
1

256
· 462 · 35

85
+

1

256
· 462 · 30

117
− 1

512
· 21 · 126

21

+

(

− 1

128

)

· 5313 · 9

405

]

= − 1607

318240000
.
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� ��À�N�¸º®�O½ÁÀÁ¸ñìU¹¾ P¿¾ ºEÀÁ´��MU+À�N�¾BSÛ´���ì�Àð¸RO/��º Sn(t) ��¾&[���¾(�×�/ºÊº�O	¹´�ÀÁ¸WO	�#º#O
S�À�N�¾BS�O	¹¹RO�P�¸��µ
b¿�O´�ì�N3Uf·�½�O	æ�¹¾ Ä

{

x′′ = −nx2n−1,

x(0) = 0, x′(0) = 1

�O��� À�N�¾(¸ ½ � �VU-¹WO	½uºE¾(½Á¸¾(ºß¾&Q�·��	��ºÁ¸RO/��ºß�	½�O/´����]À�N�¾ · O/¸ �-À t = 0. �MO	½ n = 1 O/��¾
O	æ�À6�O¸��º8À�N�¾ sin t SÛ´���ì�Àð¸RO/�3»�À�N�¾uì:�/ºE¾ n = 2 ½ð¾&SÛ¾(½ðº8À�O÷À�N�¾u¹ ¾ Ä ��¸ºðì:�OÀÁ¸ñì�ºE¸��¾�SÛ´���ì Ã
ÀÁ¸WO	� sl t.

� �-ÀÁ¾(µ	½6�£Àð¸ ��µ�À�N�¾���¸��j¾:½ð¾:�-ÀÁ¸ñ�O¹�¾��-´��OÀÁ¸WO	���	��� Ä �
_-¸��µq´�ºÁ¾ O
S8À�N�¾}¸��¸ Àð¸�	¹
ì&O	�#��¸ Àð¸RO/��ºGO	��¾�µ/¾UÀ6º¿À�N�¾B¸�-ÀÁ¾:µ/½ð�	¹ ½Á¾(·�½ð¾(ºÁ¾:�-Àð�OÀÁ¸WO	�

t =

∫ x

0

du√
1 − u2n

, x = Sn(t).

� N�¾>SÛ´���ìUÀÁ¸WO	�B´��#��¾:½ À�N�¾�¸�-ÀÁ¾:µ/½ð�	¹Oì:�	��æ�¾�¾*Q�·#�O����¾K��¸ ��� � �VU�¹RO/½3ºE¾(½Á¸¾(º6P�¸ À�NB½ð¾(ºÁ·#¾Kì�À
À�O u �O����À�N�¾:�]¸ �-Àð¾:µ	½6�£Àð¾(� � � N�´�º�À�N�¾ � �VU�¹WO	½BºE¾(½Á¸¾(º�¾*Q�·#�O��ºÁ¸RO/�0S�O/½�À�N�¾ZSÛ´���ìUÀÁ¸WO	�
Fn(x), P^N�¸ì�N÷¸ñº���¾&[#��¾(�ó�	º¿�O�ä¸��¶	¾(½ðºÁ¾�À�O Sn(t), ì:�	�÷æ#¾�O/æ�Àð�	¸ ��¾K� � � ¾ P ¾(½Á¾��Oæ�¹¾
À�Oäì*O Ä ·�´�Àð¾BÀ�N�¾ßì&O�¾&X÷ìU¸¾:�-À6º^OTSùÀ�N�¾ � �VU�¹WO	½8ºÁ¾:½ð¸ ¾Kº�¾&Q�·��	��ºÁ¸RO/� �	½�O/´����
�:¾(½�O�O
S®À�N�¾
SÛ´���ì�Àð¸RO/��º Sn(t) (n = 1, 2, . . . )

Ä �
_-¸��µB´�ºÁ¾GOTS�À�N�¾ $�º�Àð½�O�P8º�_�¸*$ 	j�Oæ�½ð¾:¸W_
O $%�#U�ºÁ¾U�M_�O
S�O	½ Ä ´�¹ñ� � Â ç�#S�O/½�À�N�¾"N�¸ µ�N�¾:½"��¾:½ð¸ ¶£�£Àð¸ ¶/¾(ºGO
Sù�	�}¸��¶	¾(½ðºÁ¾ SÛ´���ì�Àð¸RO/� ��� N�¸ñº^S�O/½ Ä ´�¹ñ�ß¸ñº
º�À6�£ÀÁ¾K�]�	º�À�N�¾ Ä �O¸�]½Á¾KºE´�¹ À"OTS¿À�N�¾ä�O½ÁÀÁ¸ñìU¹¾f¸ � � N�¾`O	½ð¾ Ä Â	� � �	��´��O¹�ì*O Ä ·�´�À6�£ÀÁ¸WO	�
OTS�À�N�¾uì*O�¾&X÷ìU¸¾:�-Àðº�´�·�À�OóÀ�N�¾fç Â:Ã ºEÀ"Àð¾:½ Ä ¸ ��À�N�¾ � �VU-¹WO	½�ºÁ¾:½ð¸ ¾Kº8¾&Q�·��	��ºÁ¸RO/�0OTS�À�N�¾
¹ ¾ Ä ��¸ºðì:�OÀÁ¸ñì�ºÁ¸��¾�SÛ´���ìUÀÁ¸WO	� sl t P��	º�ì(�O½ð½Á¸¾(� O	´�À �

� ��� �#C��#@�J ���

� P
	������� � J � �)%�G���ùJ(F � L��M�� C�� �/F�� ! � �  ������! #"%$�&'&)(*&,+.-/��02143�-/��06587���9�+�:; �7
0658&� =<�/N�J&�'
> � ��C J`�Z� � M��EJ(F � J � � � + P6S >(9 ?�6@ � � � G J:F C � G���G��(FBA/N�J`�/HKJ + �Z� � ?��)% + P6S ; S��

� 7 	DCEBCG� � �KF��'���?�� � �-GIF-J*��� � G J � GIF�� C�������C �EJ*��G��KF � � � ��D C MO?ÁD C � � ��C ?�� � ��C F-? C �(F ��D C
F J:?����/G J(F C���� G � ��GI? � �-F/?���G��KF � HG���0214IKJ�&�-?LMI +4N�NE+ P 7 S(R < P 7 S ; + P�S ; S;

� R!	O��=P � G�� � J:F � J(F � $ -M	J � � � �-J C �#�Q C�� F/G � ?6J*��GI? � �-F-?���G��(F � GIF���D C ��D C � � �"� � ��D C;!#��T
� C F <�$ �)% �IC�� � GSR C���C F���G J ��C�( �-J*��G��KFTUGV��02143�-D�!06587
<
IXWY5 Z?3�[\3� 40658��9X3\]
:4�!0658&� 4<O^)_T 45a`�I
&b+dc��!06`'58��egf� 4<�065a06:h0i3E&b+�G���021=Ij�! #"kJ�&�-?LTI�l�7
5mI n +#NM+ 7:@K@ Rh

� 9 	Do ���*p®D
� � ���
�-F � #N;�`� C �KFY��D C?F J(?����-G C���� G � ��GI? � �-F/?���G��KF � Hq;I#r�9 st3�$
[\� +�u=v�v + P�R 9"<
P 9�@ + P�S(S�w;

� = 	O�� ��=x � � � �)% � HOG6Kl#&�9 :;0656&� 4<?&b+�3\]
:=��0658&� =<Y�� �"E<�y!<�0i3�-E<�&,+Y3\]
:4�!0658&� 4<���
?�J � hz ��C�� � AN C %|{ � � H�J(F � Q �KF � �(F + P�S >K@ ��6@ � � � G J(F C � G��G��KF + �Z� � ?��&% + P�S > R%�
� > 	O��£MO?ÁD C � �'#z � � ��C�� ��G C�� � � ��D C�A J�� � � � ��C�� G C��vC�	�� J(F � G��(FB?�� C�� ?ðG C FT� � � � ��D CUF J(?����-G J(FC���� G � ��GI? � �/F-?���G��KF � HG���0214IKJ�&�-�LTI +4N4v + P 9 R < P 9�; + P6S ;(> 
� ; 	O��OM	?ED C � �'M@ C ?�� � ��C F/? C>� � ��� � � J^� � ��D C A J�� � � � ��C�� G C��®C�	
� J(F � G��KF�?�� C�� ?ðG C FT� � � � ��D C

F J:?����/G J(F C���� G � ��GI? � �-F/?���G��KF � HG���0214IKJ�&�-?LMI +4NT}3+ P @K@ R < P @(@�= + P�S ;K; 
� w!	�p � � � G �(C F � � � ���?�~(MO?ÁD C � �';z � � ��C�� ��G C�� � � ��D CùA J�� � � �:��C�� G C��3C�	
� J(F � G��(F�?�� C�� ?6G C F�� �� � ��D COF J(?����-G J:F C���� G � ��GI? � �/F-?���G��KF � + ��J*��DTjp � �Y�  R @ �ÕP�S ;(> � + P 9 R T P 9£; �G���0214I

J�&�-�LTI +4NT}3+ RKR @ + P6S ;(; 
� S!	 !  A  ÿ D-G� �EJ(H C�� J(F � P*3N~ ÿ J&� � �KFB�r�J�&�:h[�<
3�&,+OG�&'"t3�[� �rd ���9 y�<�5a<�e��.��[�0�f\f�

pùJ � � � G � �KC�� F-G��#4z ��C�� � + P�S 7(; 
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