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Abstract. A new type of the nonlocal sine-Gordon equation with the generalized
interaction term is suggested. Its limit cases, symmetries and exact analytical so-
lutions are obtained. This type of the nonlocal sine-Gordon equation is shown to
possess one-, two- and N -solitonic solutions which are a nonlocal deformation of the
corresponding classical solutions of the sine-Gordon equation.

Key words: nonlocality, SG equation, integrability

1. Introduction

The sine-Gordon equation (SGE)

φtt − aφxx = b sin (λφ) (1.1)

is one of the basic nonlinear equations both in mathematics and modern
physics. In mathematics it appears as an equation for the surfaces of constant
negative curvature (a = λ = −b = 1) and was known even to F. Minding
and E. Beltrami. The physical applications are related with the description
of dislocations in solid state physics [14], motion of Bloch magnetic walls in
magnetic crystals [12], magnetic flux propagation in superconductors [8] and
etc. [10]. In these applications the SGE gives the simplest nonlinear descrip-
tion of phenomena under consideration. More adequate models correspond to
SGE generalizations (1.1).

All known nonlocal generalizations of SGE could be divided into two
groups: 1) where the kinetic or 2) the dynamic term is under nonlocal gen-
eralization. Various generalizations where the local operator ∂xxφ is replaced
by the integro-differential operator L[φ] belong to the first group [1]:

φtt − L[φ] = b sin (λφ) . (1.2)
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In particular, various interesting examples of nonlocal Josephson electrody-
namics belong to the family of the evolution equation (1.2). These examples
were introduced in [16]-[5], in which one of the basic model equations is

φtt − Ĥφx + sinφ = 0 , (1.3)

where Ĥ is the Hilbert transform (see Appendix). The evolution equation
(1.3) was an object of study in a series of papers [4, 6, 15, 16, 17].

The nonlocal generalization of SGE proposed in [2] belongs to the first
group

φtt − RDα
x φ + sin φ = 0 , (1.4)

where RDα
x is the Riesz partial fractional derivative (see Appendix). For this

equation, a family of breather-like solutions (i.e. solutions that are localized
in space and periodic in time) has been found numerically, and it has been
shown that these entities are quite robust and can be generated in the course
of evolution of initial states of a rather different shape.

Another type of nonlocal generalization of SGE was proposed in [9, 19]:

φtt − φxx = −2 cos

[

φ(x, t)

2

] ∫

f(x − y) sin

[

φ(y, t)

2

]

dy , (1.5)

where f(x) = 1/(x4 + σ4) or Gauss-type. It is shown that small amplitude
solitons of the nonlocal SGE can create coupled states. The effect is due to
a change of the dispersion which originated because of nonlocal nonlinearity.
The evolution equation (1.5) in the general case could be generalized in the
form

φtt − φxx = F [φ] , (1.6)

where F [φ] is a function of φ(x, t).
In the current contribution, a new type of nonlocal SGE is suggested.

Exact analytical solutions of this equation and its Lagrangian are considered.

2. Nonlocal Generalization of Sine-Gordon Equation

Let us consider a special type of the nonlocal SGE (NSGE):

φtt − aφxx = bRD−α
x sin (λRDα

xφ) , (2.1)

where a, b and λ are constants and RDα
x means a space fractional Riesz deriva-

tive of the order α (see Appendix). This equation belongs to the second group
of the possible nonlocal generalizations of SGE (1.6), where the term of po-
tential interaction is modified.

At first sight this equation looks very complicated, but actually it is an
equivalent transformation of the interaction term. Indeed, in the case of linear
dependence this term does not change.

In the case of small values of the parameter α, the infinitesimal form of
equation (2.1) is given as follows:
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φtt − aφxx = b sinλφ + αL[φ] , (2.2)

where L[φ] is a local perturbation of the classical SGE, when at α → 0 the
NSGE turns into the ordinary SGE (1.1).

In the case of small amplitudes |λRDα
xφ| � 1, the NSGE turns into the

linear Klein–Gordon equation with the ”mass” term λbφ.
If φ(x, t) is a solution of the SGE, then the function

φ1(x, t) =
2πn

λ
± φ(C1 ± x, C2 ± t) , n = 0,±1,±2, . . . , (2.3)

where C1, C2 are arbitrary constants, is also an exact solution of SGE. The
signs in expression (2.3) could be chosen arbitrarily. Unfortunately, this does
not hold for NSGE solutions, but would be useful for generating new solutions
of NSGE by the known solution of SGE.

2.1. The Lagrangian

It could be verified that the NSGE (2.1) has the Lagrangian form:

L =

∫ +∞

−∞

{

1

2

[

(RDα
x φt)

2 − (RD1+α
x φ)2

]

+
b

λ

[

1 − cos (λRDα
xφ))

]

}

dx. (2.4)

Thus, the equation of motion (2.1) could be derived by using the modi-
fied Noether theorem. For instance, the energy-momentum tensor Tik in the
Minkowsky metric ηik:

Tik = (RDα
x φi)(

RDα
x φl)glk − gikL , (2.5)

where L is the Lagrangian density in the expression (2.4).

2.2. The travelling wave solution

The NSGE has the travelling wave solution – a nonlocal generalization of
one-solitonic solution.

a) Let bλ(µ2 − ak2) > 0, then

φ(x, t) =
4

λ
RD−α

x arctg

{

exp

[

±bλ(kx + µt + θ0)
√

bλ(µ2 − ak2)

]}

, (2.6)

where k, µ, θ0 are arbitrary constants.

b) Let bλ(µ2 − ak2) < 0, then

φ(x, t) =
4

λ
RD−α

x arctg

{

exp

[

±bλ(kx + µt + θ0)
√

bλ(ak2 − µ2)

]}

, (2.7)

where k, µ, θ0 like above are arbitrary constants.
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2.3. The nonlocal generalization of the two-solitonic
Perring–Skirme solution

The travelling wave solutions (2.6) and (2.7) are particular cases of a more
general type of solution. Let f(x) and g(t) be solutions of the ordinary differ-
ential equations

(f ′
x)2 = Af4 + Bf2 + C , (2.8)

(g′t)
2 = −aCg4 + (aB + bλ)g2 − aA , (2.9)

where A, B, C are arbitrary constants. Then the function

φ(x, t) =
4

λ
RD−α

x arctg[f(x)g(t)] (2.10)

is a solution of the NSGE (2.1):

a) for A = 0, B = k2 > 0, C > 0, µ2 = ak2 + bλ > 0, then

φ(x, t) =
4

λ
RD−α

x arctg

[

µ sh(kx + A1)

k
√

a ch(µt + B1)

]

, (2.11)

where k, A1, B1 are arbitrary constants;

b) for A = 0, B = −k2 < 0, C > 0, µ2 = bλ − ak2 > 0, then

φ(x, t) =
4

λ
RD−α

x arctg

[

µ sin (kx + A1)

k
√

a ch(µt + B1)

]

(2.12)

is the solution of NSGE, where k, A1, B1 are again arbitrary constants.

c) for A = k2 > 0, B = k2γ2 > 0, C = 0, µ2 = ak2γ2 + bλ > 0, then

φ(x, t) =
4

λ
RD−α

x arctg

[

γ

µ

eµ(t+A1) + ak2e−µ(t+A1)

ekγ(x+B1) + e−kγ(x+B1)

]

(2.13)

is the solution of NSGE, where k, A1, B1, γ are arbitrary constants.

2.4. N-solitonic solutions

For a = 1, b = −1, and λ = 1 in the NSGE, the N -solitonic solution has the
form

φ(x, t) = RD−α
x arccos

[

1 − 2

(

∂2

∂x2
− ∂2

∂t2

)

(ln F )

]

,

F = det‖Mij‖ , Mij =
2

ai + aj

ch

(

zi + zj

2

)

, (2.14)

zi = ±x − µit + Ci
√

1 − µ2
i

, ai = ±
√

1 − µi

1 + µi

,

where µi, Ci are arbitrary constants.
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3. Integrability

The classical SGE belongs to the family of the integrable evolutionary equa-
tions. Is it possible to prove the same statement for the NSGE?

Let us consider the SO(2, 1) linear integrable system:

Φt = UΦ , Φx = V Φ , (3.1)

where U and V take values in the Lie algebra so(2, 1). This means that U and
V may take the following two types:

(i) : U =





0 C B
−C 0 A
B A 0



 , V =





0 F E
−F 0 D
E D 0



 , (3.2)

(ii) : U =





0 C B
C 0 A
B −A 0



 , V =





0 F E
F 0 D
E −D 0



 , (3.3)

where the coefficients A, B, C, D, E and F are suitable functions of φ and its
(non)local derivatives.

For the case (i), the integrable condition for system (3.1) in the case of
local functions and their derivatives is the Gauss equation of the imbedding
of the pseudo-sphere S1,1 ⊂ R

2,1, and for the case (ii) it is the Gauss equation
of the imbedding of the hyperplane H2 ⊂ R

2,1. Since SGE corresponds to the
case of H2 ⊂ R

2,1, let us consider the case (ii).

Let l, m, n be an orthonormal frame of R
2,1, and −l2 = m2 = n2 = 1. The

condition l2 = −1 is the equation for H2 ⊂ R
2,1. As follows from the linear

system (3.1), the integrability condition is

Ux − Vt + [U, V ] = 0 . (3.4)

For the case (ii) it can be written in the following form:










Cx − Ft + AE − BD = 0 ,

Bx − Et + CD − AF = 0 ,

Ax − Dt + CE − BF = 0 .

(3.5)

For given B, C, E, F we can solve the two first equations of system (3.5)

A =
Et − Bx

CE − BF
B +

Ft − Cx

CE − BF
C , (3.6)

D =
Et − Bx

CE − BF
E +

Ft − Cx

CE − BF
F , (3.7)

and insert them into the third equation:
(

Et − Bx

CE − BF
B +

Ft − Cx

CE − BF
C

)

x

−
(

Et − Bx

CE − BF
E +

Ft − Cx

CE − BF
F

)

t

+CE − BF = 0 . (3.8)
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The nonlinear partial differential equation which admits an SO(2, 1) linear
integrable system (CE − BF 6= 0) is (3.8). Moreover, equation (3.8) is the
Gauss equation for H2 ⊂ R

2,1, when B, C, E, F are arbitrary functions of φ
and its local derivatives. The main difference between the local and nonlocal
cases is dependence of the coefficients A, B, C, D, E and F on the possible
nonlocal derivatives. Let us consider a few examples.

Example 1. Let B = F = 0, and the values of the coefficients C and E
are C =

√
λb cos (λRDα

x φ/2), E =
√

λb sin (λRDα
x φ/2). From equation (3.8)

we get NSGE:
φtt − φxx = −bRD−α

x sin (λRDα
x φ) . (3.9)

Example 2. Let B = F = 0, and the values of the coefficients C and E are
C = cosh (RDα

xφ/2), E = sinh (RDα
xφ/2), then we get nonlocal sinh-Laplace

equation:
φtt + φxx = −bRD−α

x sinh (RDα
xφ) . (3.10)

Example 3. Let B = F = 0, C = E = eDα

x
φ, then we have the nonlocal

Liouville equation:

φtt + φxx = −bRD−α
x eλRDα

x
φ . (3.11)

In the case α → 0, all the above considered nonlocal equations turn into the
classical local form.

Thus, NSGE is an integrable nonlocal evolution equation, and the inte-
grability approach allows us to generate new kinds of the nonlocal integrable
sinh-Laplace and Liouville equations.

4. Geometrical Approach

The classical SGE describes the surface of a constant negative curvature
imbedded in D-dimensional space. Regarding the Tschebyscheff coordinates,
the first and second fundamental forms of the surface are

I = ds2 = cos2
φ

2
dt2 + sin2 φ

2
dx2 , (4.1)

II = −d~r · d~n = cos
φ

2
sin

φ

2
(dt2 − dx2) . (4.2)

It is easy to verify that, the Gauss curvature K of such surface is

K =
detQ

detG
=

b11b22 − b2
12

g11g22 − g2
12

= −1 , (4.3)

where Q and G are matrices of the second and first fundamental forms in
expressions (4.1) and (4.2). The mean curvature H = Sp (G−1Q):

H =
g22b11 − 2g12b12 + g11b22

g11g22 − g2
12

= −2 ctgφ . (4.4)
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The quantities K and H in (4.3) and (4.4) express the geometrical contents
of the SGE.

The classical way to derive the SGE is the substitution the Christoffel
connection coefficients Γ k

ij , which are determined by the coefficients of the
first fundamental form gij ,

Γ k
ij =

1

2
gkl

(

∂gil

∂ξj
+

∂gjl

∂ξi
− ∂gij

∂ξl

)

, (4.5)

into the Gauss equation:

∂Γ l
ij

∂ξk
− ∂Γ l

ik

∂ξj
+ Γ s

ijΓ
l

ks − Γ s
ikΓ l

js = bijb
l
k − bikb l

j , (4.6)

where ξi = (t, x).
Here we can consider one simplification. In the case of the first fundamental

form ds2 = A2dt2 + B2dx2, the Gauss curvature could be obtained from the
expression (see e.g. [11])

K = − 1

AB

[(

At

B

)

t

+

(

Bx

A

)

x

]

. (4.7)

Indeed, the substitution of A = cosφ/2 and B = sin φ/2 into (4.7) leads to
the classical SGE:

φtt − φxx = K sin φ . (4.8)

In the case of the nonlocal value of the coefficients,

A = cos(Dα
x φ/2) , B = sin(Dα

x φ/2) , (4.9)

by substituting (4.9) into (4.7) we get the nonlocal generalization of the SGE:

φtt − φxx = KD−α
x sin(Dα

xφ) . (4.10)

Together with the coefficients of the second fundamental form,

b11 = −b22 = cos(Dα
xφ/2) sin(Dα

xφ/2) , (4.11)

according to equation (4.3), we can obtain the value of the Gauss curvature
K = −1.

Thus, for the first and second fundamental forms,

I = cos2
(

Dα
xφ

2

)

dt2 + sin2

(

Dα
xφ

2

)

dx2 , (4.12)

II = cos

(

Dα
x φ

2

)

sin

(

Dα
x φ

2

)

(dt2 − dx2) , (4.13)

the surface of a constant negative curvature K = −1 imbedded in D-dimen-
sional space obeys the NSGE:

φtt − φxx = D−α
x sin(Dα

xφ) . (4.14)
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5. Conclusions

The NSGE, like the ordinary SGE, has a Lagrangian form (2.4), one-(2.6)-
(2.7), two-(2.11)-(2.13) and N -solitonic (2.14) solutions. Despite the nonlocal
nature of the interaction term in the evolution equation, this model possesses
nonlocal deformations of localized solutions.

The asymptotic form has slowly falling tails φ(x) ∼ xα which converge to
zero at α < 0, as follows from explicit expressions of the solutions. At the
same time the total value of the momenta I [φ] =

∫ +∞

−∞ φ(x, 0) dx diverges for
any α > −1. This means a nonlocal distribution of the momenta, energy and
related magnitudes.

From the asymptotic and infinitesimal form of NDGE (2.1) the correspond-
ing dispersion relations,

ω2 − ak2 = λb and ω2 − ak2 = W (k) , (5.1)

follow, where W (k) corresponds to the Fourier transform for the linearized
part of the b sinλφ + αL[φ] according to equation (2.2) and which are the
Klein–Gordon and sine-Gordon modified dispersion relations.

The NSGE can be obtained from the discretized version of the evolution
equation:

y′′
n =

a

s2
(yn+1 − 2yn + yn−1) + λyn cos [λs−α(yn+1 − yn)] , (5.2)

where s is the length of the space step displacement.
The variety of the physical origination of SGE (1.1) allows us to apply the

obtained solutions not only to the Josephson effect [3, 5, 7, 15, 16, 17] but
also to dislocations evolution in the modified Frenkel–Kontorova model [14]
magnetic crystals [12], semiconductors [8] and so on.

Note here one important property. The continuous changes of the parame-
ter α ∈ [0; 2] does not mean a continuous transition of one evolution equation
to another. Let us have an evolution equation in the form

φtt − aφxx = Nα[φ] , (5.3)

where Nα[φ] means the nonlocal operator on φ(x, t), and α is the parameter of
nonlocality. The transformation of the operator Nα[φ] for α ∈ [0; 2] induces the
transformation of the automorphism groups G0 and G2 for the corresponding
local evolution equations:

N0[φ]
α−−−−→ Dα α−−−−→ N2[φ]

Aut





y





y





y
Aut

G0
α−−−−→ T α α−−−−→ G2

where, in the general case, the operator of the fractional derivative Dα induces
an action on the group of translation operators T α.
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7. Appendix

To give an explicit expression for the Riesz pseudo-differential operator, we
first introduce the Weyl fractional integrals Iβ

± of the order β > 0 [13, 18]:

Iβ
±φ(x) =







1
Γ (β)

∫ x

−∞
(x − ξ)β−1φ(ξ) dξ ,

1
Γ (β)

∫ +∞

x (ξ − x)β−1φ(ξ) dξ .
(7.1)

Then the Weyl fractional derivatives could be introduced by the relations

Dα
±φ(x) =

{

±( d
dxI1−α

± )φ(ξ) , 0 < α < 1 ,

( d2

dx2 I2−α
± )φ(x) , 1 < α < 2 ,

(7.2)

where Iα
± denotes the Weyl fractional integrals of the order α > 0. When

α = 0, the Weyl fractional derivative degenerates into the identity operator

D0
±φ(x) = Iφ(x) = φ(x) . (7.3)

For the continuity of Dα
±φ(x) with respect to α,

D1
± = ± d

dx
, D2

± =
d2

dx2
. (7.4)

For arbitrary α we have the definition

Dα
±φ(x) =







1
Γ [{α}]

d[α]

dx[α]

∫ x

−∞
φ(t) dt

(x−t)1+{α} ,

−1
Γ [{α}]

d[α]

dx[α]

∫ +∞

x
φ(t) dt

(t−x)1+{α} ,
(7.5)

where {α} and [α] are fractional and integer parts of the α > 0. The Riesz
fractional derivative, denoted sometimes as ∂α/∂|x|α, is defined as

RDα
x φ(x) =







− Dα

++Dα

−

2 cos (απ/2) φ(x) , α 6= 1 ,
(

d
dxĤ

)

φ(x) , α = 1 ,
(7.6)

where Ĥ is the Hilbert transformation

Ĥφ(x) = v.p.
1

π

∫ ∞

−∞

φ(ξ)

x − ξ
dξ , (7.7)

and the integral is understood in the Cauchy principal value sense.
An important property of the Riesz fractional derivative RDα is that it is

a Fourier multiplier operator with the symbol |k|α.
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Netiesinė nelokali integruojamoji sine-Gordono lygtis

P. Mǐskinis

Pasiūlyta nauja nelokali sine-Gordono evoliucinė lygtis su apibendrintu sa̧veikos

nariu. Nustatyti šios lygties ribiniai atvejai, Lagranžianas, simetrijos, tikslūs anali-

ziniai sprendiniai. Parodyta, kad šios rūšies nelokali sine-Gordono lygtis turi vieno,

dvieju̧ bei N -solitoninius sprendinius, kurie yra atitinkamu̧ klasikiniu̧ sine-Gordono

lygties sprendiniu̧ nelokalios deformacijos. Nelokalios sine-Gordono lygties inte-

gruojamumas siejamas su geometrinėmis dvimačiu̧ nelokaliai deformuotu̧ paviršiu̧

savybėmis.


