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Abstract. Considering the risk aversion for gains and the risk seeking for losses of venture capitalists, the TODIM has been chosen as the decision-making method. Moreover, group decision is an
available way to avoid the limited ability and knowledge etc. of venture capitalists. Simultaneously,
venture capitalists may be hesitant among several assessed values with different probabilities to
express their real perception because of the uncertain decision-making environment. However, the
probabilistic hesitant fuzzy information can solve such problems effectively. Therefore, the TODIM
has been extended to probabilistic hesitant fuzzy circumstance for the sake of settling the decisionmaking problem of venture capitalists in this paper. Moreover, due to the uncertain investment
environment, the criteria weights are considered as probabilistic hesitant fuzzy information as well.
Then, a case study has been used to verify the feasibility and validity of the proposed TODIM.
Also, the TODIM with hesitant fuzzy information has been carried out to analysis the same case.
From the comparative analysis, the superiority of the proposed TODIM in this paper has already
appeared.
Keywords: TODIM, probabilistic hesitant fuzzy information, venture capitalist, decision-making,
venture capital.
JEL Classification: D81, G41.

Introduction
As Premier Li emphasized, a comprehensively deepen reform is urgent needed to promote
transformation and upgrading of Chinese economy in June 7, 2016 during the opening ceremony of World Economic Forum. Because the dazzling growth of economy in China which
is driven by investment has become slow in recent years. All of us are eager to find an effective way for the sustained economic growth. Meanwhile, president Xi advocated that we
must turn China’s economic growth situation from factor-driven and investment-driven to
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innovation-driven. Innovation is the dynamic of economy, as emphasized by Schumpeter
(1934) in innovation theory. Furthermore, innovation promotes the transformation of economy as well and the venture capital (VC) played an important role in such transformation
through innovation.
Actually, the reason why VC is so popular those days is that projects with VC-backed
get a higher rate of commercialization and are more efficient in innovation than those with
non-VC-backed (Dutta & Folta, 2016). While the main characteristic of an entrepreneurial
environment is uncertainty, and VC prefer such uncertainty with the intention of gaining
extra return through funding a promising project. For instance, the Sequoia Capital, which is
the biggest VC firm in the world, has acquired huge profits from early investment of Alibaba,
Wanda cinema, Apple computer, etc. However, it also has suffered enormous losses from the
investment of Asia-Media digital interactive Co., Ltd (Castilla, 2003). Hence, how to find
a promising project is the first and key step for the success of VC and it is also a vital and
troubling thing for VCs who operate the VC. Due to the uncertain nature of VC, it is not
easy for VCs to select a promising project successfully. Usually, behavioral decision-making
model exhibits an important reference in the decision-making process of VCs.
The role of TODIM (TOmada de Decisão Iterativa Multicritério) in behavioral decision has been revealed (Gomes & González, 2012). Researches have already shown that VCs
played a primarily role in investment decision (Zacharakis, Mcmullen, & Shepherd, 2007),
and almost all the VCs appeared different risk attitudes for gains and losses under uncertain
environment that were risk aversion for gains and risk seeking for losses (Yazdipour, 2011).
Thus, in this paper we adopt TODIM as the reference model for VCs to simulate the risk attitude of them because TODIM is a decision-making model constructed on prospect theory
(Kahneman & Tversky, 1979) which is a well-known theory to explain behavioral decision.
In particular, the risk aversion for gains and risk seeking for losses are well embodied in TODIM through the dominance function. Additionally, in decision-making process, VCs give
assessed values to each project over each criterion under uncertain environment. In addition,
group decision is a usual way to overcome the drawbacks of single decision. For example, the
limited knowledge, experience, etc. of venture capitalist in single decision may result in an
improper decision, whereas, combining the opinions of all VCs are the superiority of group
decision in overcoming such drawbacks. Also, the VCs’ different experience, diversified educational background, etc. can lead them to conceptualize and understand uncertainty in a
different way, and ultimately, give different assessed values. Even if the same venture capitalist
may be hesitant among several assessed values and show different degree of hesitation for
each assessed value as well, because of uncertain environment and limited ability of him/her.
The VCs’ different opinions in group decision and each venture capitalist’s different degrees
of hesitant values reflect that the probability of each possible assessed value may be different.
Hence, using the probabilistic hesitant fuzzy set (P-HFS) to portray such evaluation information is reasonable and effective. Taking the uncertain decision-making environment and risk
attitude of VCs into account, it is necessary for us to study the TODIM under probabilistic
hesitant fuzzy circumstance and apply this new method to VC field.
The paper intends to provide a decision aid model for VCs to improve their decisions.
The main contributions of this paper are:  The risk attitude of VCs under uncertain VC
environment and fuzzy evaluation information have been considered in this paper simultane-
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ously.  The combination of TODIM and probabilistic hesitant fuzzy information has been
established, and it has been used to solve the decision-making problem of VCs.  Also, the
criteria weights are expressed as probabilistic hesitant fuzzy information.  The construction
of this method will call attention to combine fuzzy evaluation information and behavioral
decision in VC field.
The rest of this paper is structured as follows. In Section 1, a simple introduction of
the concepts and algorithms about probabilistic hesitant fuzzy information and of the steps
about classical TODIM will be presented. Then, the decision-making criteria used by VCs
are analyzed and explained in Section 2. Also, the method of acquiring criteria weights is
established in this section. Next, the new TODIM method under probabilistic hesitant fuzzy
circumstance is constructed in Section 3. After that, in Section 4, a case study is used to
exhibit the feasibility of the proposed method. Moreover, the TODIM with hesitant fuzzy
information is applied in comparative analysis to demonstrate the practicability and effectiveness of the proposed method as well. Finally, some conclusions are drawn in the last Section.

1. Some concepts and algorithms
1.1. Probabilistic hesitant fuzzy information
The probabilistic hesitant fuzzy information is presented by probabilistic hesitant fuzzy set
(P-HFS) which is first proposed by Zhu and Xu (Zhu & Xu, 2018). The P-HFS is the extension of hesitant fuzzy set (Torra, 2010) which has been widely used in multi-criteria decision-making (MCDM) (Yu, Zhang & Xu, 2013). Also, the dual hesitant fuzzy set has been
extended (Zhu, Xu, & Xia, 2012; Yu & Li, 2014). However, the P-HFS assigns a probability
to every hesitant fuzzy information, which makes a good expression of original perception
of decision makers (DMs) for projects.
Let X be a fixed set, a P-HFS on X is expressed as: H =<
{ x , hx ( px ) > x ∈ X } . The hx (⋅) is
a set of some values in [0, 1] and it includes all the possible membership degrees for x ∈ X
px = 1. For convenience,
to the set H. Moreover px shows the probability of hx (⋅) , and
hx ( px ) is simply symbolized as h( p) in the following context and it is named as probabilistic
t ( pt ) t 1,2,,# h( p)} , where # h( p) is the number
hesitant fuzzy element (P-HFE):
=
h( p) {h=

∑

# h( p )

of possible membership degrees and

∑

pt = 1 . It is interested that

t =1

# h( p )

∑ pt < 1 is a common
t =1

situation in real decision-making circumstance, and it is reasonable to assign the incomplete
probability information 1 −

# h( p )

∑

pt to each ht ( pt ) averagely. Therefore, when

t =1

the probability of each ht ( pt ) should be reset as pt

# h( p )

# h( p )

# h( p )

∑ pt < 1 ,

t =1
# h( p )

∑ pt , where ∑ ( pt ∑ pt ) = 1.
t =1

=t 1 =t 1

Then, the comparison of P-HFEs is introduced. As is well-known, score function, variance
function and distance measure are the general indexes used for difference analysis between
P-HFEs. The score function and variance function are defined as (Ding, Xu, & Zhao, 2017):
s(h( p)) =

# h( p )

∑ pt ht ( pt ) ;
t =1

(1)
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# h( p )

∑ pt (ht ( pt ) − s(h( p)))2.

(2)

t =1

Based on the Eqs. (1) and (2), the comparative rules are:
1) If s(h1 ( p)) > s(h2 ( p)) , then h1 ( p) > h2 ( p) .
2) If s(h1 ( p)) < s(h2 ( p)) , then h1 ( p) < h2 ( p) .
3) If s(h1 ( p)) = s(h2 ( p)) , then the variance function is used to compare the difference
between P-HFEs, that is, σ(h1 ( p)) > σ(h2 ( p)) , then h1 ( p) < h2 ( p) ; on the contrary, if
σ(h1 ( p)) < σ(h2 ( p)) , then h1 ( p) > h2 ( p).
The same number of possible membership degrees is the precondition of distance measure between P-HFEs. Let H1 and H2 be two P-HFSs on X. If # h1 ( p) is smaller than # h2 ( p) ,
then the number of # h2 ( p) − # h1 ( p) possible membership degrees should be added to h1 ( p)
. Due to the special background of this paper that pursuing huge revenue with high risk is
the fundamental characteristic of VC, we should add the biggest membership degree with the
probability of zero to h1 ( p) . It is obvious that such adding rules do not change the values of
score function and variance function. Next, we will define the ordered P-HFS. The ordered
P-HFS satisfies the following prerequisites:
1) pt ht ( pt ) < pt +1ht +1 ( pt +1 ) (ascending order) or pt ht ( pt ) > pt +1ht +1 ( pt +1 ) (descending
order).
2) If pt ht ( pt ) = pt +1ht +1 ( pt +1 ) , then the ordering of them is determined by ht ( pt ) , the
other word, ht ( pt ) < ht +1 ( pt +1 ) (ascending order) or ht ( pt ) > ht +1 ( pt +1 ) (descending
order) for this situation.
Finally, according to the definition of Hamming distance measure, we define the Hamming distance between the ordered P-HFEs h1 and h2 as:
1
=
d(h1 , h2 )
# h1 ( p)

# h1 ( p)

∑ | p1t h1t ( p1t ) − p2t h2t ( p2t ) | , # h1( p) = # h2 ( p).

For the sake of simplicity,

# h′( p′)

∑ h′t ( p′) = 1. Thus,

(3)

t =1

H ′ =<
{ x , h′( p′) =h′t ( p′t ) t =1,2,,# h′( p′) > x ∈ X } ,

H ′ and h′( p′) represent the normalized P-HFS and P-HFE cor-

t =1

respondingly on the basis of the aforementioned rules in the following context.

1.2. TODIM method
Prospect theory (Kahneman & Tversky, 1979) which is used to elaborate on the psychological
behavior of DMs has been introduced to MCDM method (Gomes & Lima, 1992). Moreover,
TODIM (Gomes & Lima, 1991) is an effective and classical MCDM method derived from
prospect theory (Kahneman & Tversky, 1979). The fundamental idea of TODIM is to consider the risk attitude of DMs in decision-making process and to measure the relative dominance of each project over the others. Consider the set of venture projects A = {A1 , A2 ,, An }
and attributes C = {c1 , c2 ,, cm } . Let N = {1,2,, n} and M = {1,2,, m}. Then, the steps of
classical TODIM method are:
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Step 1. Obtain the decision information from experts, including the decision matrix
Y = ( yij )n×m and criterion weight w.
 y11  y1m 
m
w j =1 .
Y =
=
    ( yij )n×m , w=(w1 , w2 ,, wm ) ,


y
y

j=
1
nm 
 n1
Step 2. Transform the decision matrix Y = ( yij )n×m into Y ′ = ( yij′ )n×m .

∑

c j is benefit criterion
y
.
yij′ =  ij
−
y
c j is cost criterion
 ij
Step 3. Determine the relative weight w jr :
wj
w jr = ,
wr

(4)

(5)

where r , j ∈ M , w=
r max(w j | j ∈ M ) and cr is called a reference criterion.
Step 4. Calculate the dominance of project Ai over Ak ( i, k ∈ N ):
m

∑

ψ( Ai , Ak ) =ϕ j ( Ai , Ak ) ,

(6)

j =1

where

 w
jr

′ )
′ >0
( yij′ − y kj
if yij′ − y kj
 m

w jr
 j =1

′ 0 .
if yij′ − ykj
=
ϕ j ( Ai , Ak )  0
=

m

w jr

 −1 j =1
′ − yij′ )
′ <0
( ykj
if yij′ − ykj
 l
w jr


∑

(7)

∑

The parameter l is the attenuation factor of the losses.
Step 5. Identify the overall value of project Ai:
n

∑

n

∑ ψ(Ai , Ak )}

ψ( Ai , Ak ) − mini {

=
k 1=
k 1
Ω( Ai )
n
n

∑

∑

i ∈ N.

(8)

maxi { ψ( Ai , Ak )} − mini { ψ( Ai , Ak )}
=
k 1=
k 1

Step 6. Rank the overall value Ω ( Ai ) , i ∈ N . Ai will be the promising project if
max(Ω ( Ai ), i ∈ N ) .
The classical TODIM is built on crisp number, and it has been used to solve decisionmaking problems such as selection of rental residential properties (Gomes & Rangel, 2009),
the best option for the destination of the natural gas reserves in Brazil (Gomes, Rangel, &
Maranhão, 2009), ERP software (Kazancoglu & Burmaoglu, 2013), etc. Also, the criteria interactions have been considered in TODIM (Gomes, Machado, & Rangel, 2013). However,
the classical TODIM could not successfully express the fuzziness decision-making informa-
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tion under uncertainty. Considering the uncertain environment of VC and the risk attitude
of VCs, we are dedicated to extend TODIM to probabilistic hesitant fuzzy circumstance for
the sake of helping VCs to make a better decision. But, before constructing such extension of
TODIM, it is significant to discuss the criteria used by VCs in this MCDM problem.

2. Discussion about decision-making criteria used by VCs
It is critical for us to know the existing researches about criteria used by VCs to make a
better understanding of their decisions and to propose an appropriate method for them as
decision aid in this paper.
A majority of literature have indicated that VCs primarily concentrated on the projects’
management team, the potential finance of projects, the market conditions and service or
product the project offered when they decided to invest their limited capital (Tyebjee &
Bruno, 1984; Macmillan, Zemann, & Subbanarasimha, 1987; Hisrich & Jankowicz, 1990;
Mason & Stark, 2004; Carpentier & Suret, 2015; Widyanto & Dalimunthe, 2015). In addition,
Riquelme and Rickards (1992) pointed out that managerial experience was a general factor
accepted by all VCs to evaluate a project. Furthermore, Franke, Gruber, Harhoff, and Henkel
(2008) discovered that project with the member of management team who had experience
of the interrelated industry or had a background of crossed education got the support of VC
more easily. Whereas, acquiring huge revenue is the ultimate goal of VC. Thus, the market
with great potential profits and high risk is popular among VC, such as software which is
the new technology developed rapidly in recent years and biotechnology which has attracted
more and more attention in the past few years. Moreover, from an 11-years period of funded
enterprise data in a VC firm, Petty and Gruber (2011) found that VCs considered more about
products in final decision as time goes by. However, the management team, the finance situation, the market conditions and the service or product offered by project are the four general
criteria accepted by VCs in decision-making process. They are explained as follows:
(1) Management team (c1)

As the CEO of Facebook, Mark Elliot Zuckerberg emphasizes that it is a very important
thing to set up a good team for an entrepreneur who wants to start his/her own business.
Meanwhile, Paul Graham, the founder of Y Combinator which is a famous business incubator for start-ups in America, also thinks that individuals are the most central part for startups. It is clearly recognized by not only investors but also other important stakeholders that
a creative and passionate management team will drive the start-ups to the road of success.
Furthermore, educational background or experience in the related industry of entrepreneur
or management team and their excellent ability are the decisive factor in the investigation of
management team. The VCs prefer the entrepreneurs with higher Emotional Quotient and
Intelligence Quotient, with independent thought and an open mind, etc. Hence, it is obvious
that the management team of the project shows a significant role for VCs in their investment
decision-making process (Widyanto & Dalimunthe, 2015).
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(2) Financial situation (c2)

Lack of capital support leads almost 30% of start-ups to become failing1. Although the VCs
who provide capital for the project concentrate more on the potential finance of it and acquiring huge profits is the ultimate goal of them, they investigate the current financial situation of the project as well. Also, the pay-back period, return on asset, etc. are considered in
investment decision-making process.
(3) Market condition (c3)

Market demand is dynamic of providing product or service, and it is one of the key factors
for the success of start-ups. The reason for the failure of more than forty percent start-ups
is lack of effective market demand according to the footnote 1. Moreover, market prospect,
market growth rate, market competition level, etc. are the important aspects in the VCs’
decision-making.
(4) Service or product (c4)

When VCs have chosen a target market, they prefer to investigate whether the product or
service provided by the optional start-up project is competitive in the aimed market. Also,
the acceptability of customers for product or service is an important aspect for VCs in decision-making process because the customers who consume such product or service are the
basic source of earnings.
In our brief retrospect and explanation, it is known that VCs pay very close attention to
management team of project, the financial situation, the market conditions and the service or
product offered by the project. In addition, Widyanto and Dalimunthe (2015) has discussed
the evaluation criteria in Indonesia via closed-questionnaire and summarized the evaluation
criteria around the world. However, the importance degree of each criterion is expressed as
crisp numbers. Whatever, such precise expression seems to be unreasonable owing to the
fuzziness of VC environment and the vague perception of VCs. The weight of each criterion
is given by individual who is limited in knowledge, experience, etc. Most of time, under the
uncertain circumstance, they are hesitantly assign the criterion weight among several values
and the hesitant degree of each value is different as well. Moreover, the incomplete criterion weight is common scene in real decision-making situation. Nevertheless, probabilistic
hesitant fuzzy information will effectively solve the above problems. Thus, in this paper, the
criteria weights are expressed as probabilistic hesitant fuzzy information.
Suppose w=(w1 , w2 ,, wm ) are the weights of the criteria C =(c1 , c2 ,, cm ) respectively
and H = {< w j , hw j ( pw j ) = {hwt ( pwt ) t = 1,2,,# h( p)} > w j ∈ X } , where
j

t+

j

m

∑ hwt ( pw ) ≤ 1. The
j =1

+

j

j

hw ( pwt ) represents the biggest possible weight of cj in P-HFE hw j ( pw j ) . Based on the defij
j
nition of score function of P-HFE, s(hw j ( pw j )) represents the expected criterion weight.
Therefore, it is appropriate to treat the weight of cj as:
1

The results come from the analysis of 101 failing start-ups by CB Insights, a famous data analysis corporate
(Gamelook, 2017)
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# hw ( pw )
j

=
w j s(h=
w ( pw ))
It is apparent that
weight of criterion as:

where

j

m

j

∑

j

pwt hwt ( pwt ) .
j

t =1

j

j

(9)

∑ w j ≠ 1 is a general phenomenon. Then, we should normalize the
j=1

wj
w′j =m

∑wj

m

∑ w′j =1 .

,

(10)

j=1

j=1

Since the weights of criteria are obtained, the new TODIM with probabilistic hesitant
fuzzy information will be established in the next section.

3. Construction a new TODIM under probabilistic hesitant fuzzy circumstance
The TODIM, an effective MCDM method to simulate the risk attitude of DMs, has been applicated in numerous fields and extended to diverse fuzzy circumstance such as intuitionistic
fuzzy (Krohling, Pacheco, & Siviero, 2013), interval intuitionistic fuzzy (Krohling & Pacheco,
2014), hesitant fuzzy (Zhang & Xu, 2014), hesitant fuzzy linguistic (Wei, Ren, & Rodríguez,
2015). Moreover, in regard to the same problem, sometimes the form of decision-making
information may be various. Hence, the TODIM has been extended to the circumstance of
hybrid information (Fan, Zhang, Chen, & Liu, 2013). However, none of the extension of
TODIM is concerned with probabilistic hesitant fuzzy information. But probabilistic hesitant
fuzzy information can successfully solve the group decision-making problem and perfectly
deal with the situation that venture capitalist is hesitant among several evaluation values with
different probabilities. Therefore, in this paper we are dedicated to constructing a new TODIM with probabilistic hesitant fuzzy information that seems to be missing discussed in the
previous literature and applying the proposed method to select a promising project for VCs.
The steps of the new TODIM under probabilistic hesitant fuzzy circumstance are:
Step 1. Identify the decision-making problem, and then, confirm the optional projects
A = {A1 , A2 ,, An } and the decision-making criteria C = {c1 , c2 ,, cm } .
Step 2. Acquire the original evaluation information of projects from VCs as:
 h11 ( p11 )  h1m ( p1m ) 
=
 (h ( p ))
(11)



ij ij n×m , W =(hw1 ( pw1 ), hw2 ( pw2 ),, hwm ( pwm )),


h
(
p
)
h
(
p
)

nm nm 
 n1 n1
where i ∈ N , j ∈ M ; hij ( pij ) is the P-HFE and represents the assessed value for project Ai
under criterion cj; hw ( pw ) shows weight information of criterion cj.
Y

j

j

Step 3. Standardize evaluation information, including normalizing the evaluation matrix
according to Section 1.1. and calculating criteria weights on the basis of Eqs. (9) and (10):
′ ( p11
′ )  h1′m ( p1′m ) 
 h11

 (h′ ( p′ ))
′ ),
′
=
=



Y
ij ij n×m , w′=(w1′ , w2′ ,, wm


′
′
′
′
 hn1 ( pn1 )  hnm ( pnm ) 

(12)
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where

m

∑
j =1

m

∑ w′j =1 .

pij′ = 1 ( i ∈ N ) and

j=1

Step 4. Calculate the relative criterion weight w′jr according to reference criterion:
w′j
w′jr = ,
wr′

(13)

max(w′j j ∈ M ) .
where wr′ is the weight of reference criterion cr, and w=
r′
Step 5. Determine the relative dominance of gains or losses for project Ai to Ak under criterion cj. It is represented as ϑ j ( Ai , Ak ) which includes benefit criteria and cost criteria. Hence,
if cj is a benefit criterion, the relative dominance will be:
 w′
jr

′ ))
′)
d(hij′ ( pij′ ), hkj′ ( pkj
hij′ ( pij′ ) > hkj′ ( pkj
 m

w′jr
 j =1

′) ,
=
ϑBj ( Ai , Ak ) 
hij′ ( pij′ ) hkj′ ( pkj
0=

m

w′jr

1
j
=
1
−
′)
d(hij′ ( pij′ ), hkj′ ( pk′ j ))
hij′ ( pij′ ) < hkj′ ( pkj
 l
w′jr


∑

(14)

∑

if cj is a cost criterion, the relative dominance will be:

m

w′jr

1
j
1
=
−
′ ))
′)
d(hij′ ( pij′ ), hkj′ ( pkj
hij′ ( pij′ ) > hkj′ ( pkj
 l
w′jr

′) .
=
ϑCj ( Ai , Ak ) 
0=
hij′ ( pij′ ) hkj′ ( pkj

w′jr

′ ))
′)
d(hij′ ( pij′ ), hkj′ ( pkj
hij′ ( pij′ ) < hkj′ ( pkj
 m

w′jr
 j =1

Step 6. Aggregate the dominance of project Ai to Ak:

∑

(15)

∑

θ( Ai , Ak )=

m

∑ ϑ j (Ai , Ak ).

(16)

j =1

Step 7. Collect the overall dominance of project Ai:
n

∑

n

∑ θ(Ai , Ak )}

θ( Ai , Ak ) − mini {

k 1=
k 1
=
Ο( Ai )
n
n

∑

∑

∀i, k ∈ N .

maxi { θ( Ai , Ak )} − mini { θ( Ai , Ak )}
k 1=
k 1
=

Step 8. Rank the Ο( Ai ) . The best project will be the one which has the biggest Ο( Ai ) .

(17)
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Identify the decision-making problem including the
alternative projects and decision-making criteria

Probabilistic hesitant fuzzy
MACM

Acquire the decision-making matrix from experts

Standardize the evaluation matrix
Calculate the relative criterion weight

Determine the relative dominance between start-ups
under each criterion
TODIM with probabilistic
hesitant fuzzy information

Aggregate the dominance between start-ups

Collect the overall dominance of each start-up

Rank the overall dominance

Decision

Choice

Figure 1. The decision-making process of TODIM with probabilistic hesitant fuzzy information

The visual procedure of the proposed TODIM is shown in Figure 1.
Up to now, the decision-making method of TODIM under probabilistic hesitant fuzzy
circumstance has been constructed. Then, the feasibility and usefulness of this method will
be exhibited in Section 4 through a case study. A comparative analysis between the proposed
TODIM and TODIM with hesitant fuzzy information will be presented as well.

4. A case study
Talent person is a driving force for national development, whereas, education is the most
fundamental way to obtain the talent person. Moreover, in China, it is a widespread phenomenon that all the parents hope their children have a bright future. Therefore, with the
development of economy and the improvement of living standards, more and more parents
pay much attention to the education problem of their children. In particular, the completely
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released policy of a two-child per family will drastically increase the number of children in
China. It is obvious that the educational industry will welcome a bright prospect.
Now, there are numerous of educational institutions in China, and they focus on early
education, instruction after class, talent cultivation such as host, dance, musical instruments,
etc. Also, as the popularization of internet technology, various online courses with less charge
or free have been prevalent, such as the classroom of Tencent2 (Tencent, 2017), the public
course of Netease3 (Netease, 2017), etc. Impacted by the internet, offline educational institution has been actively involved in combining the experience and superiority of offline with
online technology to be more competitive. Considering the traditional education ideas of
Chinese parents that academic achievement comes first and the drastic academic competition
among student, in this paper, we concentrate on the optional educational institutions which
specialize in the instruction after class in the stage of elementary school, middle school and
high school. Therefore, after careful screening, four famous educational institutions have
been left to be further investigation.
Shanghai Yimi Education Technology Co., Ltd.4 (2017) is an internet educational institution focused on the instruction after class from elementary school to high school. For the
sake of developing distance education, it combines the excellent offline educational resources
with leading internet technology. Moreover, it has been the navigator of self-operated mobile
online education and has honored the brand enterprise of Chinese internet education in May
2016. Beijing Zhenguanyu Technology Co., Ltd. provides many electronic learning products
named Yuantiku (an APP with intelligent question bank covering all the courses in middle
school and high school for students to practice), Yuanfudao (an APP made all the students
receive mentoring from famous teachers nationwide through live streaming), Banmasusuan
(an APP designed for children between 5 to 10 years old in order to quickly improve their
computing ability through everyday fun breakthrough and PK practice), etc. It devotes to the
online distance education and has achieved good education effects. Qinxue (Beijing) Network
Education Technology Co. Ltd.5 (2017) is a training institution including the Qinxueyun (an
intelligent education platform covering elementary school to high school), the high-quality
and personalized after-school tutoring center covering one to one service, interactive smallsized class, etc. In addition, it provides the professional training for the students who want
to participant in independent recruitment, including draw up study plan, selecting school,
application, preparation of materials and interview, etc. Puxin Education Technology Group
Co. Ltd.6 (2017) has been founded in 2014, specialized in after school tutorial programs
from elementary school to high school. It is leaded by an elite team of senior executives with
an average 15 years of education management experience. The service of Puxin covers all
subjects such as English, Chinese, mathematics, academic testing and assessments, academic
tutoring for art students, independent student recruitment, boarding school program, all2
3
4
5
6

https://ke.qq.com
http://open.163.com/cuvocw
http://www.1mifudao.com
http://www.qinxue100.com
http://www.pxjy.com
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day program, after school program, etc. Those four educational institutions are represented
as A1, A2, A3, A4 respectively. Then, a group of expertized investors who are familiar with
the educational industry have been invited to investigate the special projects of those four
educational institutions. After furious discussion about all the aspects of those projects, a
consistent suggestion has been reached. Hereby, the decision-making process with TODIM
under probabilistic hesitant fuzzy circumstance and under hesitant fuzzy circumstance will
be exhibited in Section 4.1 and Section 4.2 correspondingly:

4.1. TODIM with probabilistic hesitant fuzzy information
According to the steps established in Section 4, the screening processes are:
Step 1. As is mentioned above, the decision-making problem is to find out a promising
project of the four educational institutions based on the criteria C = (c1 , c2 , c3 , c4 ) discussed
in Section 2 and the investors agree with those criteria.
A group of professional investors are asked to give their evaluation information from 0
to 1. If an investor thinks the membership degree of A1 to the optimal management team is
0.55 with the probability of 0.12, then the evaluation information will be {0.55(0.12)} . For the
purpose of distinguishing with the probability of each assessed value, we have multiplied the
assessed value of project Ai over criterion cj by 100 in the following context while the weight
information is not changed. Hence, the evaluation information is changed as {55(0.12)} .
Additionally, the decision-making criteria such as management team (c1), financial situation
(c2), marketing condition (c3), service or product (c4) are all benefit ones.
Step 2. The evaluation information given by the invited investors are obtained as:
c1
A1  {55(0.22), 68(0.51), 73(0.27)}
A 
{62(0.28), 77(0.63)}
Y = 2
A3  {63(0.32), 71(0.48), 77(0.12)}
A4 
{67(0.49), 72(0.44)}

c2
c3
c4
{60(0.61), 66(0.39)}
{62(0.69), 68(0.21)}
{64(0.66), 72(0.32)}


{68(0.29), 77(0.71)} {60(0.18),73(0.21), 85(0.61)}
{77(0.60), 88(0.36)}
,
{66(0.48), 71(0.52)}
{68(0.59), 74(0.32)}
{71(0.53), 78(0.22), 81(0.25)} 
{62(0.55), 69(0.45)}
{67(0.61), 71(0.26)}
{68(0.36), 73(0.41), 79(0.15)} 

W = ({0.34(0.68),0.40(0.32)}, {0.09(0.39),0.11(0.61)}, {0.19(0.56),0.22(0.44)}, {0.21(0.43),0.27(0.57)}).

Step 3. The evaluation information is normalized as:

c1
A1  {55(0.22), 68(0.51), 73(0.27)}
A  {62(0.31), 77(0.69), 77(0)}
Y = 2
A3  {63(0.35), 71(0.52), 77(0.13)}
A4  {67(0.53), 72(0.47), 72(0)}

c2
c3
c4
{60(0.61), 66(0.39)} {62(0.77), 68(0.23), 68(0)}
{64(0.67), 72(0.33), 72(0)} 
{68(0.29), 77(0.71)} {60(0.18), 73(0.21), 85(0.61)} {77(0.625), 88(0.375), 88(0)} 
,
{66(0.48), 71(0.52)} {68(0.65), 74(0.35), 74(0)}
{71(0.53), 78(0.22), 81(0.25)} 
{62(0.55), 69(0.45)} {67(0.70), 71(0.30), 71(0)}
{68(0.39), 73(0.45), 79(0.16)} 

ω′ = (0.395, 0.112, 0.224, 0.269).
Step 4. The relative criteria weights are calculated as (Table 1): W
Table 1. Relative criteria weights
w′1r

w′2r

w′3r

w′4r

1

0.28

0.57

0.68

Step 5. The relative dominance between projects over each criterion are determined by
Eqs. (14) and (15) (Table 2):
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Table 2. Relative dominance between projects for each criterion
Criterion

c1

c2

c3

c4

ϑ j ( A1 , A2 )

–2.29

–4.60

–2.15

–1.89

ϑ j ( A1 , A3 )

–1.05

–2.34

–2.00

ϑ j ( A1 , A4 )

–2.12

–2.61

–1.32

Dominance

Criterion

c1

c2

c3

c4

ϑ j ( A3 , A1 )

0.93

0.59

1.00

2.20

–3.64

ϑ j ( A3 , A2 )

–2.20 –5.10 –2.94 –3.49

–2.55

ϑ j ( A3 , A4 )

–2.00

0.44

0.76

1.57

1.89

0.66

0.66

1.54

Dominance

ϑ j ( A2 , A1 )

2.03

1.16

1.08

1.14

ϑ j ( A4 , A1 )

ϑ j ( A2 , A3 )

1.96

1.29

1.48

2.11

ϑ j ( A4 , A2 )

–2.34 –5.29 –2.52 –2.92

ϑ j ( A2 , A4 )

2.08

1.34

1.27

1.77

ϑ j ( A4 , A3 )

1.78

–1.74 –1.51 –2.60

Note: The . ϑ j ( Ai , Ai ) =
0 . is not exhibited in the table, and so does θ j ( Ai , Ai ) =
0 in the next context.

Step 6. The dominance between projects are aggregated as (Table 3):
Table 3. Dominance between projects
θ j ( A1 , A2 )

–10.92

θ j ( A2 , A1 )

5.42

θ j ( A3 , A1 )

4.74

θ j ( A4 , A1 )

4.76

θ j ( A1 , A3 )

–9.04

θ j ( A2 , A3 )

6.84

θ j ( A3 , A2 )

–13.73

θ j ( A4 , A2 )

–13.08

θ j ( A1 , A4 )

–8.61

θ j ( A2 , A4 )

6.46

θ j ( A3 , A4 )

0.77

θ j ( A4 , A3 )

–4.07

Step 7. The overall dominance of each project is collected as (Table 4):
Table 4. Overall dominance of projects
O(A1)

O(A2)

O(A3)

O(A4)

0

1

0.43

0.34

Step 8. According to Table 4, the ranking result is: Ο( A2 ) > Ο( A3 ) > Ο( A4 ) > Ο( A1 ) . Thus,
A2  A3  A4  A1 .

4.2. TODIM with hesitant fuzzy information
Hesitant fuzzy information describes the hesitant situation of DMs without probability. Many
researches have focus on TODIM with hesitant fuzzy information (Zhang & Xu, 2014; Zhang
& Xu, 2017). Also, based on Choquet integral, the hesitant fuzzy TODIM has been studied
(Tan, Jiang, & Chen, 2015; Peng, Wang, Zhou, & Chen, 2015). Because probabilistic hesitant
fuzzy information is the enhanced version of hesitant fuzzy information in describing the
real decision-making situation, it is reasonable for us to adopt TODIM under hesitant fuzzy
circumstance to make a comparative analysis with proposed TODIM in this paper. The detailed steps of TODIM under hesitant fuzzy circumstance are shown as below:
Step 1. Understand the decision-making problem.
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Step 2. Acquire the evaluation information under hesitant fuzzy circumstance. In order to
be much more comparable and visualized, the TODIM with hesitant fuzzy information has
been used to analysis the aforementioned case. Therefore, the evaluation information is the
same as step 2 in Section 4.1, whereas, the difference is that the hesitant fuzzy information
without probability.
C1
C2
C3
C4
x1  {55,68,73} {60,66} {62,68}
{64,72} 
x2  {62,77} {68,77} {60,73,85} {77,88} 
Y= 
,
x3  {63,71,77} {66,71} {68,74} {71,78,81} 
x 4  {67,72} {62,69} {67,71} {68,73,79} 
W = ({0.34,0.40}, {0.09,0.11}, {0.19,0.22}, {0.21,0.27}). .
Step 3. Calculate the relative criterionweight wjr:
w j s(hw j )
w=
w
,
jr = =
wr s(hwr )

(18)

where j, r ∈ M , s(hwi ) is the score function of hesitant fuzzy element hw j (Xia, Xu, & Chen,
2013):
# hw
i
1
s(hwi ) =
ht .
(19)
# hw t =1 wi
i

∑

Hence, the relative criteria weights will be (Table 5):
Table 5. Relative criteria weights
w1r

w2r

w3r

w4r

1

0.27

0.55

0.65

Step 4. Obtain the relative dominance of project Ai over Ak under criterion cj. It is represented as ϑ j ( Ai , Ak ) which includes the benefit criteria and cost criteria. Thus, if cj is benefit
criterion, the relative dominance will be:
 w
jr

d(hij , hkj )
hij > hkj
 m

w jr
 j =1

=
ϑBj ( Ai , Ak ) 
0=
hij hkj ,

m

w jr

1
j
=
1
−
d(hij , hkj )
hij < hkj
 l
w jr


∑

∑

if cj is cost criterion, the relative dominance will be:

(20)
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m

w jr

1
j
1
=
−
d(hij , hkj )
hij > hkj
 l
w jr

0 =
=
ϑCj ( Ai , Ak ) 
hij hkj ,

w jr

d(hij , hkj )
hij < hkj
m


w jr
 j =1


∑

(21)

∑

where the Hamming distance measure of hesitant fuzzy element is (Xu & Xia, 2011):
1
=
d(hij , hkj )
# hij

# hij

∑| hijt − hkjt | , # hij = # hkj .

(22)

t =1

As the comparative rules mentioned in Section 1.1, the difference of hesitant fuzzy element comes from score function (19) and various function (23) (Liao, Xu, & Xia, 2014):
1
# hij

=
σ(hij )

∑ ∀h ∈h (hijt − s(hij ))2 .
t
ij

(23)

ij

Therefore, the relative dominance ϑ j ( Ai , Ak ) will be (Table 6):
Table 6. Relative dominance under each criterion
Criteria

c1

Dominance

c2

c3

c4

Criteria
Dominance

c1

c2

c3

c4

1.16

1.39

ϑ j ( A1 , A2 )

–1.80 –4.14 –2.66 –3.36

ϑ j ( A3 , A1 )

1.42

0.78

ϑ j ( A1 , A3 )

–1.56 –3.15 –2.30 –2.35

ϑ j ( A3 , A2 )

0.97

–2.69 –2.42 –2.40

ϑ j ( A1 , A4 )

–1.66 –2.13 –1.80 –1.74

ϑ j ( A3 , A4 )

1.16

0.57

0.72

0.94

ϑ j ( A2 , A1 )

1.64

1.02

1.34

1.98

ϑ j ( A4 , A1 )

1.51

0.52

0.91

1.02

ϑ j ( A2 , A3 )

–1.07

0.66

1.22

1.42

ϑ j ( A4 , A2 )

1.42

–3.56 –2.60 –2.88

ϑ j ( A2 , A4 )

–1.56

0.87

1.31

1.70

ϑ j ( A4 , A3 )

–1.28 –2.33 –1.43 –1.58

Step 5. Work out the dominance according to Eq. (16) (Table 7):
Table 7. Dominance between projects
θ j ( A1 , A2 )

–11.97

θ j ( A2 , A1 )

5.98

θ j ( A3 , A1 )

4.74

θ j ( A4 , A1 )

3.97

θ j ( A1 , A3 )

–9.37

θ j ( A2 , A3 )

2.23

θ j ( A3 , A2 )

–6.54

θ j ( A4 , A2 )

–7.61

θ j ( A1 , A4 )

–7.32

θ j ( A2 , A4 )

2.32

θ j ( A3 , A4 )

3.39

θ j ( A4 , A3 )

–6.62
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Step 6. Collect the overall dominance of project Ai on the basis of Eq. (17) (Table 8):
Table 8. Overall dominance of each project
O(A1)

O(A2)

O(A3)

O(A4)

0

1

0.77

0.47

Step 7. Rank Ο( Ai ) , then, Ο( A2 ) > Ο( A3 ) > Ο( A4 ) > Ο( A1 ). Hence, A2  A3  A4  A1.

4.3. The comparison of the two methods
In Section 4.2 and Section 4.3, the results of TODIM under probabilistic hesitant fuzzy circumstance and under hesitant fuzzy circumstance has been worked out correspondingly as
showing in Table 9.
Table 9. Ranking results of TODIM with different information
Ranking results

O(A1)

O(A2)

O(A3)

O(A4)

Probabilistic hesitant fuzzy information

4

1

2

3

Hesitant fuzzy information

4

1

2

3

TODIM with different information

It is easy enough to recognize that the ranking results of the two are the same. Even
so, the proposed TODIM with probabilistic hesitant fuzzy information depicts the different
probability of each possible assessed value while TODIM with hesitant fuzzy information
considers that the probability of each possible assessed value is the same. In particularly, the
proposed TODIM can reflect the different opinions of all the VCs in group decision-making
situation. For example, ten VCs have been invited to evaluate the market potential of a startup project. Two VCs give 72, three of them assign 78, four VCs think 82 is reasonable and
only one venture capitalist grades 90. In this situation, the real evaluation information will be
translated as probabilistic hesitant fuzzy information {71(0.2),78(0.3),82(0.4),90(0.1)} . But if
we use hesitant fuzzy information to express this situation, it will be {71,78,82,90} and the
number of VCs has been ignored in hesitant fuzzy information. Furthermore, the proposed
TODIM also includes each venture capitalist’ different degree of hesitation. For instance, if
the first venture capitalist thinks that the market potential will be 71 with the probability of
65% or be 78 with the probability of 35%, then the comprehensive expression of such evaluation information will be {71(0.65),78(0.35)} as probabilistic hesitant fuzzy information or
be {71,78} as hesitant fuzzy information. From here we see that hesitant fuzzy information
can not express the above phenomenon in real decision-making situation, and it may create
information distortion and finally lead to improper decision. Thus, the proposed TODIM
is superior than TODIM under hesitant fuzzy circumstance. Also, it includes more original
information than the others extension of TODIM. Furthermore, the decision-making with
proposed model in this paper is helpful for VCs.
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Conclusions
This paper adopts TODIM, which is a useful technology developed from prospect theory, to
portray the VCs’ risk attitude that is risk aversion for gains and risk seeking for losses. Furthermore, considering the uncertain circumstance of VC and the vague perception of VCs, it
has been extended to probabilistic hesitant fuzzy circumstance and the criteria weights have
also been considered as probabilistic hesitant fuzzy information. The detailed steps of the
extended TODIM have been given. Also, the decision-making problem has been presented
in order to exhibit the reasonability and superiority through the comparison of the proposed
TODIM and the TODIM with hesitant fuzzy information. Although there is no difference
in ranking results, the proposed TODIM included more original decision-making information is superior than the others. Moreover, it is particularly appropriate the group decisionmaking of VCs and the different hesitant degree among several assessed values of VCs.
The application of the proposed method in this paper demonstrates the need to be able
to model fuzzy information related to VC. This is indeed accomplished in this paper by
making use of TODIM under probabilistic hesitant fuzzy circumstance. Moreover, a generalized TODIM proposed by Llamazares (2018) is interesting and deserved to extended under
fuzzy circumstance. Furthermore, the proposed method will promote the combination of
behavioral decision and fuzzy information. Therefore, as our expectation, more and more
researches will be done about prospect theory, regret theory, overconfidence theory, etc. with
fuzzy information in the near future.
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