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È§º¹·7È	Þ=º¹´µ	¶®á�¶(Þ(È>¿�¸¹¶®ºA?�¶�¼ ·¹¶�O/¿�´ ·±¶èÈ�Ê�´ ³�´ Ê®È>ÆÅ¸�º±¶�³�Þ�´ ÆÅ½>¾Øº�?�¶¥Ç/·¹´åß]�4��³ º�?�¶*=�·±¶(¸¹¶�³-º
=�È	=�¶�· FÅ¶Ø´ ÊG=�Æ¶�Ê�¶(³/º%ºA?�¶"¸±Þ(?�¶(Ê ¶N¸
ß�¶�·±´µ	¶(ß�½	³ º�?�¶�á�È/¸H¶Ø½>¾f³�¶�F <�È	·±Þ(?�¿���´ ³-º¹¶(Ç	·7È>Æ
´ß�¶(³-º¹´ º¹´¶(¸Ø¾©½/·9·¹¶NÈ	Þ�º±´ ½/³ =�·±½	á�Æ ¶(Ê�¸Ø´³ S âNY¯�

Z ¶ñÞ�½	³�¸¹´ß�¶�·ÅºA?�¶ñÞ�½	³�µ	¶NÞ�º±´ ½/³�ÉÝß�´�Bf¿�¸¹´ ½/³¥¶�O-¿�È>º¹´½	³

Lu := −(a(x)u′)′ + b(x)u′ + c(x)u = g(x)
½	³

(0, 1)  Ã	�Ã
�
F9´»º�? º�?�¶��+´ ·±´Þ(?�Æ ¶�º�á#½/¿�³�ß�È	·¹¼èÞ�½	³�ß�´ º¹´½	³#¸

u(0) = u0, u(1) = u1.  Ã	�õâ��
� ¿�=�=�½/¸¹¶ ºA?�È>º

a, b, c, g
È	·¹¶ =�´¶(Þ�¶XF9´å¸H¶ñÞ�½	³-º¹´³�¿�½	¿#¸Ø¾©¿�³�Þ=º¹´½	³�¸"½	³ S Â�ÀÃ^Y FH?�´åÞ(?

Þ�È>³>?#È�µ	¶ñ¸¹´ ³�Ç/Æ ¶�ß�´¸±Þ=½/³-º¹´³-¿�´»º�¼pÈ§º
x = α, 0 < α < 1

�#�6?�¶(³4À�´ ¾ FÅ¶�È	¸±¸H¿�Ê ¶ º�?�È§º
u

´¸�Þ�½	³-º¹´³�¿�½	¿#¸ÅÈ>º
x = α

À�ºA?�¶�³�È�¾©½	·±Ê�È	Æ]´ ³-º±¶�Ç	·7È§º±´ ½/³¥½	¾  Ã
��Ç	´µ	¶N¸

Lu = g(x)
½/³

(0, α) ∪ (α, 1),  Ã	� V��
[u]α ≡ u(α+ 0) − u(α− 0) = 0,  Ã	� W��
[au′]α = 0.  Ã	�õã��

Z ¶�³�½>º±¶EºA?�È>º�¸¹½	Ê�¶ñ·±¶(¸¹¿�Æ º±¸�½	¾êºA?�´å¸9=#È	=�¶�·9F9´ÆÆX·±¶�O-¿�´·¹¶ñÈèÇ	·±¶(È§º±¶�·"¸¹Ê�½�½>ºA?�³�¶(¸±¸�½	¾
ºA?�¶�¸¹½	Æ¿�º±´ ½/³4À�·¹¶N¸ =�¶(Þ=º¹´µ	¶(Æ ¼è½	¾Xº�?�¶�ß�È>º±È�º¹½�º�?�¶ñÆ¶=¾ º+È	³�ß ·¹´Ç�?-º�½>¾

x = α
���Ýº"´¸"È>Æå¸H½

È	¸±¸H¿�Ê�¶Nßèº�?�È§º

0 < a0 ≤ a(x) ≤ a1, |b(x)| ≤ b1, 0 ≤ c(x) ≤ c1, 0 ≤ x ≤ 1.  Ã/� T��
�4¶=º

Qk
α

á#¶9º�?�¶�¸¹¶=ºÛ½>¾]Þ=½/³-º¹´³-¿�½	¿�¸�¾©¿�³#Þ�º¹´½	³#¸
v ∈ Qk

α

À	ºA?�È>º%È>·±¶9ß�¶^D�³�¶(ß�½	³bS Â�ÀÃ^Y
È>³�ß ?�È�µ/¶G=�´ ¶NÞ=¶�F9´¸¹¶¥ß�¶(·¹´µ§È§º¹´µ	¶N¸ ¿�=�º¹½�½	·7ß�¶�·

k
À@FH?�¶�·±¶

k
´¸�´ ³-º±¶�Ç	¶(·(�X�6?�¶�¾©¿�³�Þ=É

º¹´½	³
v

È	³�ß1´ º±¸�ß�¶(·¹´µ§È§º±´ µ/¶(¸�Þ(È>³I?�È�µ	¶Eá�½	¿�³�ß�¶(ß�ß�´¸±Þ=½/³/º±´ ³�¿�´ º¹´¶(¸�½	³�Æ¼pÈ>º9ºA?�¶�=#½/´ ³-º
α

�]à�¿�·Hº�?�¶�·NÀ F�¶ È	¸±¸H¿�Ê�¶�ºA?�È>º"ºA?�¶ ¸¹½	Æ¿�º¹´½	³�½>¾K=�·±½	á�Æ ¶(Ê  Ã	�Ã
���  Ã/� â��  ·±¶(¸A=�¶(Þ�º±´ µ/¶�Æ¼
 Ã	� V����  Ã	�õã���À  Ã	�õâ����Åá�¶�Æ½	³�Ç/¸Åº¹½

Qk
α

À�F9´ ºA?�È	=�=�·¹½)=�·¹´åÈ§º±¶
k

�
�6?�´¸ =�È	=�¶�·X´¸4È	·¹·7È>³�Ç	¶(ß�È	¸]¾©½	ÆÆ ½�F�¸(�=��³ � ¶NÞ�º¹´½	³ñâ�ÀXFÅ¶�=�·¹¶N¸H¶(³-º]ºA?�¶Û³�¶XF <�È>·7Þ(?�¿��

´ ³-º¹¶(Ç	·7È>Æ]´åß�¶�³-º±´»º±´ ¶N¸�È>³�ß1ß�¶(·¹´µ	¶�º�?�¶ñß�´CB�¶(·¹¶(³�Þ=¶ñ¸±Þ(?�¶�Ê�¶N¸�����³ � ¶NÞ�º¹´½	³>V FÅ¶ =�·¹½)=#½-¸H¶
³�¶XF O-¿�È	ß�·7È§º±¿�·±¶+¾©½/·¹Ê�¿�ÆåÈ	¸Å¾©½	·9³�¿�Ê�¶(·¹´åÞ�È	Æ4´ ³-º±¶�Ç	·7È§º±´ ½/³¥½	¾Xº�?�¶ñ´³/º±¶�Ç/·±È	Æ¸�ºA?#È§º+È	·¹´å¸H¶
È§ºÛº�?�¶+Þ�½	³�¸Hº¹·±¿�Þ�º±´ ½/³�½>¾fºA?�¶�ß�´CB�¶(·¹¶(³�Þ=¶"¸±Þ(?�¶(Ê ¶N¸��-��¿�Ê�¶(·¹´åÞ�È	Æ�¶^M_=�¶�·±´ Ê�¶�³-º7¸%È>·±¶�Þ=½/³�É
ß�¿�Þ�º±¶(ß�º±½ ¸A?�½�FzºA?�È>º�ºA?�¶ =�·±½�=�½/¸¹¶(ß ß�´CBf¶�·±¶�³�Þ�¶¥¸¹Þ(?�¶�Ê�¶(¸L?�È�µ	¶®º�?�¶ =�·¹¶Nß�´Þ=º¹¶Nß�´ ³
ºA?�¶ º�?�¶�½/·¹¼¥È/Þ�Þ�¿�·±È/Þ=¼/�
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d(x) = exp
( α∫

x

b(t)

a(t)
dt

)
.  â��Ã
�
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Lu := −(p(x)u′)′ + q(x)u = f(x),  â�� â��
FH?�¶�·±¶

p(x) = a(x)d(x), q(x) = c(x)d(x), f(x) = g(x)d(x).
Z ¶E·±¶XF9·±´»º±¶�ºA?�¶ =�·±½	á�Æ ¶(Ê  â�� â���À  Ã/� â��ÅÈ	¸Å¾©½	ÆÆ½�F�¸�Ë





−w′ + q (x) u = f (x) , x ∈ (0, α) ∪ (α, 1) ,

u (0) = u0, u (1) = u1,

[u]α = 0, [w]α = 0,

 â�� V��

FH?�¶�·±¶
w (x) = p (x) u′ (x)

´å¸ØºA?�¶!J#¿_M]�
�4¶=º9¿�¸"Þ=½	³#¸H´åß�¶�·Ø½/³

[0, 1]
º;F�½®¸¹¼�¸�º±¶�Ê®¸Ø½>¾êÊ�¶(¸A?�=�½	´³-º±¸(Ë

ω1h = {x0 = 0, xi = xi−1 + hi, hi > 0, i = 1, . . . , N, xN = 1},

ω2h =
{
xi+1/2 =

xi + xi+1

2
, i = 0, . . . , N − 1,

~1 =
h1

2
, ~i =

hi + hi+1

2
, ~N =

hN

2

}
,

FH?�¶�·±¶
α = xj , 0 < j < N.

�}¶=º

ξ
(0)
j (x) =

{
1 , x ∈ [xj−1, xj+1] ,

0 , x /∈ [xj−1, xj+1],
ξ
(1)
j (x) =






x∫
xj−1

ξ
(0)
j

(t)

p(t) dt, x ∈ (xj−1, xj),

xj+1∫
x

ξ
(0)
j

(t)

p(t) dt, x ∈ (xj , xj+1),

0, x /∈ [xj−1, xj+1].

à�½	·
n ≥ 1

FÅ¶ ´ ³-º¹·±½�ß�¿�Þ�¶+º�?�¶ ¾©½	ÆÆ½�F9´ ³�Ç�¾©¿�³�Þ=º¹´½	³�¸(Ë

ξ
(2n)
j (x) =





x∫
xj−1

q (t) ξ
(2n−1)
j (t) dt, x ∈ (xj−1, xj),

xj+1∫
x

q (t) ξ
(2n−1)
j (t) dt, x ∈ (xj , xj+1),

0, x /∈ [xj−1, xj+1],

ξ
(2n+1)
j (x) =






x∫
xj−1

ξ
(2n)
j

(t)

p(t) dt, x ∈ (xj−1, xj),

xj+1∫
x

ξ
(2n)
j

(t)

p(t) dt, x ∈ (xj , xj+1),

0, x /∈ [xj−1, xj+1].
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ψ
(n)
j (x) =

n∑

k=1

ξ
(2k−1)
j (x) , n = 1, 2, . . .  â�� W �

�6?�¶�³pÈ	=�=�Æ¼�´ ³�ÇEºA?�¶�Ê�¶=º�?�½�ß¥ß�¶(µ	¶�Æ½�=�¶(ßè´ ³ S â�Y¯À�F�¶+½	á�º7È>´³®ºA?�¶"¾©½/Æ Æ½�F9´ ³�ÇL<�È>·7Þ(?�¿��
º�¼�=�¶E´åß�¶�³-º¹´ º¹´¶(¸(Ë

uj − uj+1

ψ
(n)
j (xj + 0)

+
uj − uj−1

ψ
(n)
j (xj − 0)

+




xj∫

xj−1

q (x)
ψ

(n)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

q (x)
ψ

(n)
j (x)

ψ
(n)
j (xj + 0)

dx


uj  â��õã��

−
xj∫

xj−1

w (x)
ξ
(2n)
j (x)

p (x)ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

w (x)
ξ
(2n)
j (x)

p (x)ψ
(n)
j (xj + 0)

dx

=

xj∫

xj−1

f (x)
ψ

(n)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

f (x)
ψ

(n)
j (x)

ψ
(n)
j (xj + 0)

dx.

uj − uj+1

ψ
(n)
j (xj + 0)

+
uj − uj−1

ψ
(n)
j (xj − 0)

+




xj∫

xj−1

q (x)
ψ

(n−1)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

q (x)
ψ

(n−1)
j (x)

ψ
(n)
j (xj + 0)

dx


uj  â�� T��

+

xj∫

xj−1

q (x) u (x)
ξ
(2n−1)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

q (x) u (x)
ξ
(2n−1)
j (x)

ψ
(n)
j (xj + 0)

dx

=

xj∫

xj−1

f (x)
ψ

(n)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

f (x)
ψ

(n)
j (x)

ψ
(n)
j (xj + 0)

dx.

�6?�¶"´³-º¹¶�Ç/·±È	Æ�´åß�¶�³-º±´»º±´ ¶N¸  â��õã���À  â�� T��ÛÞ(È>³èá�¶+¿#¸H¶Nß�¾©½	·Øß�¶�·±´µ�È>º¹´½	³®½	¾ ?�´Ç�?�ÉÝ½	·7ß�¶�·
ß�´�Bf¶�·±¶�³#Þ=¶1¸¹Þ(?�¶(Ê�¶(¸(�ê�6?�¶pÊ®È	´ ³ =�·¹½/á�Æ¶�Ê ´å¸�?�½�Fvº¹½ È	=4=�·¹½NM�´Ê®È§º¹¶èºA?�¶1´³/º±¶�Ç/·±È	Æ¸
ξ
(k)
j (x)

�
� ´ Ê�´ÆÈ	·E´ß�¶�³-º¹´ º¹´¶(¸ñÞ(È>³�á�¶®½	á�º7È>´³�¶(ß ¾©½	· º�?�¶ J�¿�M

w
À@FH?�´Þ(? ¸±È§º±´¸ D�¶(¸�º�?�¶�¾©½	Æ É

Æ ½�F9´³�ÇG=�·±½	á�Æ¶�Ê
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−z′ + q̃ (x)w = f̃ (x) , x ∈ (0, α) ∪ (α, 1) ,

[w]α = 0, [z]α = −
[
f (x)

q (x)

]

α

,

w′ (0) = q (0)u0 − f (0) , w′ (1) = q (1)u1 − f (1) ,

 â��LÁ �

FH?�¶�·±¶

p̃ (x) =
1

q (x)
, q̃ (x) =

1

p (x)
, f̃ (x) =

(
f (x)

q (x)

)′

, z (x) = p̃ (x)w′ (x) .  â�� ���
��³1È/ß�ß�´ º¹´½	³ º¹½  Ã	� T���À_FÅ¶EÈ	¸±¸H¿�Ê ¶

0 < q0 ≤ q(x) ≤ q1.

�6?�¶ D�·7¸�ºØº;FÅ½ ¶�O-¿�È§º±´ ½/³�¸  â��LÁ �ØÈ	·¹¶�¶�O-¿�´µ§È>Æ¶�³-º9º¹½ º�?�¶ ¾©½	ÆÆ ½�F9´³�Ç ½	³�¶

−(p̃(x)w′)′ + q̃(x)w = f̃(x) − δ(x− α)

[
f(x)

p(x)

]

α

,

FH?�¶�·±¶
δ(·) ´å¸Øº�?�¶��"´·7È	Þ ß�¶�Æ º±È�¾©¿�³#Þ�º¹´½	³}����½�FEÀ�¾©½/Æ Æ½�F9´³�Ç�SõâNY FÅ¶ ?�È�µ/¶

wj − wj+1

ψ̃
(n)
j (xj + 0)

+
wj − wj−1

ψ̃
(n)
j (xj − 0)

+




xj∫

xj−1

q̃ (x)
ψ̃

(n)
j (x)

ψ̃
(n)
j (xj − 0)

dx+

xj+1∫

xj

q̃ (x)
ψ̃

(n)
j (x)

ψ̃
(n)
j (xj + 0)

dx


wj  â�� U��

−
xj∫

xj−1

z (x)
ξ̃
(2n)
j (x)

p̃ (x) ψ̃
(n)
j (xj − 0)

dx+

xj+1∫

xj

z (x)
ξ̃
(2n)
j (x)

p̃ (x) ψ̃
(n)
j (xj + 0)

dx

=

xj∫

xj−1

f̃ (x)
ψ̃

(n)
j (x)

ψ̃
(n)
j (xj − 0)

dx+

xj+1∫

xj

f̃ (x)
ψ̃

(n)
j (x)

ψ̃
(n)
j (xj + 0)

dx−
[
f(x)

q(x)

]

α

.

�6?�¶E´ ³-º±¶�Ç	·7È>Æf´åß�¶�³-º±´»º�¼pÞ=½	·±·±¶(¸A=#½/³�ß�´³�Çñº±½�ºA?�¶ Æ¶=¾ º"á�½	¿�³#ß�È>·±¼èÞ=½/³�ß�´ º¹´½	³1´¸(Ë

w0 − w1

ψ̃
(n)
0 (0+)

+ w0

∫ x1

0

q̃(x)
ψ̃

(n)
0 (x)

ψ̃
(n)
0 (0+)

dx+

∫ x1

0

z(x)
ξ̃
(2n)
0 (x)

p̃(x)ψ̃
(n)
0 (0+)

dx

=

∫ x1

0

f̃(x)
ψ̃

(n)
0 (x)

ψ̃
(n)
0 (0+)

dx− z0,

FH?�¶�·±¶
z0 = u0 − f(0)/q(0),

ξ̃
(0)
0 (x) =

{
1, x ∈ [0, x1),

0, x ∈ [x1, 1],
ξ̃
(2n−1)
0 (x) =






∫ x1

x

eξ
(2n−2)
0 (t)

ep(t) dt, x ∈ [0, x1),

0, x ∈ [x1, 1],
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ξ̃
(2n)
0 (x) =

{∫ x1

x q̃(t)ξ̃
(2n−1)
0 dt , x ∈ [0, x1),

0 , x ∈ [x1, 1],
ψ̃

(n)
j (x) =

n∑
k=1

ξ̃
(2k−1)
j (x) ,

¾©½	·
n = 1, 2, . . .
�4¶=º

U
ß�¶(³�½>º±¶ØºA?�¶+ß�´¸±Þ=·±¶=º±¶Ø¾©¿�³�Þ=º¹´½	³®È	=�=�·¹½NM�´Ê�È>º¹´³�Ç�ºA?�¶�ß�´�Bf¶�·±¶�³-º¹´åÈ>Æ#¸H½/Æ ¿�º±´ ½/³4�

�6?�¶�³4À(´»¾_FÅ¶
´ Ç/³�½	·±¶êºA?�¶Û´ ³-º±¶�Ç	·7È>Æ>Þ�½	³-º±È	´ ³�´ ³�ÇÅº�?�¶ J�¿�M
w

À�F�¶�F9´ÆÆ	½	á�º±È>´³�ºA?�¶�¸¹Þ(?�¶(Ê�¶	Ë




−a(n)

j Uj−1 + c
(n)
j Uj − b

(n)
j Uj+1 = f

(n)
j , j = 1, . . . , N − 1,

U0 = u0, UN = u1, n = 1, 2, . . . ,
 â�� ÃNÂ��

FH?�¶�·±¶

a
(n)
j =

1

~jψ
(n)
j (xj − 0)

, b
(n)
j =

1

~jψ
(n)
j (xj + 0)

,  â�� Ã/Ã
�

c
(n)
j = a

(n)
j + b

(n)
j +

1

~j




xj∫

xj−1

q (x)ψ
(n)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

q (x)ψ
(n)
j (x)

ψ
(n)
j (xj + 0)

dx


 ,  â�� Ã�â��

f
(n)
j =

1

~j




xj∫

xj−1

f (x)ψ
(n)
j (x)

ψ
(n)
j (xj − 0)

dx+

xj+1∫

xj

f (x)ψ
(n)
j (x)

ψ
(n)
j (xj + 0)

dx


 .  â�� Ã�V��

��³è½	·7ß�¶�·%º¹½�ß�¶�·±´µ	¶9¾©·±½	Ê  â�� ÃNÂ���É  â��Ã�V��`D�³�´ º¹¶ ß�´�Bf¶�·±¶�³#Þ=¶+¸±Þ(?�¶(Ê ¶N¸%¿4=®º¹½�¾©½	¿�·¹ºA?
½	·7ß�¶�·�½	¾�È/Þ�Þ=¿�·±È/Þ=¼	À9Þ�ÆÈ/¸¹¸¹´Þ(È>ÆE³�¿�Ê�¶�·±´åÞ�È>ÆE´³-º¹¶(Ç	·7È§º¹´½	³c¾©½	·±Ê�¿�ÆåÈ	¸  ¶	� Ç���Ê�´åß_=�½	´³/ºNÀ
º¹·7È	=�¶XQ�½/´ßè½	· � ´ ÊG=�¸¹½	³�� ¸�·¹¿�Æ ¶ �%Þ(È>³èá�¶+¿#¸H¶Nß]��à�½	·Å¶^M�È	Ê =�Æ ¶/À	º±½�½/á�º±È	´ ³®º�?�¶ =#½)=�¿�ÆåÈ>·
� ¸Hº±È	³�ß�È>·7ß1´³/º±¶�·¹¾¢È	Þ�¶E¾©½	·±Ê�¿�ÆåÈ � =�·±½�=�½/¸¹¶(ß1á�¼1�ÛÈ>·±Ç/È S â	ÂNY  ¸H¶(¶�È	Æ¸¹½ SÃ�T�Y �HFÅ¶�È�=�=�Æ¼
ºA?�¶EÊ�´åß_=#½/´ ³-º�·±¿�Æ¶+º±½

a
(1)
j , b

(1)
j

È	³�ßèº�?�¶ º¹·7È	=�¶XQ(½	´åßè·±¿�Æ¶+º±½�ºA?�¶E½	ºA?�¶(·9´ ³-º±¶�Ç	·7È>Æå¸�´ ³
c
(1)
j

È	³�ß
f

(1)
j

Ë

a
(1)
j =

pj−1/2

hj~j
, b

(1)
j =

pj+1/2

hj+1~j
, c

(1)
j = a

(1)
j + b

(1)
j +

hjq
−
j + hj+1q

+
j

hj + hj+1
,

f
(1)
j =

hjf
−
j + hj+1f

+
j

hj + hj+1
.

��³�SõâNY��}½	á�È>ºHº¹½�� ¸}¾©½	·±Ê�¿�ÆÈ/¸0S VNY�FÅ¶�·±¶�¿#¸H¶Nßñ¾©½/·êß�¶�·±´ µ§È§º±´ ½/³�½	¾ ?�´Ç�?�¶(·ê½	·7ß�¶�·ê³�¿�Ê�¶�·±´Þ(È>Æ
´ ³-º¹¶(Ç	·7È§º±´ ½/³�¸�����³pºA?�¶E³�¶^M�º�¸H¶NÞ�º±´ ½/³bFÅ¶ =�·±¶(¸¹¶�³-ºØºA?�¶E³�¶�Fc½/³�¶(¸(�

�6?�¶Å¾©½	ÆÆ ½�F9´³�Ç ·¹¶N¸H¿�Æ»º�?�½/Æß�¸�¾©½/·êºA?�¶9·7È§º±¶Ø½>¾�Þ�½	³�µ	¶(·¹Ç/¶�³�Þ�¶%½	¾#º�?�¶�¸¹Þ(?�¶�Ê�¶  â��Ã(Â��ÝÉ
 â��Ã�V����
�����
	 ì ���� ï�� ���

a ∈ Q2n−1
α , b, c g ∈ Q2n−2

α

°
u � � �©¨�� ¬��§ ����T¡¢�>� �H�è�©¨���£§¡ � �

�=�=�¹�����¯¡¢¦§ #�f�¹� �   ��ª�����������°����������1¦§��£
U

¡å¬��©¨���¬��§  ���¯¡¢�§� �H�ñ�©¨��®£§¡ �+�=�¹����«7�+�f�¹� �   ��ª
�!� ���#"$� �$�%� ���'&$��� �f¨����

‖u− U‖∞ ≤ C~
2n,

( ¨����¹�ñ�©¨�� «7�§��¬7��¦§�#�
C

£/�(�=¬��*) �9£	�����=�f£ �>�
~ = 2n

√∑N
k=1 h

2n+1
k

�
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�6?�¶L=�·±½�½>¾
´å¸"µ/¶�·±¼p¸¹´ Ê�´ÆÈ	·�º±½èºA?#È§º+½/³�¶ñ½	¾%�6?�¶�½/·¹¶(ÊYâèÇ	´µ	¶�³�´³[Sõâ�Y
È>³�ß>FÅ¶�½/Ê�´»º
´»ºN�

�6,�2 7=)+� 1 : 8%/1<]-�.K/:�;�K1�/ /_: 3K.
� ï  ï���� ���	��
 � � �Xé 
 	 ��í� 
 �fë ��� ì§í�
�4¶=º�¿#¸9Þ=½	³#¸H´åß�¶�·Øº�?�¶E½	³�¶=É�ß�´ Ê�¶(³�¸H´½	³#È>Æf´ ³-º±¶�Ç	·7È>Æ

ξ1 := ξ1(f ;h) =

∫ h

0

f(x) dx = h

∫ 1

0

f(hx) dx,
¾©½	·

f(x) ∈ Cn+1[0, h].  V��Ã
�
Z ¶ F9·±´»º±¶

f(x)
´³I<�È	Þ�ÆÈ	¿�·¹´³1¸H¶(·¹´¶(¸

f(x) =

n∑

k=0

fkx
k + O(xn+1),

FH?�¶(·¹¶
fk =

f (k)(0)

k!
.

�6?�¶�³p¾©½	·
ξ1

FÅ¶ ?�È�µ	¶

ξ1 = h

n∑

k=0

fk
hk

k + 1
+ O(hn+2).  V��õâ��

�4¶=º9´³-º¹·±½�ß�¿�Þ=¶�ºA?�¶ñÈ>¿_M�´Æ ´åÈ>·±¼�¾©¿�³�Þ=º¹´½	³

T (α) ≡ 1

2

[
f

(
(1 − α)

h

2

)
+ f

(
(1 + α)

h

2

)]

=
n∑

k=0

fk
hk

2k

[ k
2 ]∑

l=0

(
k

2l

)
α2l + O(hn+1), α ∈ [0, 1].  V�� V��

Z ¶ñ¸¹¶�¶	� O-¿�È	ß�·7È§º±¿�·±¶"¾©½/·¹Ê�¿�ÆÈ/¸�¾©½	·
ξ1

½>¾�ºA?�¶ ¾©½	·±ÊpË

ξ1 = h

S∑

i=1

wiT (αi) + O(hn+2)

= h

n∑

k=0

fk
hk

2k

[ k
2 ]∑

l=0

(
k

2l

) S∑

i=1

wiα
2l
i + O(hn+2),  V�� W��

FH?�¶�·±¶
wi > 0

È>·±¶�¿�³���³�½�F9³ FÅ¶�´Ç�?-º7¸%È>³#ß
αi

È	·¹¶�¿�³���³�½�F9³®·¹¶NÈ>Æ#³-¿�Ê�á�¶�·7¸��-�KO-¿�È>Æ É
´CQ(´ ³�Ç�´ ³  V��õâ��=À  V�� W���º�?�¶ Þ=½�¶^RèÞ=´¶�³-º7¸%È§º�ºA?�¶�Þ=½/·¹·±¶(¸A=#½/³�ß�´³�Çñß�¶(Ç	·±¶�¶(¸%½>¾

h
À)FÅ¶HD�³#ß]Ë

[ k
2 ]∑

l=0

(
k

2l

) S∑

i=1

wiα
2l
i =

2k

k + 1
, k = 0, 1, · · · , n.

�9¾ º¹¶(·u¸¹½	Ê�¶ ·¹¶NÈ>·±·±È	³�Ç	´³�Ç�À FÅ¶h½/á�º±È	´ ³ º�?�¶ ¾©½	ÆÆ ½�F9´³�Ç~¸¹¼�¸Hº¹¶(Ê F9´ ºA? ·¹¶N¸ =�¶(Þ=º º¹½
wi, αi, i = 1, . . . , S :



V/â	T ��������}�+���-��  ���§¦

S∑

i=1

wiα
2l
i =

1

2l+ 1
, l = 0, 1, . . . ,

[n
2

]
, S = 1, 2, . . .  V�� ã��

�6?�¶ñÈ	Þ(Þ=¿�·7È	Þ�¼ ½	¾Xº�?�¶]O-¿�È	ß�·±È>º¹¿�·±¶"¾©½/·¹Ê�¿�ÆåÈ  V�� W��Å´å¸Ø½>¾ê½	·7ß�¶�·
2[n

2 ] + 3
�

Ã
�Å�4¶�º
S = 1

���6?�¶(³  V��õã��%º±È��	¶N¸ÅºA?�¶ ¾©½/·¹Ê

O(h3) : w1 = 1, l = 0,

O(h5) : w1α
2
1 =

1

3
, l = 1.

�Ý¾ FÅ¶�ß�´ßh³�½	º®¿�¸H¶1º�?�¶�¸¹¶(Þ=½/³�ßg¶�O-¿�È§º±´ ½/³u½	¾+º�?�¶�ÆÈ/¸�ºè¸¹¼�¸�º±¶�Ê1ÀÛ´¯� ¶/�êº±È ��´³�Ç
αÈ	¸�È�¾©·¹¶(¶L=�È	·±È	Ê�¶=º¹¶(·(À F�¶ Þ�È	³�ß�¶�·±´µ	¶�¸¹½	Ê�¶ ��³�½�F9³�Þ�ÆÈ/¸¹¸¹´åÞ�È>Æ}¾©½	·±Ê�¿�ÆåÈ	¸(�#à�½	·

w1 =
1, α1 = 0

FÅ¶�Ç/¶=ºØºA?�¶EÊ ´åß_=�½	´³-º�·¹¿�Æ¶	Ë

ξ1 = hT (0) + O(h3) = hf
(h

2

)
+ O(h3).

à�½	·
w1 = 1, α1 = 1

FÅ¶ Ç	¶=ºØº�?�¶ º¹·7È	=�¶XQ(½	´åßè¾©½/·¹Ê�¿�ÆÈ�Ë

ξ1 = hT (1) + O(h3) =
h

2
[f(0) + f(h)] + O(h3).

� ½	Æµ�´ ³�Ç�º�?�¶�¾©¿�ÆÆ ¸H¼�¸Hº¹¶�Ê1À0F�¶>D#³�ß
w1 = 1, α1 =

√
1
3

À0FH?�´åÞ(?øÆ ¶NÈ	ß�¸èº¹½uÈ
¾©½	·±Ê�¿�ÆåÈ ½>¾��}½	á�È>º¹½�� ¸�º�¼2=#¶/Ë

ξ1 = hT
( 1√

3

)
+ O(h5)=

h

2

[
f
((

1 − 1√
3

)h
2

)
+ f

((
1 +

1√
3

)h
2

)]
+ O(h5).

â��Å�4¶�º
S = 2

���6?�¶(³4À�´ º9¾©½	ÆÆ ½�F�¸Å¾©·±½	Êvº�?�¶ñ¸¹¼�¸Hº¹¶(Ê  V�� ã���À�º�?�È§ºNË

O(h3) : w1 + w2 = 1, l = 0,

O(h5) : w1α
2
1 + w2α

2
2 =

1

3
, l = 1,

O(h7) : w1α
4
1 + w2α

4
2 =

1

5
, l = 2,

O(h9) : w1α
6
1 + w2α

6
2 =

1

7
, l = 3.

�Ý¾ FÅ¶�º7È �	¶
w1 = 2

3 , w2 = 1
3 , α1 = 0, α2 = 1

ÀÛºA?�¶�³i½/³�Æ ¼gºA?�¶ D�·7¸�ºpÈ>³�ß
¸H¶NÞ=½	³#ß ¶�O-¿�È§º±´ ½/³�¸9È>·±¶E¸¹È>º¹´å¸;D�¶Nß]���6?�¶ñÞ�½	·±·¹¶N¸ =�½	³#ß�´ ³�Ç�¾©½/·¹Ê�¿�ÆÈ�Þ�½	´³�Þ=´åß�¶(¸EF9´»º�? º�?�¶
� ´ ÊG=�¸¹½	³�� ¸Ø·±¿�Æ¶ñÈ>³�ß ´»º�´å¸Ø½>¾ê½	·7ß�¶(· O(h5)

Ë

ξ1 = h

[
2

3
T (0) +

1

3
T (1)

]
+ O(h5) =

h

6

[
f(0) + 4f

(
h

2

)
+ f(h)

]
+ O(h5).

à�½	·
w1 = 4

9 , w2 = 5
9 , α1 = 0, α2 =

√
3
5

º�?�¶]D�·7¸Hº�ºA?�·±¶�¶�¶�O-¿�È§º±´ ½/³�¸�È	·¹¶ñ¸±È§º±´¸ D�¶(ß
È>³�ß�F�¶EÇ/¶=ºØºA?�¶E´ ³-º¹¶(Ç	·7È§º±´ ½/³è¾©½	·±Ê�¿�ÆÈ
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ξ1 =
h

18

[
5f

((
1 −

√
3

5

)h
2

)
+ 8f

(h
2

)
+ 5f

((
1 +

√
3

5

)h
2

)]
+ O(h7).

à�½	·
w1 = 5

21 , w2 = 16
21 , α1 = 1, α2 =

√
2

4

È	Ç/È	´ ³1½	³�Æ ¼pºA?�¶]D�·7¸�º+ºA?�·±¶�¶�¶�O-¿�È>º¹´½	³�¸
È>·±¶ ¸±È§º±´¸ D�¶Nß]Ë

ξ1 =
h

42

[
5
(
f(0) + f(h)

)
+ 16

(
f
((

1 −
√

2

4

)h
2

)
+f

((
1 +

√
2

4

)h
2

))]
+O(h7).

��½�FEÀ�¾©½	·Øº�?�¶E¿�³�´ O-¿�¶E¸H½/Æ ¿�º¹´½	³p½>¾�ºA?�¶ ¾©¿�ÆÆ}¸¹¼�¸�º±¶�Ê

w1 =
1

2

(
1 +

1

3

√
5

6

)
, w2 =

1

2

(
1 − 1

3

√
5

6

)
, α2

1 =
3

7
− 2

7

√
6

5
, α2

2 =
3

7
+

2

7

√
6

5
ºA?�¶ñÞ�½	·±·¹¶N¸ =�½	³�ß�´ ³�Ç�¾©½	·±Ê�¿�ÆÈ�´¸�µ�È	Æ ´åß]Ë

ξ1 =
h

4

[(
1 +

1

3

√
5

6

)(
f
((

1 −

√
3

7
− 2

7

√
6

5

)h
2

)
+ f

((
1 +

√
3

7
− 2

7

√
6

5

)h
2

))

+
(
1− 1

3

√
7

6

)(
f
((

1−

√
3

7
+

2

7

√
6

5

)h
2

)
+f

((
1+

√
3

7
− 2

7

√
6

5

)h
2

))]
+O(h9).

� ï��]ï ��� 	 � � 
 � � ��é 
 	 �Xí� 
 �fë � � ì§í�
�4¶=º�¿#¸9Þ=½	³#¸H´åß�¶�·Øº�?�¶ º;FÅ½>É�ß�´ Ê�¶(³�¸H´½	³#È>Æ�´ ³-º¹¶(Ç	·7È>Æ

ξ2 := ξ2(f, g;h) =

∫ h

0

f(x)dx

∫ x

0

g(y)dy = h2

∫ 1

0

f(hx)dx

∫ x

0

g(hy)dy,  V�� T��
FH?�¶�·±¶

f ∈ Cn+2[0, h]
È	³�ß

g ∈ Cn+1[0, h].
��½�F F�¶�¶^M_=�È	³�ß

f
È>³�ß

g
´ ³I<�È	Þ�ÆÈ	¿�É

·¹´³ � ¸9¸H¶(·¹´¶(¸(Ë

g(y) =

n∑

k=0

gky
k + O(yn+1), f(x) =

n+1∑

k=0

fkx
k + O(xn+2).  V��LÁ �

�6?�¶�³

ξ2 =
h2

2!

n∑

l=0

hl
l∑

k=0

gkfl−k
2!

(k + 1)(l + 2)
+ O(hn+3).  V�� ���

�4¶=º9¿�¸�´ ³-º¹·±½�ß�¿�Þ�¶+º�?�¶ñÈ>¿�M�´Æ´È	·¹¼�¾©¿�³#Þ�º¹´½	³  ¸H¶(¶ñàX´Ç��Ã
�=Ë

T (α) =
1

3

[
f
(2h

3
(1 − α)

)
g
(h

3
(1 − α)

)

+ f
(2h

3

(
1 +

α

2

))(
g
(h

3
(1 − α)

)
+ g

(h
3
(1 + 2α)

))]
.  V�� U��



V/â � ��������}�+���-��  ���§¦

A1 B1

C1

A(0,0)

C(h,h)

B(h,0)

y

x

MA

MB

MC

������� "^���
	 A��ÅR ü	òN÷ñM(JLI� A1(
2h

3
(1−α), h

3
(1−α)), B1(

2h

3
(1+ α

2
), h

3
(1−α)), C1(

2h

3
(1+

α

2
), h

3
(1 + 2α)) �

��³ µ�´¶XF ½>¾  V��LÁ �=À�F�¶ Ç/¶=º

T (α)=

n∑

l=0

hl

3l+1

l∑

k=0

gkfl−k[(1−α)l2l−k+(2+α)l−k((1−α)k+(1+2α)k)]+O(hn+1).

Z ¶ñ¸¹¶�¶	�
wi, αi

À�¸¹¿�Þ(?pºA?#È§º(Ë

ξ2 =
h2

2!

S∑

i=1

wiT (αi) + O(hn+3).  V�� ÃNÂ��

�9¾ º¹¶(·X¶�O-¿�È>Æ´CQ(´ ³�Ç"´³  V�� ���ÝÉ  V��Ã(Â���ºA?�¶ÅÞ�½-¶XRèÞ=´¶�³-º±¸�È§ºXºA?�¶ØÞ=½/·¹·±¶(¸A=#½/³�ß�´³�ÇH=�½�F�¶(·±¸
½>¾
h
FÅ¶�Ç/¶=º%º�?�¶+¸¹¼�¸�º±¶�Ê ½>¾4³�½/³�Æ´ ³�¶NÈ>·%È	Æ Ç/¶�á�·7È>´åÞØ¶�O-¿�È>º¹´½	³�¸Û¾©½	·

k = 0, 1, . . . , l, s ≥
1

Ë
S∑

i=1

wi[(1 − αi)
l2l−k + (2 + αi)

l−k((1 − αi)
k + (1 + 2αi)

k)] =
3l6

(k + 1)(l + 2)
.

à�·±½	Ê ?�¶(·¹¶/À_F�¶ D�³#ß¥¾©½/·
l ≤ 4

Ë

O(h4) :
S∑

i=1

wi = 1, l = 0, 1,

O(h5) :

S∑

i=1

wiα
2
i =

1

4
, l = 2,

O(h6) :

S∑

i=1

wiα
3
i =

1

10
, l = 3,

O(h7) :

S∑

i=1

wiα
4
i =

1

10
, l = 4.

Z ¶ È>·±¶�´³/º±¶�·±¶(¸Hº¹¶Nßø´ ³c¾©½	·±Ê�¿�ÆåÈ	¸¥½>¾�¸¹¶�µ/¶�³-ºA?i½/·±ß�¶�·¥½	¾�È	Þ(Þ=¿�·7È	Þ�¼	À0FH?�´Þ(? Þ�È>³
á#¶ ½	á�º7È>´³�¶(ßg¾©½	·

S = 3
�Å�+³�¶ =#½-¸¹¸¹´ á�Æ ¶�¸¹½	Æ¿�º±´ ½/³h´å¸èÇ/´ µ/¶�³ á�¼

w1 = 3(9−
√

21)
160

À



� ¡ ��¨����Ø�¹£/�=����¡ �"���¹�=�f«7�	�]«±¨��=ª®��¬ V/â	U

w2 = 87+17
√

21
480

À
w3 = 39−

√
21

60

À
α1 = 0

À
α2 =

√
21−1
5

À
α3 = −α2

2

À�ºA?�¶(³>F�¶ñÇ/¶=º
ºA?�¶ ¾©½/Æ Æ½�F9´ ³�Ç�´³-º¹¶�Ç/·±È>º¹´½	³ ¾©½	·±Ê�¿�ÆåÈ

ξ2 =
h2

2

[3(9 −
√

21)

160
T (0) +

87 + 17
√

21

480
T

(√21 − 1

5

)

+
39−

√
21

60
T

(1 −
√

21

10

)]
+ O(h7).

� ï � ï ��� ì �
� � � 
 � � ��é 
 	 ��í� 
 �fë � � ì�í �
�4¶=º�¿#¸9Þ=½	³#¸H´åß�¶�·Øº�?�¶

3D
´ ³-º±¶�Ç	·7È>Æ

ξ3 := ξ3(f, g, r;h) =

∫ h

0

f(x) dx

∫ x

0

g(t) dt

∫ t

0

r(y) dy  V��Ã	Ã �

= h3

∫ 1

0

f(hx) dx

∫ x

0

g(ht) dt

∫ t

0

r(hy) dy,

FH?�¶�·±¶
f ∈ Cn+3[0, h], g ∈ Cn+2[0, h]

È>³�ß
r ∈ Cn+1[0, h].Z ¶E¶XM2=#È>³�ß

f
À
g

È>³�ß
r

´³><�È	Þ�ÆÈ	¿�·±´ ³ � ¸Ø¸H¶(·¹´¶(¸

r(y) =

n∑

k=0

rky
k + O(yn+1), g(t) =

n+1∑

k=0

gkt
k + O(tn+2)

f(x) =
n+2∑

k=0

fkx
k + O(xn+3).

�6?�¶�³

ξ3 =
h3

3!

n∑

t=0

ht
t∑

l=0

l∑

k=0

rkgl−kft−l
3!

(k + 1)(l + 2)(t+ 3)
+ O(hn+4).  V�� Ã�â��

Z ¶E´³-º¹·±½�ß�¿�Þ=¶�ºA?�¶ ¾©¿�³�Þ�º±´ ½/³  ¸¹¶�¶Eà�´ Ç#� â���Ë

T (α) =
1

4

[(
f

(
3h

4
(1 − α)

)
+ f

(
3h

4
(1 +

α

3
)

))
g

(
h

2
(1 − α)

)
r

(
h

4
(1 − α)

)

+f

(
3h

4

(
1 +

α

3

))
g

(
h

2
(1 + α)

) (
r

(
h

4
(1 + α)

)
+ r

(
h

4
(1 + 3α)

))]
.

Z ¶ñ¸¹¶�¶	�
wi, αi

À�¸¹¿�Þ(?¥º�?�È§ºNË�Z ¶ñ¸H¶(¶��
wi, αi

À�¸¹¿�Þ(?¥º�?�È§ºNË

ξ3 =
h3

3!

S∑

i=1

wiT (αi) + O(hn+4).  V�� Ã�V��

��³1È	³pÈ	³�È>Æ½	Ç/´Þ(È>Æ%FÅÈ�¼ È	¸Å¾©½	·
ξ1, ξ2

À�FÅ¶ ½	á�º7È>´³4Ë
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D(h,h,h)

A1

y

D1

C1

C(h,h,0)
B1

MA

MB

MC

MD

A(0,0,0)

B(h,0,0) x

z

������� "^����	�8 �ÅR ü/ò(÷ñM(JLI  A1(
3h

4
(1 − α), h

2
(1 − α), h

4
(1 − α)) ' B1(

3h

4
(1 + α

3
), h

2
(1 −

α), h

4
(1−α)) ' C1(

3h

4
(1+ α

3
), h

2
(1+α), h

4
(1−α)) ' D1(

3h

4
(1+ α

3
), h

2
(1+α), h

4
(1+3α)) �

O(h5) :

S∑

i=1

wi = 1, l = 0, 1,

O(h6) :

S∑

i=1

wiα
2
i =

1

5
, l = 2,

O(h7) :

S∑

i=1

wiα
3
i =

1

15
, l = 3.

ÄÅÈ/¸H¶Nß"½/³ ºA?�´å¸}¸¹¼�¸�º±¶�Ê µ�È	·¹´½	¿#¸�¾©½	·±Ê�¿�ÆåÈ	¸  ¿�= º¹½Øº�?�¶%¸¹¶�µ/¶�³-ºA? ½	·7ß�¶(·4½>¾�È	Þ(Þ=¿�·7È	Þ�¼:�
Þ�È>³pá�¶ñß�¶�·±´ µ/¶(ß]�_Z ¶E½	³�Æ ¼*=�·¹¶N¸H¶(³/ºØº�?�¶ ¾©½	ÆÆ ½�F9´³�Ç�º;F�½ ¾©½/·¹Ê�¿�ÆÈ/¸Å½>¾ê½	·7ß�¶�·9¸¹¶�µ	¶(³4Ë

a) w1 = −4

5
, w2 =

9

5
, α1 = 0, α2 =

1

3
,

ξ3 =
h3

6

[
9

5
T

(
1

3

)
− 4

5
T (0)

]
+ O(h7),

b) w1 = − 1

15
, w2 =

16

15
, α1 = 0, α2 =

1

2
,

ξ3 =
h3

6

[
16

15
T

(
1

2

)
− 1

15
T (0)

]
+ O(h7).

à�½	ÆÆ½�F9´ ³�Ç�ºA?�¶ ¸±È>Ê�¶+´åß�¶NÈ�À�½	³�¶ Þ�È	³ ß�¶(·¹´µ	¶"¾©½	·±Ê�¿�ÆåÈ	¸�½>¾�³�¿�Ê�¶�·±´Þ(È>Æ�´ ³-º¹¶(Ç	·7È§º±´ ½/³
¾©½	·�ºA?�¶�´³-º¹¶�Ç/·±È	Æ¸

ξ
(4)
j , ξ

(5)
j , ξ

(6)
j , · · · �]��³ ºA?�¶�³�¶XM-ºñ¸¹¶(Þ=º¹´½	³ ·¹¶N¸H¿�Æ º±¸�½	¾�³�¿�Ê�¶�·±´Þ(È>Æ

¶^M_=#¶(·¹´Ê�¶�³-º±¸9È	·¹¶ Ç/´ µ/¶�³è¾©½/·�ß�´CB�¶(·¹¶(³�Þ=¶ñ¸±Þ(?�¶�Ê�¶N¸Ø½>¾X½/·±ß�¶�·
2, 4, 6

�

�E,�2 7=)+� 1 : 8%/1<������ � 14: ) �@.K/�,
��³�ºA?�´å¸�¸¹¶(Þ=º¹´½	³�·±¶(¸¹¿�Æ»º7¸ñ½	¾Ø³�¿�Ê�¶(·¹´åÞ�È	ÆÛ¶^M_=�¶�·±´ Ê�¶�³-º7¸ñ´Æ Æ¿�¸Hº¹·7È§º¹´³�Ç1º�?�¶¥È	Þ(Þ=¿�·7È	Þ�¼�½	¾
ºA?�¶ñ¸±Þ(?�¶�Ê�¶N¸9ß�¶�·±´ µ/¶(ß ´ ³ � ¶NÞ�º¹´½	³>V�È>·±¶ =�·±¶(¸¹¶�³-º¹¶Nß]���4¶�º

g(x)
á#¶ñÞ(?�½/¸¹¶�³ ¸¹¿�Þ(? ºA?�È>º

ºA?�¶ =�·±½	á�Æ ¶(Ê  Ã/� Ã ��À  Ã/� â��aF9´»º�?�Þ=½�¶^RèÞ=´¶�³-º7¸



� ¡ ��¨����Ø�¹£/�=����¡ �"���¹�=�f«7�	�]«±¨��=ª®��¬ V�V�Ã

a (x) =

{
exp (x− 0.5) , 0 < x < 0.75,
exp (x) , 0.75 < x < 1,

b(x) =

{
bl, 0 < x < 0.75,
br, 0.75 < x < 1,

c (x) =

{
1

1+x , 0 < x < 0.75
À

2
1+x , 0.75 < x < 1

À
?�È	¸Åº�?�¶E¶^M�È	Þ=º�¸H½/Æ ¿�º±´ ½/³

u (x) =

{
exp (x) , 0 < x < 0.75

À

exp (x− 0.5) + exp (0.75)− exp (0.25) , 0.75 < x < 1
�

������� � � 	
Example : the solution u, bl = −1; br = 1.

N
? � : S 8 A S ? : A � A(C(S

z2 B � B(B 8	� � ; CNA � R ? A � B 8	: � R ? C � B � C � R¯C : � A(S ; � R¯S � � ; A � � R � : � ;
� A � R �
p2 A � B(B ; : � ; S ; A � BNB : A � BNB(B A � B(BNB A � B(BNB A � B(BNB
z4

8 � C ; B � RÝCEA � ?�� B � RTS : � C ; B � R � : � BNB � � R � S � 8(? C � R : B 8 � ;��§: � R :(:+8 � S ? B � R :78
p4

8 � � S : A 8 � ; C � B 8 � ;���;�� 8 � ;
�(; B 8 � ;N;� A 8 � ;N;(; B
z6 A � C(B(S � R ��? � :�8 A � R ; S � � CNC � R :N:ñ: � B(S ; � R : A : � 8N8
� � R : C
p6 C � ; A(A 8 C � ;N8�? C C � ;
�>:�� C � ;N; B ?

������� ��� 	
Example : the solution u, bl = 1; br = −1.

N 4 8 16 32 64 128 256

z2 B � B(B : 8 � ?N?
� F±R ?�� � S 8 A � R¯CvA � : C ; � R¯CqC � ? B ? � RTS : � 8 C : � RTS 8 � 8���� � R �
p2 A � BNA : C : � ;N;� B : � ;N;(; C : � ;N;
� A : � ;N;(;N; A � BNB(BNB A � BNB(BNB
z4 A � 8N8�? � RTS : � C ?
� � R � : � BNB : � R � S � 8
� C � R : B ? � BNA 8 � R :N: A � ? C � � R : A : � CNA � � R :78
p4

8 � ;>:7? S 8 � ; C�BNS 8 � ;���8N8 8 � ;
� C ; ? � B 8(8N8 ? � BNB �(?
z6 A � � B ? F¹R � C � : B(B(F±R ;�� � SNBNB�F±R :N:�: � 8�	: F±R : AhA � : S 8 F±R :7?
p6 C � ��� B � C � �N; BNB C � ; S(B ; C � ;N; SNC

�6?�¶�³�¿�Ê�¶�·±´Þ(È>Æ�¸H½/Æ ¿�º±´ ½/³�¸�F�¶(·¹¶�Þ�½	ÊG=�¿�º±¶(ßø½/³i¿�³�´ ¾©½	·±Ê Ê ¶N¸ ?�¶(¸*F9´ ºA?
N =

4, 8, 16, . . . , 256.
�6?�¶+Ê®È	M�´Ê�¿�Ê ³�½	·±Ê ½	¾4ºA?�¶+¶(·¹·±½	·ÅÈ>³�ßèÈ	³ È�=�=�·±½NM�´Ê®È§º±¶�·±È>º¹¶+½>¾

Þ=½	³�µ/¶�·±Ç	¶�³#Þ=¶

zn := ‖z(n)
h ‖∞ = max

0≤i≤N
|z(n)(xi)|, h =

1

N
, pn = log2

‖z(n)
2h ‖∞

‖z(n)
h ‖∞
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����� � � � 	
Example : the flux w, bl = 0; br = −1.

N 4 8 16 32 64 128 256

z2 B � S�ANC B � : C � B � B 8N; B � B : B B � BNB 8 S � : CNA�F¹R ? : � C 8� F±R ?
p2

: � ;N; A(A : � ;(; S 8 A � B(B �(8 : � ;
� B ; A � B�ANA � A � B(BNBNB A � BNB(BNB
z4 B � BNB : � � B : B(F¹RÝC ? � 8 S 8 F¹R¯S A � �§:�; F±R �s: � S ;�� F±R ��: � BNC ; F¹R ;E; � S ; C=F±R : A
p4

8 � ;��>:7; ? � B(BNS(B ? � B(B ?/: ? � B(B�A(A ? � BNB�A : ? � B(BNB 8
z6

8 � A : B � R � C � �(8 A � R ;E; � SNBNA � R :(:E: � C(B ; � R : A : � �
� A � R : C
p6 C � � B � S C � �(;N; S C � ;(; A(B C � ;(;N; B

È>·±¶L=�·±¶(¸¹¶�³-º¹¶Nß�´³ ��È>á�Æ ¶N¸�Ã/À â�À V  ¸¹¿�á�¸±Þ=·±´C=�º ∞ ´å¸�½	Ê�´»º¹º¹¶Nß�´³�º�?�¶�³�½>º7È§º¹´½	³ ½>¾Ûº�?�¶
³�½	·±Ê ���

�6?�¶EÞ=½	ÊG=�¿�º±È§º±´ ½/³�¸6FÅ¶�·±¶�ß�½/³�¶E½	³����c�ÅºA?�Æ½	³IU	Â/Â�<��9Q!F9´ ºA?><��
�9�X�"Ä���à�½	·
ºA?�¶"¸±Þ(?�¶(Ê ¶N¸ê½>¾f½	·7ß�¶�·%â�À	W�À	T�º�?�¶�·±¶(¸¹¿�Æ º±¸
È>·±¶�Þ=½/³-º±È>´³�¶Nß�´³®�XÈ	á�Æ ¶N¸9Ã	À-â�À�V�´³ FH?�´Þ(?
ºA?�¶ñÞ�½	³�µ	¶(·¹Ç/¶�³�Þ�¶"·7È§º¹¶N¸9È>·±¶�Þ�Æ ¶NÈ>·±Æ ¼¥½	á�¸¹¶�·±µ	¶Nß]�

�6,
	 3K.986<A7=,2:;3K. ,
��³ ºA?�´å¸*=�È�=#¶(· FÅ¶�Ç	¶(³�¶�·7È>Æ´CQ(¶(ßuºA?�¶ Þ=ÆåÈ	¸±¸H´åÞ�È	ÆE<�È>·7Þ(?�¿�� ´³-º¹¶�Ç/·±È	Æ�´åß�¶�³-º¹´ º�¼h´ ³ø½/·HÉ
ß�¶�·+º¹½ ½	á�º7È>´³�Þ=½	³#¸H¶(·¹µ§È§º±´ µ/¶ ?�´Ç�?�ÉÝ½	·7ß�¶�·+ß�´�Bf¶�·±¶�³#Þ=¶�¸±Þ(?�¶(Ê ¶N¸�¾©½/·"½/³�¶=É�ß�´Ê ¶(³�¸¹´ ½/³�È>Æ
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