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Abstract. The aim of this article is to investigate an approach to multiple attribute group decision 
making (MAGDM) problems in which the information about decision makers (DMs) weights is 
completely unknown in advance, the attributes are inter-dependent, and the attribute values take the 
form of intuitionistic trapezoidal fuzzy numbers. First, the concept of similarity degree (SD) for two 
intuitionistic trapezoidal fuzzy decision matrixes is defined, which measures the level of consensus 
between individual decision opinion and group decision opinion. Next, we develop some IITFOWA 
operators to aggregate intuitionistic trapezoidal fuzzy decision matrixes in MAGDM problems. In 
particular, we present the SD induced IITFOWA (SD-IITFOWA) operator, which induces the order 
of argument values by utilizing the similarity degree of decision makers. This operator aggregates 
individual opinion in such a way that more importance is placed on the most similarity one. Then, 
a SD-IITFOWA operator and TOPSIS method based approach is developed to solve the MAGDM 
problems with intuitionistic trapezoidal fuzzy numbers. Finally, the developed approach is used to 
select the right suppliers for a computer company.

Keywords: group decision making, multiple attribute decision making, induced intuitionistic 
trapezoidal fuzzy ordered weighted arithmetic (IITFOWA) operator, TOPSIS.
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Introduction

In the process of multiple attribute group decision-making with uncertainty, decision makers 
(DMs) usually need to compare a finite set of alternatives { }1 2, , , nX x x x=  with respect to 
multiple attributes and construct individual decision matrix. Thereafter, the DMs need to 
aggregate the individual decision matrix into a collective one and rank the given alternatives. 
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However, there usually arise situations of conflict and disagreement among preferences of 
DMs. Therefore, the consensus reaching process is necessary to obtain a final solution with a 
certain level of compatibility between DMs (Herrera-Viedma et al. 2002; Chiclana et al. 2003; 
Choudhury et al. 2006). So, one key issue in the theory of group judgments aggregation is how 
to choose the aggregation operator, which will affect the group DMs’ compatibility degree 
(Wang, Fan 2007; Xu 2005, 2009; Dong et al. 2008; Wu et al.2009; Wu, Chiclana 2014a, 2014b).

However, many group decision making processes take place in an environment, where 
the information is not precisely known. Thus, the DMs may have vague knowledge about 
the preference degrees of one alternative over another, and cannot estimate alternative with 
an exact numerical value or an interval number. Atanassov (1986) developed the concept of 
intuitionistic fuzzy set (IFS) characterized by a membership function and a non-membership 
function, which is a generalization of the concept of fuzzy set (Zadeh 1965). The intuitionistic 
fuzzy set theory has been applied to many different fields, such as decision making (Li et al. 
2009, 2010; Xu 2010, 2011; Liu 2011; Wang et al. 2009; Wei 2009, 2010a, 2010b, 2011; Wei, Zhao 
2012; Wu, Chiclana 2012; Wu, Liu 2013; Wu et al. 2013), supplier selection (Boran et al. 2009; 
Ye 2010; Ashayeri et al. 2012), robot selection (Devi 2011), medical diagnosis (Szmidt, Kacprzyk 
2004), investment option (Wei 2008), and logic programming (Mursaleen, Mohiuddine 2009; 
Zhang et al. 2009; Mohiuddine, Şevli 2011), artificial intelligence (Saadati et al. 2009). Later, 
Atanassov and Gargov (1989) introduced the notion of interval-valued intuitionistic in which 
membership function and non-membership function are interval-valued numbers. Recently, 
Nehi and Maleki (2005) proposed the definition of intuitionistic trapezoidal fuzzy numbers, 
which is characterized by a membership function and a non-membership function whose values 
are trapezoidal fuzzy numbers. Wang and Zhang (2009) developed the Hamming distance of 
intuitionistic trapezoidal fuzzy numbers and intuitionistic trapezoidal fuzzy weighted arithmetic 
averaging (ITFWAA) operator. Wei (2010c) proposed some arithmetic aggregation operators 
including intuitionistic trapezoidal fuzzy ordered weighted averaging (ITFOWA) operator and 
intuitionistic trapezoidal fuzzy hybrid aggregation (ITFHA) operator. Wu and Cao (2013) in-
vestigated the intuitionistic trapezoidal fuzzy ordered weighted geometric (ITFOWG) operator, 
induced intuitionistic trapezoidal fuzzy ordered weighted geometric (I-ITFOWG) operator 
and intuitionistic trapezoidal fuzzy hybrid geometric (ITFHG) operator. Zhang and Liu (2010) 
proposed a score function of triangular intuitionistic fuzzy numbers. Li (2010) introduced the 
concept of a ratio of the value index to the ambiguity index and developed a new methodology 
for ranking triangular intuitionistic fuzzy numbers. Ye (2011) developed a novel score function 
of trapezoidal intuitionistic fuzzy numbers and proposed the multi-attribute group decision 
making (MAGDM) problems. Nevertheless, these are few works focusing on the issue of im-
proving group consistency degree under trapezoidal intuitionistic fuzzy environment. We still 
have the following questions:

(1) How to measure the level of consensus between individual decision opinion and group 
decision opinion under intuitionistic trapezoidal fuzzy environment?

(2) How to aggregate the individual intuitionistic trapezoidal fuzzy decision matrixes into 
a collective one in a reasonable way?

To resolve this problem, we define the concept of similarity degree (SD) for two intu-
itionistic trapezoidal fuzzy decision matrixes, which measures the level of consensus between 
individual decision opinion and group decision opinion. Then, we develop the SD induced 
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intuitionistic trapezoidal fuzzy ordered weighted arithmetic (SD-IITFOWA) operator for 
aggregating group intuitionistic trapezoidal fuzzy information. This operator aggregates 
individual opinion in such a way that more importance is placed on the most similarity one. 
Then, combining the SD-IITFOWA operator and TOPSIS (Technique for Order Preference 
by Similarity to Ideal Solution) method (Hwang, Yoon 1981), this paper develops an ap-
proach to resolve the MAGDM problems in which the information about DM weights are 
completely unknown, the attributes are interdependent, and the attribute values take the 
form of intuitionistic trapezoidal fuzzy numbers.

In order to do so, the remainder of this paper is set out as follows. Section 1 introduces 
some basic concepts and some aggregation operators related to intuitionistic trapezoidal fuzzy 
sets. In Section 2, we shall present the IITFOWA operator and study the desirable properties. 
Section 3 defines the concept of similarity degree for two intuitionistic trapezoidal fuzzy 
decision matrixes and presents a particular case of IITFOWA operator: the SD-IITFOWA 
operator. Section 4 develops a SD-IITFOWA and TOPSIS method based approach to solve 
the MAGDM problems with intuitionistic trapezoidal fuzzy information. In Section 5, some 
illustrative examples are pointed out. Finally, in the last Section we draw our conclusions.

1. Preliminaries

In this section, some basic concepts and some aggregation operators related to intuitionistic 
fuzzy sets are introduced.

Definition 1 (Atanassov 1986). A generalized fuzzy set called intuitionistic fuzzy sets, 
shown as follows:
 { }, ( ), ( )A AA x x x x X= < µ ν > ∈ , (1)

in which, Aµ  means a membership function, and Av  means a non-membership, with the 
condition 0 ( ) ( ) 1A Ax x≤µ + ν ≤ , ( ), ( ) [0,1]A Ax xµ ν ∈ for all x X∈ [1]. For each A in X , we can 
compute the intuitionistic index of the element x  in the set A, which is defined as follows:

 ( )=1 ( ) ( )A A Ax u x v xπ − − . (2)

Recently, Nehi and Maleki (2005) gave the definition of the intuitionistic trapezoidal 
fuzzy number. A prominent characteristic of the intuitionistic trapezoidal fuzzy set is that 
its membership values and non-membership values are trapezoidal fuzzy numbers.

Definition 2. An intuitionistic trapezoidal A fuzzy number is denoted as 
( ), ( ) =A AA x v x= µ ( ) ( )1 2 3 4 1 2 3 4, , , , , , ,a a a a b b b b  in the set of real number R . Its member-

ship function can be given as:

 

1
1 2

2 1

2 3

4
3 4

4 3

,  ;

1,              ;
( )

,  ;

0,  .

A

x a
a x a

a a
a x a

x
a x

a x a
a a

others

−
≤ ≤ −
≤ ≤

µ =  − ≤ ≤
 −



 (3)

30 J. Wu. A sd-iitfoWA operator and topsis based approach for mAgdm problems with...



its non-membership function is:

 

1
1 2

2 1

2 3

4
3 4

4 3

,  ;

1,             ;
( )

,  ;

0,  ,

A

x b
b x b

b b
b x b

v x
b x

b x b
b b

others

−
≤ ≤ −
≤ ≤

=  − ≤ ≤
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 (4)

where 1 2 3 4 1 2 3 4( ) / 4 1a a a a b b b b+ + + + + + + ≤ .
To study the properties of ITFS, we define some operational laws as follows.
Definition 3. Let ( ) ( )1 1 1 1 1 1 1 1

1 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=  and ( ) ( )2 2 2 2 2 2 2 2
2 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=

be two intuitionistic trapezoidal fuzzy numbers, and 0λ ≥ , then:

1) ( )1 2 1 2 1 2 1 2
1 2 1 1 2 2 3 3 4 4= min( , ),min( , ),min( , ),min( , ) ,A A a a a a a a a a

 ( )1 2 1 2 1 2 1 2
1 1 2 2 3 3 4 4max( , ),max( , ),max( , ),max( , )b b b b b b b b ;

2) ( )1 2 1 2 1 2 1 2
1 2 1 1 2 2 3 3 4 4= max( , ),max( , ),max( , ),max( , ) ,A A a a a a a a a a

 ( )1 2 1 2 1 2 1 2
1 1 2 2 3 3 4 4min( , ),min( , ),min( , ),min( , )b b b b b b b b ;

3) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
1 2 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4, , , ,A A a a a a a a a a a a a a a a a a⊕ = + − + − + − + −

 ( )1 2 1 2 1 2 1 2
1 1 2 2 3 3 4 4, , ,b b b b b b b b ;

4) ( )1 2 1 2 1 2 1 2
1 2 1 1 2 2 3 3 4 4, , , ,A A a a a a a a a a⊗ =

 ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4, , ,b b b b b b b b b b b b b b b b+ − + − + − + − ;

5)  ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 41 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 ) , ( ) ,( ) ,( ) ,( )A a a a a b b b bλ λ λ λ λ λ λ λλ = − − − − − − − − ;

6) ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 4( ) ,( ) ,( ) ,( ) , 1 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 )A a a a a b b b bλ λ λ λ λ λ λ λ λ= − − − − − − − − .

In the following, we prove that the operational results by same laws in Definition 3 are 
also intuitionistic trapezoidal fuzzy sets.

Theorem 1. Let ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=  and ( ) ( )2 2 2 2 2 2 2 2

2 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=
be two intuitionistic trapezoidal fuzzy numbers, then both 1 2A A⊕  and 1Aλ are also intuition-
istic trapezoidal fuzzy numbers.

Proof. From Definition 3, we obtain:

 ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
1 2 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4, , , ,A A a a a a a a a a a a a a a a a a⊕ = + − + − + − + −  

 ( )1 2 1 2 1 2 1 2
1 1 2 2 3 3 4 4, , ,b b b b b b b b . 
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Since:

 1 2 1 2 1 2 1 2 1 2 1 2
1 1 1 1 1 1 1 1 1 1 1 1(1 )(1 ) =1a a a a b b a a a a a a+ − + ≤ − − + + − , 

 1 2 1 2 1 2 1 2 1 2 1 2
2 2 2 2 2 2 2 2 2 2 2 2(1 )(1 ) =1a a a a b b a a a a a a+ − + ≤ − − + + − , 

 1 2 1 2 1 2 1 2 1 2 1 2
3 3 3 3 3 3 3 3 3 3 3 3(1 )(1 ) =1a a a a b b a a a a a a+ − + ≤ − − + + − , 

 1 2 1 2 1 2 1 2 1 2 1 2
4 4 4 4 4 4 4 4 4 4 4 4(1 )(1 ) =1a a a a b b a a a a a a+ − + ≤ − − + + − . 

Then: 
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4 1 1 2 2 3 3 4 4( ) 1a a a a a a a a a a a a a a a a b b b b b b b b+ − + + − + + − + + − + + + + ≤ .

Thus 1 2A A⊕  is an intuitionistic trapezoidal fuzzy number.
From Definition 3, we have:

  ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 41 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 ) , ( ) ,( ) ,( ) ,( )A a a a a b b b bλ λ λ λ λ λ λ λλ = − − − − − − − − . 

Since:

 1 1
1 11 (1 ) ( )a aλ λ− − ≤ , 1 1

2 21 (1 ) ( )a aλ λ− − ≤ , 

 1 1
3 31 (1 ) ( )a aλ λ− − ≤ , 1 1

4 41 (1 ) ( )a aλ λ− − ≤ . 

Then:
1 1 1 1 1 1 1 1
1 2 3 4 1 2 3 4

1 1 1 1 1 1 1 1
1 2 3 4 1 2 3 4

1 2 3 4 1 2 3 4

(1 (1 ) 1 (1 ) 1 (1 ) 1 (1 ) ( ) ( ) ( ) ( ) ) / 4
                    (( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ) / 4
                    (

a a a a b b b b
a a a a b b b b

a a a a b b b b

λ λ λ λ λ λ λ λ

λ λ λ λ λ λ λ λ

− − + − − + − − + − − + + + + ≤

+ + + + + + + ≤
+ + + + + + + ) / 4 1.≤

Thus 1Aλ  is also an intuitionistic trapezoidal fuzzy number, which completes the proof 
of Theorem 1.

Theorem 2. Let ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=  and ( ) ( )2 2 1 1 2 2 2 2

2 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=
be two intuitionistic trapezoidal fuzzy numbers, 1 2, , 0λ λ λ > , then:

1) 1 2 2 1A A A A⊕ = ⊕ ;

2) 1 2 2 1( )A A A Aλ ⊕ = λ ⊕λ ;

3) 1 1 2 1 1 2 1( )A A Aλ ⊕λ = λ + λ .

Proof:
1) This result is obvious.
2) Applying the operational law 2) in Definition 3, we have:

 ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
1 2 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4, , , ,A A a a a a a a a a a a a a a a a a⊕ = + − + − + − + −

 ( )1 2 1 2 1 2 1 2
1 1 2 2 3 3 4 4, , ,b b b b b b b b . 
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 Then, by the operational law 5) in Definition 3, it follows that:

(
) ( )

λ λ λ

λ λ λ λ λ

λ ⊕ = − − − − − − − − −

− − − 

1 2 1 2 1 2
1 2 1 1 2 2 3 3

1 2 1 2 1 2 1 2 1 2
4 4 1 1 2 2 3 3 4 4

( ) 1 [(1 )(1 )] ,1 [(1 )(1 )] ,1 [(1 )(1 )] ,

                           1 [(1 )(1 )] , ( ) ,( ) ,( ) ,( ) .

A A a a a a a a

a a b b b b b b b b

Also since:

 ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 41 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 ) , ( ) ,( ) ,( ) ,( )A a a a a b b b bλ λ λ λ λ λ λ λλ = − − − − − − − − ; 

( ) ( )2 2 2 2 2 2 2 2
2 1 2 3 4 1 2 3 41 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 ) , ( ) ,( ) ,( ) ,( )A a a a a b b b bλ λ λ λ λ λ λ λλ = − − − − − − − − . 

Then we have:

 ( 1 2 1 2 1 2
1 2 1 1 2 2 3 31 [(1 )(1 )] ,1 [(1 )(1 )] ,1 [(1 )(1 )] ,A A a a a a a aλ λ λλ ⊕λ = − − − − − − − − −  

 ) ( )1 2 1 2 1 2 1 2 1 2
4 4 1 1 2 2 3 3 4 41 [(1 )(1 )] , ( ) ,( ) ,( ) ,( )a a b b b b b b b bλ λ λ λ λ− − − . 

Hence:

 1 2 1 2( )A A A Aλ ⊕ = λ ⊕λ . 

3) By the operational law 5) in Definition 3, we obtain:

 ( ) ( )1 1 1 1 1 1 1 11 1 1 1 1 1 1 1
1 1 1 2 3 4 1 2 3 41 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 ) , ( ) ,( ) ,( ) ,( )A a a a a b b b bλ λ λ λ λ λ λ λλ = − − − − − − − − ; 

 ( ) ( )2 2 2 2 2 2 2 21 1 1 1 1 1 1 1
2 1 1 2 3 4 1 2 3 41 (1 ) ,1 (1 ) ,1 (1 ) ,1 (1 ) , ( ) ,( ) ,( ) ,( )A a a a a b b b bλ λ λ λ λ λ λ λλ = − − − − − − − − . 

Then:

(
( )

λ λ λ λ λ λ

λ λ λ λ λ λ λ λ λ λ

λ ⊕λ = − − − − − − − − −

− − − = 

1 2 1 2 1 2

1 2 1 2 1 2 1 2 1 2

1 1 1 1 1 1
1 1 2 1 1 1 2 2 3 3

1 1 1 1 1 1 1 1 1 1
4 4 1 1 2 2 3 3 4 4

1 (1 ) (1 ) ,1 (1 ) (1 ) ,1 (1 ) (1 ) ,

                             1 (1 ) (1 ) , ( ) ( ) ,( ) ( ) ,( ) ( ) ,( ) ( )

                

A A a a a a a a

a a b b b b b b b b

(
( )

λ +λ λ +λ λ +λ λ +λ

λ +λ λ +λ λ +λ λ +λ

− − − − − − − −

= λ + λ

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4 1 2 1

          1 (1 ) ,1 (1 ) ,1 (1 ) ,   1 (1 ) ,

                            ( ) ,( ) ,( ) ,( )  ( ) .

a a a a

b b b b A

which completes the proof of Theorem 2.

2. Induced intuitionistic trapezoidal fuzzy ordered weighted averaging  
(IITFO-WA) operator

The Induced Ordered Weighted Averaging (IOWA) was introduced by Yager and Filev (1999), 
which has been widely used in GDM problems. Chiclana et al. (2007) presented aparticular 
IOWA operator: the Consistency IOWA (C-IOWA) operator, which applied the ordering of 
the argument values based upon the consistency of the information sources. It is worthy of 
being mentioned that the C-IOWA operator aggregates individual preferences in such a way 
that more importance is placed on the most consistent one. Recently, Merigó et al. (Merigó, 
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Casanovas 2010, 2011; Merigó, Gil-Lafuente 2011) developed some families of uncertain 
and fuzzy induced operators for group decision making. In Wu, Cao (2011), we proved that 
the C-IOWA operator can improve the group consistency. In this section, we shall develop 
the IITFOWA operator for aggregating intuitionistic trapezoidal fuzzy numbers and study 
its desirable properties.

Definition 4. Let ( ) ( )1 2 3 4 1 2 3 4, , , , , , ,   ( 1,2, , )j j j j j j j j
jA a a a a b b b b j n= =   be a collection of 

intuitionistic fuzzy values, and then the induced intuitionistic trapezoidal fuzzy ordered 
weighted averaging (IITFOWA) operator is defined as follows:

( ) ( ) ( ) ( )
1 1 1 2 3

1 1 1
IITFOWA , , , , 1 (1 ) ,1 (1 ) ,1 (1 ) ,j j j

n n n
w w wj j j

w n n
j j j

u A u A a a aσ σ σ

= = =


= − − − − − −



∏ ∏ ∏

 ( ) ( ) ( ) ( ) ( )
4 1 2 3 4

1 1 1 1 1
1 (1 ) , ( ) , ( ) , ( ) , ( )j j j j j

n n n n n
w w w w wj j j j j

j j j j j
a b b b bσ σ σ σ σ

= = = = =

  
  − −
  
  

∏ ∏ ∏ ∏ ∏ , (5)

where 1 2( , , , )T
nw w w w=   be the weighting vector of ( 1,2, , )ja j n=

 , where 0,jω >  

1 1n
jj w

=
=∑ , ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) 1 2 3 4 1 2 3 4, , , , , , ,j j j j j j j j
jA a a a a b b b bσ σ σ σ σ σ σ σ

σ =  is the iA  value of 

the IFOWA pair ,i iu A  having the -thj largest ( [0,1])i iu u ∈ , and iu  in ,i iu A  is referred 
to as the order inducing variable and iA  as the intuitionistic trapezoidal fuzzy values.

The IITFOWA operator satisfies the following properties:
Theorem 3. (Commutativity).

( ) ( )' ' '
1 1 2 2 1 1 2 2IITFOWA , , , , , , IITFOWA , , , , , ,w n n w n nu A u A u A u A u A u A=  ,

where ( )' ' '
1 1 2 2, , , , , ,n nu A u A u A  is any permutation of ( )1 1 2 2, , , , , ,n nu A u A u A .

Proof. Let

 ( )1 1 2 2 ( )
1

IITFOWA , , , , , ,
n

w n n j j
j

u A u A u A A wσ
=

=∑
, 

 ( )' ' ' '
1 1 2 2 ( )

1
IITFOWA , , , , , ,

n

w n n j j
j

u A u A u A A wσ
=

=∑

. 

Since ( )' ' '
1 1 2 2, , , , , ,n nu A u A u A  is any permutation of ( )1 1 2 2, , , , , ,n nu A u A u A

 
, 

we can obtain '
( ) ( )j jA Aσ σ=  ( 1,2, , )j n=   and then have:

( ) ( )' ' '
1 1 2 2 1 1 2 2IITFOWA , , , , , , IITFOWA , , , , , ,w n n w n nu A u A u A u A u A u A= 

. 

Theorem 4. (Idempotency).
If jA A=

 
for all j, then ( )1 1 2 2IITFOWA , , , , , ,w n nu A u A u A A= .

Proof. Since jA A=  for all j, we have:

 ( ) ( ) ( )1 1 1 2 3 4 1 2 3 4IITFOWA , , , , , , , , , , ,w n nu A u A a a a a b b b b A= =

. 
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Theorem 5. (Monotonicity).
If  '

j jA A≤    for all j,  then  ( ) ( '
1 1 2 2 1 1IITFOWA , , , , , , IITFOWA , ,w n n wu A u A u A u A≤  

)' '
2 2, , , ,n nu A u A .

Proof. Let
 ( )1 1 2 2 ( )

1
IITFOWA , , , , , ,

n

w n n j j
j

u A u A u A A wσ
=

=∑
, 

 ( )' ' ' '
1 1 2 2 ( )

1
IITFOWA , , , , , ,

n

w n n j j
j

u A u A u A A wσ
=

=∑

. 

Since '
j jA A≤  for j, it follows that '

( ) ( )j jA Aσ σ≤ , then ( 1 1 2 2IITFOWA , , , , ,w u A u A 

),n nu A ≤ ( )' ' '
1 1 2 2IITFOWA , , , , , ,w n nu A u A u A .

Theorem 6. Let ( ) ( )1 2 3 4 1 2 3 4, , , , , , ,   ( 1,2, , )j j j j j j j j
jA a a a a b b b b j n= =   be a collection of intu-

itionistic fuzzy values and 1 2( , , , )T
nw w w w=  be the weighting vector of IITFOWA operator, 

where 0,jw >  1 1n
jj w

=
=∑ . Then we have the two following cases:

1) If (1,0, ,0)Tw =  , then the IITFOWA operator is reduced to the maximum operator:

 ( )1 1 2 2IITFOWA , , , , , , max( )w n n jj
a a a a a a a=      

 . 

2) If (0,0, ,1)Tw =  , then the IITFOWA operator is reduced to the minimum operator:

 ( )1 1 2 2IITFOWA , , , , , , min( )w n n jj
a a a a a a a=      



. 

3. The definitions of similarity degree and the SD-IITFOWA operator

3.1. The definition of similarity degree

Definition 5. Let ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=  and ( ) ( )2 2 2 2 2 2 2 2

2 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=

be two intuitionistic trapezoidal fuzzy numbers, then, we define the weighted distance 
between 1A and 2A as follows:

 
(

)
1 2 1 2 1 2 1 2

1 2 1 1 2 2 3 3 4 4

1 2 1 2 1 2 1 2
1 1 2 2 3 3 4 4

1( , )
8

                         .

d A A a a a a a a a a

b b b b b b b b

= − + − + − + − +

− + − + − + −
 (6)

Xu and Yager (2009) defined the degree of similarity between two intuitionistic fuzzy 
numbers for consensus analysis in fuzzy group decision making. In the following, we shall 
extend the idea of this similarity to develop a new similarity measure between two intuition-
istic trapezoidal fuzzy numbers.
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Definition 6. Let ( ) ( )1 1 1 1 1 1 1 1
1 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=  and ( ) ( )2 2 2 2 2 2 2 2

2 1 2 3 4 1 2 3 4, , , , , , ,A a a a a b b b b=

be two intuitionistic trapezoidal fuzzy numbers, and ( ) ( )2 2 2 2 2 2 2 2
2 1 2 3 4 1 2 3 4, , , , , , ,A b b b b a a a a=  be 

the complement of 2A , then:

 
1 2 2

1 2 1 2

1 2 1 2

1                                     if = ;
( , ) ( , )

,   otherwise   
( , ) ( , )

A A A
A A d A A

d A A d A A

 =
ϑ = 
 +

 (7)

is called the degree of similarity between 1A  and 2A .
According to Eq. (7), we know that 1 2( , )A Aϑ  have the following desirable properties:
(1) 1 20 ( , ) 1A A≤ ϑ ≤ ;
(2) 1 2 2 1 1 2( , ) ( , ) ( , )A A A A A Aϑ = ϑ = ϑ ;
(3) 1 2 1 2( , ) ( , )A A A Aϑ = ϑ ;
(4) 1 2 1 2( , ) 1A A A Aϑ = ⇔ =  which means the identity of 1A  and 2A ;
(5)  1 2 1 2 1 2( , ) 0.5 ( , ) ( , )A A d A A d A Aϑ > ⇔ < which means that 1A  is more similar to 2A  

than 2A ;
(6)  1 2 1 2 1 2( , ) 0.5 ( , ) ( , ) 0A A d A A d A Aϑ = ⇔ = ≠  which means that 1A  is the same extent 

similar to 2A  and 2A ;
(7)  1 2 1 2 1 2( , ) 0.5 ( , ) ( , )A A d A A d A Aϑ < ⇔ >  which means that 1A  is more similar to 2A  

than 2A ;
(8) 1 2 1 2( , ) 0A A A Aϑ = ⇔ =  which means the complete dissimilarity of 1A and 2A .
In the following, we shall apply the developed similarity measure between two intuition-

istic trapezoidal fuzzy numbers to group decision making based on intuitionistic trapezoidal 
fuzzy decision matrix.

Definition 7. Let ( )ij m nR r ×=   be a m n×  matrix. If all ijr are ITFNs, and

( ) ( ), , , , , , ,ij ij ij ij ij ij ij ij ijr a b c d e f g h= , 1ij ijd h+ ≤ , 1, , ; 1, ,i m j n= =  , then we call R  an 
intuitionistic trapezoidal fuzzy decision matrix.

Definition 8. Let ( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  be t  intuitionistic trapezoidal fuzzy 
decision matrices given by experts ( 1,2, , )ke k m=   respectively, then the aggregated intu-
itionistic trapezoidal fuzzy decision matrix ( )ij m nR r ×= is defined as following:

 ( ) ( ), , , , , , ,ij ij ij ij ij ij ij ij ijr a b c d e f g h= , 1ij ijd h+ ≤ , 1, , ; 1, ,i m j n= =  , 

where ( )

1

1t
k

ij ij
k

r r
t=

=∑  .

Definition 9. Let ( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  be t  intuitionistic trapezoidal fuzzy de-
cision matrices, and ( )ij m nR r ×=  be their aggregated intuitionistic trapezoidal fuzzy decision 
matrix, then:

 ( )( )

1 1

1( , ) ( , )
m n

kk
ij ij

i j
R R r r

m n = =
ϑ = ϑ

× ∑∑



 , (8)
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is called the degree of similarity between ( )kR and R , where ( )( , )k
ij ijr rϑ   is the similarity 

between ( )k
ijr  and ijr , calculated by Eq. (7).

The greater the value of ( )( , )kR Rϑ  , the greater the similarity degree (SD) between intu-
itionistic trapezoidal fuzzy decision matrixes ( )kR  and R . By Definition 9, we can obtain 
the following theorems:

Theorem 7. Let ( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  be t  intuitionistic trapezoidal fuzzy decision 
matrixes, ( )ij n nR r ×=  be their aggregated decision matrix, then:

(1) ( )0 ( , ) 1kR R≤ ϑ ≤

 ,
(2) ( )( , ) 1kR Rϑ =

  if and only if ( )kR and R  are identical.

Proof: 
(1) By Definition 9, we have:

 ( )0 ( , ) 1k
ij ijr r≤ ϑ ≤ , 1, , ; 1, ,i m j n= = 

, 

 then:

 ( )( )

1 1

10 ( , ) ( , ) 1
m n

kk
ij ij

i j
R R r r

m n = =
≤ ϑ = ϑ ≤

× ∑∑




. 

(2)  Necessity. If ( )( , ) 1kR Rϑ =

 , then ( )( , ) 1k
ij ijr rϑ = , for all , ,i j N∈  i.e., ( )k

ij ijr r= , for all 
,i j N∈ . Therefore, ( )kR and R  are identical.

(3)  Sufficiency. If ( )kR and R  are identical, then ( )k
ij ijr r= , for all , ,i j N∈ i.e., ( )( , ) 1k

ij ijr rϑ =

 
, 

for all ,i j N∈ . Therefore, ( )( , ) 1kR Rϑ =

 . 

Theorem 8. Let ( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  be t  intuitionistic trapezoidal fuzzy decision 
matrixes and ( )ij n nR r ×=

  be their aggregated decision matrix, then, we have:

(1) ( ) ( )( , ) 1k kR Rϑ =

  ,
(2) ( ) ( ) ( ) ( )( , ) ( , )k l l kR R R Rϑ = ϑ 

    ,
(3)  If ( )( , ) 1kR Rϑ =

 and ( )( , ) 1lR Rϑ =

 , then ( ) ( )( , ) 1k lR Rϑ =

  .

Proof:
(1) Since ( ) ( )( , ) 1k k

ij ijr rϑ =  , for all ,i j N∈ , then:

 ( )( )

1 1

1( , ) ( , ) 1
m n

kk
ij ij

i j
R R r r

m n = =
ϑ = ϑ =

× ∑∑



 . 

(2) Since ( ) ( )( , ) ( , )k k
ij ij ij ijr r r rϑ = ϑ  , for all ,i j N∈ , then:

 ( ) ( )( ) ( )

1 1 1 1

1 1( , ) ( , ) ( , ) ( , )
m n m n

k kk k
ij ij ij

i j i j
R R r r r r R R

m n m n= = = =
ϑ = ϑ = ϑ =ϑ

× ×∑∑ ∑∑ 

 

  . 
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(3)  If ( )( , ) 1kR Rϑ =

  and ( )( , ) 1lR Rϑ =

 , then ( )k
ij ijr r= , for all ,i j N∈ , ( )l

ij ijr r= , for all ,i j N∈  , 
thus ( ) ( )k l

ij ijr r=  , for all ,i j N∈ . Therefore, ( ) ( )( , ) 1k lR Rϑ =

  .

3.2. The SD-IITFOWA operator

In some GDM problems, we usually have not the information about DM weights. However, in 
this situation, each DM always can have an associated similarity degree (SD) value. Thus, the 
more similarity is the information provided by the DM, the higher the weighting value should 
be placed on that information. In this section, we define the concept of the SD-IITFOWA 
operator and present a method to determine its associated weights.

Definition 10. If a set of DMs 1 2{ , , , }tD d d d=  provides preference about a set of al-
ternatives 1 2{ , , , }mA A A A=  by means of intuitionistic trapezoidal fuzzy decision matrix 

( )( ) ( )kk
ij m nR r ×=

  ( 1,2, , )k t= 
, then a SD-IITFOWA operator is an IITFOWA operator in 

which its order-inducing values is the set of SD values (1) ( ) ( ){ ( , ), , ( , ), , ( , )}k tR R R R R Rϑ ϑ ϑ  

  

  .
Before implementing this operator to aggregate individual intuitionistic trapezoidal fuzzy 

decision matrix, we calculate its associated weights of ( )kR  by using the function of its SD 
value considering the following three cases:

(1) If intuitionistic trapezoidal fuzzy decision matrixes ( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  are 
all identical, then let

 ( ) 1kw
t

= ; (9)

(2) If intuitionistic trapezoidal fuzzy decision matrixes ( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  are 
non-identical, then:

 
( )

( )

( )

1

( ( , ))

( ( , ))

k
k

t
k

k

R Rw
R R

α

α

=

ϑ
=

ϑ∑









, (10)

where, 0α> .
(3) Suppose that there exist l  identical intuitionistic trapezoidal fuzzy decision matrixes 

and t l−  non-identical intuitionistic trapezoidal fuzzy decision matrixes. Without loss gen-
erality, we assume that (1) (2) ( ), , , lA A A (1 )l t≤ ≤ are identical while ( 1) ( 2) ( ), , ,l l tA A A+ +



are non-identical, and then have:

 

( )

1( )
( )

( )

1

1 ,       1
[ ( ( , )) ]

( ( , )) ,     1
[ ( ( , )) ]

m
k

l kk
k

m
k

l k

k l
l R R

w
R R l k m

l R R

α

= +
α

α

= +

 ≤ ≤
 + ϑ
= 

ϑ + ≤ ≤


+ ϑ


∑

∑













, (11)

where, ( )kw  is the weighting value of intuitionistic trapezoidal fuzzy decision matrix 
( )( ) ( )kk

ij m nR r ×=

  ( 1,2, , )k t=  , 0α> .
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Definition 11. If ( )( ) ( )kk
ij m nR r ×=

 ( 1,2, , )k t=   are the intuitionistic trapezoidal fuzzy 
decision matrixes provided by t  DMs, then the collective decision matrix (CDM) ( )ij n nR r ×=



  
by SD-IITOWA operator is expressed as follows:

( )
( )σ σ σ σ σ σ

σ σ
σ σ

= ϑ ϑ ϑ =

ϑ ϑ ϑ =

γ ⊕ γ ⊕ ⊕

(1) (1) (2) (2) ( ) ( )

( (1)) ( (1)) ( (2)) ( (2)) ( ( )) ( ( ))

( (1)) ( (2))
(1) (2)

SD-IITFOWA ( , ), , ( , ), , , ( , ), ),

       SD-IITFOWA ( , ), , ( , ), , , ( , ),

       

t t

t t

R R R R R R R R R R R

R R R R R R R R R

R R



  
     



  
     



 



σ
σγ ( ( ))

( ) ;t
t R  (12)

 
γ γσ σ

σ σ σ
σ σ σ

σ σ
= =

= γ ⊕ γ ⊕ ⊕ γ =

 
 − −
 
 

∏ ∏( ) ( )

( (1)) ( (2)) ( ( ))
(1) (2) ( )

( ) ( )
1 1

       1 (1 ) , ( ) ,k k

t
ij tij ij ij

t n

k j
k j

r r r r

u u



  



 (13)

where  ( (1), (2),..., ( ))nσ σ σ   is a permutation of  (1,2,..., )n   such that  ( ( 1))( , )nR Rσ −ϑ   ( ( ))( , )nR Rσ≥ ϑ   
and ( 1) ( )l lσ − σγ ≥ γ  for all 2, ,l m=  ; ( ( )) ( ( ))( , ),k kR R Rσ σϑ  

 
is the two tuple with ( ( ))( , )kR Rσϑ   

the -thl  biggest value in the set ( (1)) ( (2)) ( ( )){ ( , ), ( , ), , ( , )}tR R R R R Rσ σ σϑ ϑ ϑ  

  

 ;

(1) (2) ( )( , , , )T
mσ σ σγ = γ γ … γ  is a weighting vector, such that ( )

1
1

m

l
l

σ
=
γ =∑ , ( ) [0,1]lσγ ∈ .

4. A SD-IITFOWA operator and TOPSIS method based approach to  
MAGDM problems

Let 1 2{ , , , }mA A A A=   be a discrete set of alternatives, and 1 2{ , , , }nU u u u=   be the set 
of attributes, 1 2{ , , , }nW w w w=  is the weighting vector of the attribute ( 1,2, , )jw j n=  , 

where 0jw > ,
1

1
n

j
j

w
=

=∑ . Let 1 2{ , , , }tD d d d=   be the set of decision makers. Suppose that 

( )( ) ( ) ( 1,2, , )kk
ij m nR r k t×= =



  are the intuitionistic trapezoidal fuzzy decision matrixes.
In the following, we shall develop an SD-IITFOWA operator and TOPSIS method based 

approach to resolve multiple attribute group decision making with intuitionistic trapezoidal 
fuzzy information, which involves the following steps:

Step 1. Utilize the arithmetic averaging operator aggregate all the decision matrices ( )kR  
( 1,2, , )k t=   into an aggregated decision matrix ( )ij n nR r ×= , where:

 ( )

1

1 t
k

ij ij
k

r r
t =

= ∑ , 1, , ; 1, ,i m j n= =  . (14)

Step 2. By Eq. (8), we calculate the similarity degree (SD) ( )( , )kR Rϑ   ( 1,2, , )k t=  .
Step 3. Based on the similarity degree ( )( , )kR Rϑ   , we can determine the weights of the 

experts (2) ( ) ( ){ , , , , }k tW w w w= … … , where
( )

( )

( )

1

( ( , ))

( ( , ))

k
k

t
k

k

R Rw
R R

α

α

=

ϑ
=

ϑ∑









.
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Step 4. If ( ) ( )( , ) ( , )k lR R R Rϑ ≥ ϑ 

    , then the -thk expert has more similarity than the -thl  
expert and we have ( ) ( )k lw w≥ . Thus, the more importance is placed on the most similarity 
one By the SD-IITFOWA operator, we aggregate all the individual decision opinions into a 
group opinion and construct the collective decision matrix (CDM) ( )ij n nR r ×=



 , where ijr  is 
calculated by Eq. (13).

Step 5. Let 1J be the set of benefit attributes and 2J be the set of cost attributes, respectively. 
*A is intuitionistic fuzzy positive-ideal solution and A−  is intuitionistic trapezoidal fuzzy 

negative-ideal solution. Then *A  and A−  are defined as follows:

 ( ) ( ) ( ) ( )* * *
1 21,1,1,1 , 0,0,0,0 | , 0,0,0,0 , 1,1,1,1 | j jA r j J r j J = = ∈ = ∈  ; (15)

 ( ) ( ) ( ) ( )1 20,0,0,0 , 1,1,1,1 | , 1,1,1,1 , 0,0,0,0 | j jA r j J r j J− − − = = ∈ = ∈ . (16)

Step 6. By Eq. (6), we calculate the separation measures, iS−  and *
iS , of each alternative 

from intuitionistic trapezoidal fuzzy positive-ideal and negative-ideal solutions as follows:

 * ' *

1

1 ( , )
n

i j ij j
j

S w d r r
n =

= ∑ ; (17)

 '

1

1 ( , )
n

i j ij j
j

S w d r r
n

− −

=
= ∑ . (18)

Step 7. Calculate the relative closeness coefficient to the intuitionistic ideal solution. The 
relative closeness coefficient of an alternative iA  with respect to the intuitionistic trapezoidal 
fuzzy positive-ideal solution *A  is defined as follows:

 *
i

i
i i

S
C

S S

−

−
=

+
, where 0 1iC≤ ≤ . (19)

Step 8. After the relative closeness coefficient of each alternative is determined, alternatives 
are ranked according to the descending order of iC .

5. A numerical example

A computer company is desirable to select the most appropriate supplier for one of the key 
elements in its manufacturing process. After pre-evaluation, three suppliers have remained 
as alternatives for further evaluation. Five criteria are considered as: 1u  – Product quality; 

2u   – Service performance; 3u  – Price; 4u  – Environment management; 5u  – Delivery date 
(whose weighting vector (0. 25,  0.20,  0.15,  0.10,  0.30)TW = ). This company has a group 
of DMs form four consultancy departments: 1d  is from the financial department; 2d  is from 
the purchasing department; 3d  is from the quality inspection department; 4d  is from the 
engineering department.

Procedure for the selection of supplier contains the following steps:
Step 1. Construct the aggregated intuitionistic trapezoidal fuzzy decision matrix based 

on the opinions of decision makers. The linguistic terms shown in Table 1 are used to rate 
each alternative supplier with respect to each criterion by decision maker.

The assessments given by these DMs to five alternatives were shown in Table 2, Table 3, 
Table 4, and Table 5.
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Table 1. Linguistic terms for rating the alternatives

 Linguistic terms ITIFNs

Very good (VG)/very high (VH) [(1.0,1.0,1.0,1.0),(0.0,0.0,0.0,0.0)]
Good (G)/high (H) [(0.7,0.8,0.9,1.0),(0.0,0.1,0.2,0.3)]
Medium good (MG)/medium high(MH) [(0.5,0.6,0.7,0.8),(0.1,0.2,0.3,0.4)]
Fair (F)/medium (M) [(0.3,0.4,0.5,0.6),(0.2,0.3,0.4,0.5)]
Medium bad (MB)/medium low (ML) [(0.1,0.2,0.3,0.4),(0.5,0.6,0.7,0.8)]
Bad (B)/low (L) [(0.0,0.1,0.2,0.3),(0.7,0.8,0.9,1.0)]
Very bad (VB)/very low (VL) [(0.0,0.0,0.0,0.0),(1.0,1.0,1.0,1.0)]

Table 2. Assessments of the four supplies by the DM d1 based on each criterion

Suppliers
Criteria

u1 u2 u3 u4 u5 

A1 ML VH VH M ML

A2 H MH ML VH L

A3 MH M VH VL MH

Table 3. Assessments of the four supplies by the DM d2 based on each criterion

Suppliers
Criteria

u1 u2 u3 u4 u5 

A1 MH L H VH VH

A2 H MH M L H

A3 M H MH M L

Table 4. Assessments of the four supplies by the DM d3 based on each criterion

Suppliers
Criteria

u1 u2 u3 u4 u5 

A1 ML MH H VH H

A2 VH M VH M ML

A3 VH H H ML MH

Table 5. Assessments of the four supplies by the DM d4 based on each criterion

Suppliers
Criteria

u1 u2 u3 u4 u5 

A1 ML M M MH L

A2 L ML ML L MH

A3 L M L M ML

41Technological and Economic Development of Economy, 2015, 21(1): 28–47



The intuitionistic trapezoidal fuzzy decision matrices based on decision maker’ opinions 
are constructed as follows:

 

( ) ( ) ( )

(1)

1

1

2 3

=

                                

0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0.8 0.7,0.8,0.9,1.0 , 0.0,0.1

                                                                                                    
 

R

A A A

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2

3

,0.2,0.3 0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4

1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5

1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0

 

  

 

u

u ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

4

5

.8 1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0

0.3,0.4,0.5,0.6 ,(0.2,0.3,0.4,0.5) 1.0,1.0,1.0,1.0 ,(0.0,0.0,0.0,0.0) 0.0,0.0,0.0,0.0 ,(1.0,1.0,1.0,1.0)

0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0.8 0.0,0.1,0.2,0.3 , 0.7,0.8,0.9

 

    

 

u

u ( ) ( ) ( ),1.0 0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 

 
 
 
 
 
 
 
 
 
 

;

 

( ) ( ) ( )

(2)

1

1

2 3

=

                                

0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 0.7,0.8,0.9,1.0 , 0.0,0.1

                                                                                                    
 

R

A A A

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2

3

,0.2,0.3 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5

0.0,0.1,0.2,0.3 , 0.7,0.8,0.9,1.0 0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3

0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0

 

  

 

u

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

4

5

.5 0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4

1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.0,0.1,0.2,0.3 , 0.7,0.8,0.9,1.0 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5

1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3 0.

 

   

  

u

u ( ) ( )0,0.1,0.2,0.3 , 0.7,0.8,0.9,1.0

 
 
 
 
 
 
 
 
 
 

;

 

( ) ( ) ( )

(3)

1

1

2 3

=

                                

0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0.8 1.0,1.0,1.0,1.0 , 0.0,0.0

                                                                                                    
 

R

A A A

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2

3

,0.0,0.0 1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0

0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5 0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3

0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3 1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,

  

  

 

u

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

4

5

0.0 0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3

1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5 0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0.8

0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3 0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0.8 0.

 

  

  

u

u ( ) ( )5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4

 
 
 
 
 
 
 
 
 
 

;

( ) ( ) ( )

(4)

1

1

2 3

=

                                

0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0.8 0.5,0.6,0.7,0.8 , 0.1,0.2

                                                                                                    
 

R

A A A

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2

3

,0.3,0.4 0.0,0.1,0.2,0.3 , 0.7,0.8,0.9,1.0

0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 0.7,0.8,0.9,1.0 , 0.0,0.1,0.2,0.3 1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0

0.5,0.6,0.7,0.8 , 0.1,0.2,0.3,0.4 0.1,0.2,0.3,0.4 , 0.5,0.6,0.7,0

 

  

 

u

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

4

5

.8 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5

1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.0,0.1,0.2,0.3 , 0.7,0.8,0.9,1.0 0.3,0.4,0.5,0.6 , 0.2,0.3,0.4,0.5

0.0,0.1,0.2,0.3 , 0.7,0.8,0.9,1.0 1.0,1.0,1.0,1.0 , 0.0,0.0,0.0,0.0 0.5

 

  

  

u

u ( ) ( ),0.6,0.7,0.8 , 0.1,0.2,0.3,0.4

 
 
 
 
 
 
 
 
 
 

.

Utilize Eq. (14), all the decision matrices ( )kR  ( 1,2,3,4)k =  are synthesized into a aggregated 
decision matrix ( )ij n nR r ×= :

( ) ( ) ( )
1

1

2 3

=

                                

0.1, 0.2, 0.3, 0.4 , 0.4, 0.5, 0.6, 0.7 0.7, 0.7, 0.8 ,0.8 ,

                                                                                                    
 

R

A A A

u ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( )

2

3

0.2, 0.3, 0.3, 0.4 0.6, 0.7, 0.7, 0.8 , 0.3, 0.3, 0.4, 0.5

0.6, 0.7, 0.7, 0.8 , 0.3, 0.3, 0.4, 0.5 0.3, 0.4, 0.5, 0.6 , 0.2, 0.3, 0.4, 0.5 0.5, 0.6, 0.7, 0.8 , 0.1, 0.2, 0.3, 0.4

0.6, 0.7, 0.7, 0.8 , 0.3, 0.4

 

  u

u ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )4

, 0.5, 0.5 0.4, 0.5, 0.6, 0.7 , 0.3, 0.4, 0.5, 0.5 0.5, 0.6, 0.7, 0.7 , 0.2, 0.3, 0.4, 0.4

0.7, 0.8, 0.8, 0.9 , 0.1, 0.1, 0.2, 0.2 0.4, 0.5, 0.6, 0.6 , 0.4, 0.5, 0.6, 0.6 0.1, 0.2  0.3 0.4 , 0.5, 0.6, 0.6, 0.7

  

  u

( ) ( ) ( ) ( ) ( ) ( )5 0.4, 0.5, 0.6, 0.7 , 0.3, 0.4, 0.5, 0.5 0.2, 0.3, 0.4, 0.5 , 0.3, 0.4, 0.5, 0.6 0.4, 0.5 0.6 0.7 , 0.4, 0.5, 0.6, 0.7   u

 
 
 
 
 
 
 
 
 
 

.
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Step 2. By Eq. (8), we can calculate the similarity degree ( )( , )kR Rϑ    ( 1,2,3,4)k = :

 (1)( , ) 0.64R Rϑ =

 ; (2)( , ) 0.67R Rϑ =

 ; 

 (3)( , ) 0.72R Rϑ =

 ; (4)( , ) 0.45R Rϑ =

 , 

and the intuitionistic trapezoidal fuzzy decision matrices (1) (2) (3) (4), , ,R R R R  are re-ordered 
as follows:
 (1) (3)R Rσ =  ; (2) (2)R Rσ =  ; 

 (3) (1)R Rσ =  ; (4) (4)R Rσ =  . 

Using formula (10) with 2α = , we get the following weights:

 (1) 0.33σγ = ; (2) 0.28 σγ = ; (3)  0.26σγ = ; (4) 0.13σγ = . 

Applying Eq. (12), we can obtain the collective decision matrix (CDM) R


 as follows:

1

1

2 3

=

                                

(0.1, 0.2, 0.3, 0.4),(0.4, 0.5, 0.6, 0.7) (0.8, 0.8, 0.9,

                                                                                                    
 

R

A A A

u



2

3

 0.9),(0.1, 0.2, 0.2, 0.3) (0.7, 0.8, 0.8, 0.9),(0.2, 0.2, 0.3, 0.4)

(0.6, 0.7, 0.8, 0.8),(0.3, 0.3, 0.4, 0.5) (0.3, 0.4, 0.5, 0.6),( 0.2, 0.3, 0.4, 0.5) (0.5, 0.6, 0.7, 0.8),(0.1, 0.2, 0.3, 0.4)

(0

 
  u

u

4

.6, 0.7, 0.8, 0.8),(0.0, 0.1, 0.2, 0.2) (0.5, 0.6, 0.6, 0.7),(0.3, 0.3, 0.4, 0.5) (0.6, 0.6, 0.7, 0.8),(0.1, 0.2, 0.3, 0.3)

(0.8, 0.8, 0.8, 0.9),(0.1, 0.1, 0.1, 0.2) (0.4, 0.5, 0.6, 0.7),(0.4, 0.4, 0

  
 u

5

.5, 0.6) (0.1, 0.2, 0.2, 0.3),(0.5, 0.6, 0.7, 0.7)

(0.5, 0.5, 0.7, 0.8),(0.2, 0.3, 0.4, 0.4) (0.1, 0.2, 0.3, 0.4),(0.4, 0.5, 0.6,  0.7) (0.4, 0.5, 0.6, 0.7),(0.3, 0.4, 0.5, 0.6)

 
  u

 
 
 
 
 
 
 
 
 
 

.

Step 3. Product quality 1u , Service performance 2u and Environment management 4u are 
benefit criteria 1 1 2 4{ , , }J u u u= . Price 3u and Delivery date 5u  are cost criteria 2 3 5{ , }J u u= . 
Then intuitionistic trapezoidal fuzzy positive-ideal solution *A and intuitionistic trapezoidal 
fuzzy negative-ideal solution A− are obtained as follows:

 

* (1,1,1,1),(0,0,0,0) , (1,1,1,1),(0,0,0,0) , (0,0,0,0),(1,1,1,1) ,

        (1,1,1,1),(0,0,0,0) , (0,0,0,0),(1,1,1,1) ;
T

A = 


 

 

(0,0,0,0),(1,1,1,1) , (0,0,0,0),(1,1,1,1) , (1,1,1,1),(0,0,0,0) ,

        (0,0,0,0),(1,1,1,1) , (1,1,1,1),(0,0,0,0) .
T

A− = 


 

Step 4. The vector of attribute weights is (0. 25, 0.20, 0.15, 0.10, 0.30)TW = . By utilizing 
Eq. (17), we can calculate the separation measures *

iS  of each alternative from intuitionistic 
trapezoidal fuzzy positive-ideal solutions as follows:

 * ' *
1 1

1

1 ( , ) 4.460
n

j j j
j

S w d r r
n =

= =∑ , *
2 3.015S = , *

3 3.715S = , 

and by Eq. (18), we have the separation measures iS− of each alternative from intuitionistic 
trapezoidal fuzzy negative-ideal solutions as follows:

 1 3.540S− = , 2 4.985S− = , 3 4.285S− = . 
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According to Eq. (19), we obtain the relative closeness coefficient to the intuitionistic 
trapezoidal fuzzy ideal solution in Table 6:

 1
1 *

1 1
0.4425

S
C

S S

−

−
= =

+
, 2 0.6231C = , 3 0.5356C = . 

Table 6. The relative closeness coefficient of each alternative

Suppliers iC−

A1 0.44

A2 0.62

A3 0.53

Step 5. Rank all the alternatives ( 1,2,3)ix i =  in accordance with the descending order of 
iC− : 2 3 1x x x  , and thus the most desirable alternative is 3x .

Conclusions

This paper proposed an approach to MAGDM problems with intuitionistic trapezoidal fuzzy 
numbers. The concept of similarity degree (SD) for two intuitionistic trapezoidal fuzzy de-
cision matrixes was defined. Then, we presented the SD induced IITFOWA (SD-IITFOWA) 
operator to aggregate intuitionistic trapezoidal fuzzy numbers. Its novelty is that it aggregates 
individual opinion in such a way that more importance is placed on the most similarity one. 
Combining the SD-IITFOWA operator and TOPSIS method, an approach was developed 
to solve the multiple attribute group decision making (MAGDM) problems in which the 
attributes are inter-dependent. Finally, some illustrative examples had been given to show the 
developed method. However, many decision making processes, in the real world, take place 
in an environment in which the information is not complete. We anticipate that future work 
will concentrate in the MAGDM problems with intuitionistic trapezoidal fuzzy information 
in which the decision matrixes are incomplete.
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